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Abstract. Let G¢ (resp. W,) with e =0 or % be the complete spectrum-generating superalgebra
(resp. the centerless super Virasoro algebra). In this paper, the super-skewsymmetric super-
biderivations on G, and W, are completely determined. In particular, we show that every
super-skewsymmetric super-biderivation ¢ (resp. ¢) of Ge (resp. W,) is inner. Based on the
results of super-biderivations, we shall give the certain forms of all linear super-commuting maps
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1 Introduction

Let (L,o0) be an algebra (not necessarily be an associative algebra), where L is a vector space
and o is a binary operation from L x L to L defined by

o:(z,y) > zoy
for all z,y € L. A linear map ¢ : L — L is called a derivation if it satisfies
¢(zoy) = ¢(x) oy +x 0 ¢(y)

for all z,y € L. Let g be a Lie algebra, then we denote by z oy = [z,y] for all z,y € g. In
this case, for x € g, it is easy to see that 0, : g — @, y — ad,(y) = [z,y] for all z,y € g, is a
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derivation of g, which is called an inner derivation. Denote by Der(g) and by Inn(g) the space
of derivations and the space of inner derivations of g, respectively.

Let A be an associative algebra (or ring). A map ¢ : A x A — A is called a biderivation of
A if it is a derivation concerning both components, that is,

p(ab, ¢) = ap(b, ) + ¢(a,c)b (1)

and
o(a,be) = p(a,b)c+ bp(a,c) (2)

for all a,b,c € A. The problems of biderivations and their generalizations have been extensively
studied in [3,9,11,29,34]. The concept of biderivation was transfered from associative algebras
to Lie algebras in [15,29].

For a Lie algebra g, a bilinear map ¢ : g x g — ¢ is called a biderivation of g if it is a
derivation concerning both components, in other words, both linear maps ¢, and %, from g into
itself given by ¢, = ¢(z,.) and ¢, = ¢(., z) are derivations of g, namely,

oz, [y, 2]) = [p(2, ), 2] + [y, (=, 2)] , (3)

and
e(lz,y],2) = [z, ¢(y, 2)] + [p(z, 2), 9], (4)

for all z,y, 2z € g. The biderivations of Lie algebras have been studied extensively, such as [6,7,
27,29]. Tt was showed that all biderivations on commutative prime rings are inner biderivations
and the biderivations on a perfect and centerless Lie algebra are inner biderivations in [4, 5].
Some biderivations of specific examples of Lie algebras have been presented by many authors
in [8,15,21,26,28,29).

For a Lie algebra g and A € C, it is easy to verify that the bilinear map ¢ : g X g — g given
by p(x,y) = A|z,y] for all z,y € g is a biderivation of g, which is called an inner biderivation.

As a generalization of the biderivation of Lie algebra, the concept of super-biderivation of Lie
superalgebra was introduced in [10] and [33], respectively. Lie superalgebras as a generalization
of Lie algebras came from supersymmetry in mathematical physics. The theory of Lie superal-
gebras over a field of characteristic zero have seen a remarkable evolution, both in mathematics
and physics (see [19,20]).

Let S be a Lie superalgebra with Zs-grading S = S; + S7, where S5 and Sy are even and
odd parts of S, respectively. We call a bilinear map ¢ : S x S — S a super-biderivation of ' if
for every x5 € Sy the maps

= ¢(xg,z) and z — ¢(z,zg),
are even superderivations, and for every x7 € St the maps

x> p(zg,z) and z— @(x,27)7,
are even superderivations, where o is defined by

(.’L‘ﬁ + QZ'T)J =25 — 21, T € Sﬁ, TT € ST'



Super-biderivations and linear super-commuting maps 3

One can easily check that this is equivalent to

ez, 2) = [z, 00y, 2)] + () (2, 2), 9], (5)

and
o(x, [y, 2]) = [p(z,y), 2] + (=)W [y, o(x, 2)], (6)

for all z,y,2 € S. Here, and in what follows, we use the notation |z| (0 or 1) to denote the
Zo-degree of a homogeneous element z € S, and we always assume that = is homogeneous if |z|
appears in an expression. The map @) with A € C given by

ox(z,y) = A[z,y] foaall (z,y) €S xS,

is a super-biderivation of S obviously. We call ¢, an inner super-biderivation of S.

The skew-symmetric biderivations on the conformal Galilei algebra, the Lie algebra W(a, b),
Schrodinger-Virasoro Lie algebra and the Lie algebra gca have been studied in [1,7,15,30], respec-
tively. In [2,18,24,33] the authors proved that each super-skewsymmetric super-biderivation on
the simple modular Lie superalgebras of Witt type and special type, the N = 1 super Heisenberg-
Virasoro algebra, the super-Virasoro algebra and the twisted N = 1 Schrodinger-Neveu-Schwarz
algebra is inner. In [16] and [17] the authors characterized the super-skewsymmetric super-
biderivations of the 2d supersymmetric Galilean conformal algebra and the super Heisenberg-
Virasoro algebra, respectively.

In this paper, we will study the super-skewsymmetric superbiderivations on the complete
spectrum-generating superalgebra G, and on the centerless super Virasoro algebra W,.. We can
find that every super-skewsymmetric super-biderivation of these Lie superalgebras is inner. As
applications of these super-skewsymmetric super-biderivations, we give the form of each linear
super-commuting maps on G, and W,.

Now we present the definition of complete spectrum-generating superalgebra G, in [12,25].
Let ' = e+ Z, with e =0 or % . For e € {0, %}, the complete spectrum-generating superalgebra
is an infinite-dimensional Lie superalgebra

Ge=PLnePlnoPcoPh

meZ meZ rel’ rel’

which satisfies the following super-brackets:

for m,n € Z, r,s € I'. Obviously, G, is Zs-graded: G, = G5 @ Ge1, with
Geg = span{Ly,, I, | m € Z}, (7)

Geg =span{G,, J, | r € T'}. (8)
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Then, based on the results of super-biderivations of the Lie superalgebras, we shall investigate
the form of all linear super-commuting maps on the Lie superalgebras. The definition of linear
commuting map on associative algebras (or Lie algebras) has been introduced in [15, 30, 33].
As a generalization of the concept of commuting maps on Lie algebras, one can easily give the
concept of super-commuting maps on Lie superalgebras [10,31-33]. For a Lie superalgebra S, a
map ¢ : § — § is called a super-commuting if it preserves the Zy-grading of S and

[(x),x] =0 foaall (z,y) € S. (9)

A super-commuting map v on S is called standard if it maps the even part Sg of S to the center
of S, and maps the odd part St of S to zero. All super-commuting maps of other forms are
said to be non-standard. It was shown in [32,33] that all linear super-commuting maps on the
super-Galilean conformal algebras and the super-Virasoro algebras are standard. In [31], the
authors showed that all linear super-commuting maps on the super-BMS3 are non-standard.

Recall that a Lie superalgebra S is perfect if [S, S] = S. Note that the complete spectrum-
generating superlalgebra G, is perfect which can be easily checked by above definition. The
centre of this Lie superalgebra is

Z(Ge) = span{lp}.

Now, we outline our main results in this paper. In Section 2, we recall some general results on
super-biderivations of Lie superalgebras. In Section 3, we characterize the super-skewsymmetric
super-biderivations of the complete spectrum-generating superalgebra G.. In Section 4, we in-
vestigate the super-skewsymmetric super-biderivations of the centerless super Virasoro algebra
W,. Based on these results of super-biderivations, finally, in Section 5, we study linear super-
commuting maps on G, and W..

Throughout this paper, we denote by C, Z and Z* the sets of complex numbers, integers and
nonzero integers, respectively.

2 Basic results on super-biderivations of Lie superalgebras

Let S be a Lie superalgebra with Zs-grading S = S5 + S7, where S; and St are even and odd
parts of S, respectively. A bilinear map ¢ : S x S — S is called super-skewsymmetric (or
super-antisymmetric) if

pla,y) = —(=)F¥p(y, z) (10)

for all z,y € S. In order to avoid lengthy notations, we set

F(a,y,u,0) = (=1)"W ([o(z, y), [u, o] = [[2, 9], ¢(u,v)]) (11)

for all x,y € S.
The following result, which will be used later in our paper, is cited from Lemma 2.1 and
Lemma 2.2 in [33].

Lemma 1. Let ¢ be a super-biderivation on S. Then

F(x,y,u,v) = (—1)‘yl|“|F(x,U,u, Yy), T,y,u,vES.
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Lemma 2. Let ¢ be a super-skewsymmetric super-biderivation on S.
(1) F(z,y,u,v) =0 for all x,y,u,v € S.
(2) For z,y € S, if |x| + |y| =0, then [p(x,y),[z,y]] = 0.
(3) Suppose S is perfect. For x,y € S, if [z,y] =0, then ¢(x,y) € Z(S).

Remark 1. Let g be a Lie algebra with center Z(g). A bilinear map ¢ : g x g — g s called
skewsymmetric (or antisymmetric) if

o(z,y) = —p(y,x) foa all z,y€g.
Let ¢ be a skewsymmetric biderivation on g. As direct corollaries of Lemmas 1 and 2, we have

(1) [e(x,y), [u,v] = [[z,y], ¢(u,v)] for all x,y,u,v € g. In particular,
lo(x,y), [z,y]] =0 forall z,y € g.

(2) Suppose g is perfect. For xz,y € g, if [x,y] =0, then p(z,y) € Z(g).

Similar statements with g being some special Lie algebras were given in [29, 30] but with a gap
(without the assumption of skewsymmetry of @), which was first filled in [0].

Remark 2. The superalgebra G. was independently introduced as a supersymmetric extension of
the Beltrami algebra [1/]. The superalgebra G, was studied by Marcel, Roger and Ovsienko in their
investigation of the generalized Sturm-Liouville operators [22, 23]. Recently, Ge also appeared in
the Guha’s interesting work [13] on the integrable geodesic flows on the superextension of the
Bott-Virasoro group.

3 Super-skewsymmetric super-biderivations of the complete
spectrum-generating superalgebra G,

In this section,we present a description of the super-skewsymmetric super-biderivations of the
complete spectrum-generating superalgebra G..

Definition 1. For by,.n,0, dmn,0s 95,05 Vr,s,0, Kmn,1, krs2 € C, myn € Z, r,s € I', the bilinear
map o : Ge X Ge = Cly is given by

@O(Lma L ) = bm,n,0I07
Lma I ) - dm,n,OIOy

0o Lm, In ) /‘im,n,ll()a
©0o(Gr,Gs) = qrsolo,
7'] ) - 'Ur,s,0107

G
Iy Js ) = H7“,3,2-[07

%0
maG ) QOO(L’ITMJT) = ()OO(IvaT) = SOO(IW“‘]T) = 0

ol
(
(
@o(
(
po(L
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Note that g is super-skewsymmetric. Now we present our main result in this section.
Theorem 1. FEvery super-skewsymmetric super-biderivation ¢ of Ge is inner.

Proof. First, we claim that |p(z,y)| = |z|+|y| for any homogeneous elements z,y € G.. This fact
will remarkably simplify our discussion. If |z| = 0 and y is homogeneous, from the original defini-
tion of super-biderivetions above, we know that the map z +— ¢(z, z) is an even superderivation,
and hence if z is homogeneous then ¢(z, z) is also homogeneous and |p(z, z)| = |z|. In particular,
by taking z = y, we have |p(x,y)| = |y|. Namely, |o(z,y)| = |z| + |y| since |z| = 0. Similarly, if
|z] = 1 and y is homogeneous, then the map z — ¢(z, z) is an odd superderivation, and hence
if 2 is homogeneous then p(z, 2) is also homogeneous, and |p(x, 2)| = |z] + 1. In particular, by
taking z = y, we have |¢(z,y)| = |y| + 1. Namely, |p(z,y)| = |z| + |y| since |z| = 1.
Next, we give the proof of the theorem by the following several claims.

Claim 1: There exists A € C such that
(L, L) = X[ L, L] + @o(Lm, Ly) for all m,n € Z.

Note that [¢(Lm, Ly)| = |Lm| + | Lyn| = 0. For any m,n € Z, we can suppose that

SD(LWM Ln) = Z am,n,aLa + Z bm,n,ﬁfﬁa
a€Z BEZ

where a.n,0,bmng € C.

If m = n, then [Ly,, L,] = 0, by Lemma 2(3), ¢(Ly,, L,,) € Z(Ge) = Cly. That is, this claim
holds.

Next, we assume that m # n. By Lemma 2(2), we have

[(Lims L), [Ln, Ln]] = 0,

then, we get

Z(m +n— a)am,n,aLernJra - Z ﬁbm,n,ﬁlm-l—n-i—ﬁ =0,
a€EZ BEL

it follows that
(m+n—a)amnpna =0, Bbymns=0.

So we have apmpno = 0if a #m +n; by, g = 0if B # 0. We conclude that
SO(Lmv Ln) = am,n,m+an+n + bm,n,OIO-
Furthermore, by Lemma 2(1), we get

[(;D(Lma Ln)a [le LUH = [[Lma Ln] ) @(Lh LO)] )

and then we have

(m+n = DamnminLmint1 = (m —n)(m+n—1)a101Lmint1,
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then we get am nmin = (M —n)ar o1 if m+n # 1.
Using
[SD(Lmv Ln)y [L27 LOH = HL’I’VM Ln] ) (P(L% LO)] ’
we get the identity

(m +n = 2)amnminLmint2 = (m —n)(m+n —2)a101Lmin2,

then we get am nmin = (M —n)ai 1 if m+n # 2. Thus, for any m,n € Z, we have am nm+n =
(m —mn)aio,1. Now, taking A = ay .1, we have

@(Lyn, Lp) = XL, Ly] + binolo  for all m,n € Z.
Because that ¢o(Ly,, Ly) = bymn0lo, then we have
(L, L) = XL, Lp] + po(Lim, Ly)  for all m,n € Z.
Hence, this claim holds.

Claim 2: ¢(Ly,, 1) = (1 = 6m4n,0) [Lim, In] + ©o(Lm, Ip,) for all m,n € Z.
Note that [p(Ly, In)| = |Lm| + |I.| = 0. For any m,n € Z, we can suppose that

@(Lma In) = Z Cm,n,aLa + Z dm,n,ﬁlﬁa
a€Z BEZL

where ¢n.05dmnpg € C.
By Lemma 2(1), we have

[@(Lma In)a [le LUH = [[Lma In] ) @(Ll, LO)] )

we have that

> (a—DemmaLatt + Y Bdmnplssr = n(m+n)aroilnini,
a€Z BEZ

then we get cuna =0if @ #1; dpppg =0if f# m+n and 8 # 0; dnpmin = —na10,1 if
B=m+n#0.
From

[@(Lma In)7 [L27 LOH = [[Lﬂ"w In] ) @(L27 LO)] s

we have that

Z(a - 2)Cm,n,aLa+2 + Z ﬁdm,n,ﬁlﬁ-l—Q = n(m + n)a1,0,1[m+n+2,
a€EZ BEZL

then, ¢ppo = 0if @ # 25 dyppg = 0if B # m +n and B # 0; dmnmen = —naipo if
B=m+n#D0.
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Hence, we obtain that ¢y, 5 o = 0 for any a € Z, then
O(Lm, In) = dpmnmandmsn + dmnolo if m+n#0,
©(Liny In) = dmn,0lo if m+n=0,
then we get that
O(Lm, L)) = (1 = 0man,0)A [Lms In] + dmonolo  for all m,n € Z.
Because that ¢o(Ly,, Ir,) = dpmnolo, then we have
O(Lim, In) = (1 = 0mtn,0)A [Lims In] + o(Lim, In) for all m,n € Z.

Hence, this claim holds.

Claim 3: ¢(L,,,Gy) = ALy, Gy forallm e Z, r €T
Note that |¢(Lm,Gy)| = |Lm| + |G| = 1. For any m € Z, r € T, we can suppose that

(p(Lm, Gr) = Z gm,r,aGa + Z hmﬂ”,ﬁ‘]ﬁ’

acl’ per

where g, .y hinrp € C.
For the case ¢ = 0, by Lemma 2(1), we have

[@(Lmv GT)> [LQv LUH = [[Lm’ GT] ) QD(L% LO)] )

we have that

m
> (@ = DgmraGatz+ 3 (B+ Dhmgpsore = —(5 = r)(m+7 = ar01Grrria,
a€Z BEZ

then we get hyp g =0if 8 # —1; gmpra =0if a #m+rand a # 1; gmrmir = —(F —1)ar01
fa=m+r#l
From

[@(Lmv GT)> [L47 LUH = [[Lm’ GT] ) QD(L4> LO)] )

we have that

m
> (@ = 2gmraGara+ (B +Dhmpslors = —(5 =) (m+71 = 2)ai01Gmsrsa,
a€EZ BEZL

then, hyrp = 0if B # =25 gmya = 0if @ #m + 7 and a # 2; gmrmyr = —(F — 1r)aro if
a=m-+r#2.

Hence, we obtain that hy, .3 = 0 for any 8 € Z and gi rmir = — (%5 —7)ar01if m+r =«
with a € Z, then ¢(Ly,, Gr) = gmrmtrGm+r for all m,r € Z.

For the case ¢ = %, by Lemma 2(1), we have

[@(Lma GT)> [Lla LOH = [[Lm, GT] ) @(le LO)] )
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we have that

1 1 m 1
Y. (@=gmraGarit Y, B+ HDhmpsloer = —(5 —r)m+7 = 2)ar01Gmirs1,
acltz BELHZ

then we get hy, 3 = 0if 8 # —%; Imyra =0if o #m+rand o # %; Imarmir = —(5 —1)a1,01
ifa=m-+r# %
From

[(Lm, Gr), [Ls, Lol] = [[Lm, Gr], #(Ls, Lo)],

we have that

3 3 m
Z (04 - §)gm,r,aGa+3 + Z (/B + i)hm,r,,BJ,BqLS = _(5
a€3+Z BEF+Z

—r)('m—l—r—§

9 )al,o,le+r+3,

then, hp,, 3 = 0if B # —%; gmra = 0if @ #m+r and a # %; Imarmir = — (5 —1)aioq if
a=m+r# %

Hence, we obtain that h,, .3 = 0 for any 3 € %+Z and g, rmir = — (%5 —7)ar01 if m+r =«

with o € % +Z, then (L, Gr) = GmrmtrGmir forallm e Z, r € % + 7. Then we get that
(L, Gy) = X[ Ly, Gy] forall meZ,rel.

Hence, this claim holds.

Claim 4: ¢(L,,J;) = X [Ly,, Jy| forallm € Z, r € T,
Note that [@(Lm, Jy)| = |Lm| + |Jr| = 1. For any m € Z, r € ', we can suppose that

QO(Lm, Jr) = Z km,r,aGa + Z lmﬂ"ﬁ"’ﬁ’
acl per

where Ky, 0, lm,rg € C.
For the case ¢ = 0, by Lemma 2(1), we have

[@(Lm, Jr)7 [LZ, LOH = [[Lm, JT] vSD(L2’ LU)] )

we have that

m
> (@ = DkmpaGasz + 38+ Dl Tore = (5 +r)(m+ 1+ DaroaJmersa,
a€Z BEZ
then we get kyro =0if a # 15 lpnyrg=0if B #F m+rand B # —1; Ly pmir = (5 +7)arq if
B=m-+r#—1.
From

[@(Lm? JT)> [L47 LOH = [[Lm’ JT] 790(L47 LO)] )

we have that

m
> (@ = 2kmraGara + Y (B+Dlmrsdsra = (5 +1)m+ 7+ 2)ar01Jmrrra,
a€Z BEL
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then, kpro = 0if o # 25 lyypg = 0if B # m+r and B # =2 bynrmir = (5 +7)aroy if
B=m+r#-2.

Hence, we obtain that Ky o = 0 for any o € Z and Ly myr = (5 +1)a101 if m+r =4
with € Z, then (L, Jr) = by m+rJImtr for all m,r € Z.

For the case € = , by Lemma 2(1), we have

[SD(Lmy Jr)7 [Lla LOH = HLTM J?”] 790(L17 LO)] )

we have that

1 1 m 1
Z (a — i)km,r,aGaJrl + Z B+ §)lm,rﬂ‘]5+1 = (5 +r)(m+r+ §)a17071‘]m+7"+1’

QELHZ BeL+Z
then we get kyro =0 if 7& i lmrpg =01 B #m+rand f# — , Imgrimir = (5 +1)aro; if
a=m+r# —%.

From

[@(Lnu Jr)? [L37 LOH = [[Lm; Jr] 790(L3a LO)] ,

we have that

3 3 m 3
Z (Ck - *>km,7‘,aGa+3 + Z (5 + i)lm,r,BJﬁJr?) - (5 + r)(m +r+ i)al,o,ljm-‘rr—&—&

2
ac3+Z BEF+Z
then we get kmroz =0 lfa# ; m'r,ﬁ 0 lfﬂ#m"FT and 8 # — 7 mnm—&-r = (% +T)a1,0,1 if
B=m+r#—3

Hence, we obtain that ko = 0 for any o € %—i—Z and Ly rmir = (5 +1)aro1 if m+r=p
with 8 € § +Z, then ¢(Lp, Jy) = bnrmtrJmir for all m € Z, r € 3 + Z. Then we get that

O(Ly, Jy) = XL, Jy] forall meZ,rel.

Hence, this claim holds.

Claim 5:
o(Gr,Gs) = NGy, G| + ¢o(Gr,Gs) for all r;seT.

Note that |¢(G,, Gs)| = |G| + |Gs| = 0. For any r,s € I', we can suppose that

GT,G Zprsa 04+ZQ7"56167

aEZ BEZ

where prs.a,qrs5 € C.
For the case 7 + s € 3 + Z, by Lemma 2(1), we have

[QD(GW GS)> [le LUH = HGT7 GS] ) @(Ll’ LO)] )
we have that

Z(a — Dprsalat + Z Bars,lgr1 = =2(r + 5 —1)a1,0,1Lr1st1,
a€Z BEZL
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then we get ¢, 53 =01if 8 # 0; prso = 0if a # 1.
From
[‘p(GT7 GS)7 [L27 LOH = [[GT‘a GS] ) <)0(L27 LO)] )

we have that

D (a=prsalatz+ Y Barsplorr = —=2(r+ s —1)aro1Leyera,
a€Z BEZ

then we get ¢, 53 =01if 8 # 0; prso = 0 if o # 2.
Hence, we obtain that ¢, s g3 = 0 for any § € Z* and p, s o = 0 for all & € Z, then p(G,,Gs) =
Grs,0lo for all r,s € e +Z with r 4+ s € % + 7Z. Then we get that

o(Gr,Gs) = grsoly forall risee+7Z with r+s¢€ % + Z.
Because that ¢o(Gr, Gs) = grs,0l0, then we have
(G, Gs) = @o(Gr,Gs) forall r,s €e+Z with r+s€3+7Z.
For the case r + s € Z, by Lemma 2(1), we have

[@(Gry Gs): [Lla LOH = [[Grv Gs] ,@(Ll, LO)] ’

we have that

Z(a - 1)pT,S,aLa+1 + Z 5Q7‘,s,,3[ﬁ+1 = —2(7" + 5= 1)a1,0,1Lr+s+17
a€Z BEZL

then we get ¢,s3 = 0if B # 0; prso = 0if @ # r+ s and a # 1; prsrys = —2a10,1 if
a=r+s#1.
From

[‘p(Gm GS)? [LQ; LOH = [[G’V‘a Gs] ) ‘p(L27 LO)] s

we have that

Z(a - 2)pr,s,aLa+2 + Z /BQT,S,BI,B+2 = _2(T +s5— 1)a1,0,1L7‘+s+27

a€Z BEZ
then we get ¢.s3 = 0if B8 # 0; prso = 0if @ # 7+ s and o # 25 prsrys = —2a10,1 if
a=r-+s#2.
Hence, we obtain that ¢, = 0 for any 8 € Z* and p,s,4s = —2a10,1 if r + 5 = o with

a € Z, then ¢(Gr,Gs) = prsryslrts + Grsolo for all v, s € e + Z with r + s € Z. Then we get
that
o(Gr,Gs) = NGy, Gs) + qrs0lo forall r,sce+Z with r+seZ.

Because that ¢o(G, Gs) = gr.s,0lo, then we have

o(Gr,Gs) = N[Gr,Gg] + ©o(Gr,Gs) forall rjs€e+7Z with r+ s € Z.
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Hence, we have
o(Gr,Gs) = NGy, Gg| + ©o(Gyr,Gs) forall r,s €T

The claim holds.
Claim 6:
O(Gr, Js) = (1 = 6r450) A [Gr, Js] + w0o(Gr, Js) forall r,s €T
Note that |p(Gy, Js)| = |G| + |Js| = 0. For any r,s € I, we can suppose that
‘p(Gm JS) = Z Ur,s,aLa + Z Ur,s,,BIBa
a€EZ BEL

where U s o, V58 € C.
For the case r + s € § + Z, by Lemma 2(1), we have

[@(Gra Js)7 [Lla LOH = [[G’V‘a Js] 730(L17 LO)] ,

we have that

Z(Ol = Dursalat1 + Z Burspslpr1 = —(r+s)a1,01lr4s41,
Q€L BEZ

then we get U, 50 = 0if a # 1; v, 5,3 = 0if 3 # 0.
From

[SO(GM JS)> [L27 LOH = HGT7 Js] 780(L27 LO)] )

we have that

Z(a - 2)UT,S,OALO¢+2 + Z 5'”7“,5,6[[3—1-2 = _(T + 5)a1,0,1Ir+s+2a
a€Z BEZL

then we get Uy 50 = 0if a # 2; v, 33 = 0if 3 # 0.

M. Abdaoui

Hence, we obtain that u, s, = 0 for all & € Z and v, s g = 0 for any 3 € Z*, then ¢(G,, J5) =

vrs0lo for all ;s € I' with r 4+ s € % + Z. Then we get that
o(Gy, Js) =vps0lp forall r,s el with r+se % + 7.
Because that ¢o(Gy, Js) = vy5,0l0, then we have
o(Gr, Js) = po(Gr,Js) forall r;sel with r+s¢€ % + Z.
For the case r + s € Z, by Lemma 2(1), we have
[p(Gr, Js), [L1, Lo]] = [[Gr, Js], ¢(L1, Lo)]
we have that

D (@ =VupsaLati+ Y Borsplass = —(r+ s)aro1lrssi,
a€EZ BEZ
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then we get uy 50 = 0ifa # 150,53 =0if B # r+sand 8 # 0; vy 545 = —a10,1if B =1r+5# 0.
From

[SO(GM JS)> [LQv LOH = HGT7 JS] 780(L27 LO)] )

we have that

Z(a - 2)ur,s,aLa+2 + Z /BUT,S,6IB+2 = —2(7’ + 5 — ]-)al,(),l]r—i—s—l—Z?
a€Z BEZ

then we get u, 50 = 0if v # 2; v, 5 3 = 0if B # r+sand B # 0; vy 545 = —a1,0,1 if B =74+5 # 0.

Hence, we obtain that u, s = 0 for all & € Z and v, 5 y4s = —a1,0,1 if 7+ 5 = B with g € Z*,
then o(Gy, Js) = Ursryslrys + Ursolo if 7+ 5 € 25 (G, Js) = vyr50lp if r+ s =0. Then we
get that

O(Gr,Js) = (1 = 6y 450)A [Gr, Js] +vrs0lp forall r,s el with r+s € Z.
Because that ¢o(Gy, Js) = vy50l0, then we have
O(Gr,Js) = (1 = 0p45,0) N [Gr, Js] + ©0o(Gy, Js) forall r,s el with r+s¢€ Z.
Hence, we have
D(Grr 1) = (1= 8y a)N [Gro i) + 00(Gi ) for all s € T
The claim holds.

Claim 7: ¢(G,, I,) = XN[Gy, Ip] forallm € Z, r € T
Note that |¢(Gy, In)| = |Gr| + |I;m| = 1. For any m € Z, r € ', we can suppose that

P(GriIn) = tmraGa+ Y wmrsls,
a€ecl’ per

where t,, 1. o, Wi g € C.
For the case ¢ = 0, by Lemma 2(1), we have

[QP(GM Im)> [LZ’ LOH = HGT‘v IM} ) SD(L% LO)} )

we have that

Z(a — DtmraGata + Z(ﬂ + Dwpmr gdar2 = m(m + 1+ 1)a1,01 Jmyr42,
a€Z BEZ
then we get tp, 0 = 0if @ # 1; wy 3 = 0if B # m +1r and B # —1; Wy rmsr = Mmaro;1 if
B=m-+r#—1.
From

[@(GT, Im)7 [L47 LOH = HGT7 Im} ) QO(L47 LO)} )

we have that

Z(Oé — 2)tm7r,aGa+4 + Z(ﬁ + 2)wm7r75Jﬂ+4 = m(m +7r—+ 2)&170,1Jm+r+4,
a€EZ BEL
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then we get tp, 0 = 0if a # 2; w3 = 0if B # m +1r and B # —2; Wy rmyr = Mmaro;1 if
B=m+r#-2.

Hence, we obtain that t,, ,, = 0 for all o € Z and wp, y m+r = mai o1 if m +r = « with
a € Z, then ©(Gy, L) = W r.m+rGm+r for all m,r € Z.

For the case € = 1, by Lemma 2(1), we have

[W(Gra Im)? [Lla LOH = HGT: Im} ) SD(Lla LO)} ’

we have that

1

1 1
Z (a - i)tm,r,aGa—‘rl + Z (/B + §)wm,7“ﬂ‘]5+1 = m(m +r+ 5)0’17071']”“"7""'1’
aELHZ BESHTL

then we get ¢, = 0 if a # %; Wy rp = 0if B #m 47 and § # —%; Winrmtr = Mai if
B=m+r#—3.
From

[(p(Gm Im)7 [LSa LOH = HGTa Im} ’ QO(L37 LO)} 5

we have that

3 3 3
Z (O[ — i)tm7r,aGa+3 + Z (/6 + §)wm7"“,5‘]ﬂ+3 = m(m +r+ §)a17071Jm+T+37

a€g+7Z BEFHL

then we get tp, o = 0 if o # %; W = 0if B #m+1r and B # —%; Winrmtr = Maio, if
B=m+r# —%.

Hence, we obtain that ¢, .o = 0 for all o € % + 7 and Wy m4r = mai,1 if m+1r = o with
o€ % + Z, then ©(Gy, I,) = Wy rmtrGmgr for all m,r € Z, r € % + Z. Then we get that

o(Gr, I,) = NGy, Iy forall meZ,rel.

The claim holds.

Claim 8: ¢(Iy, I5) = Kmn,11o for all m,n € Z.
For fixed m,n € Z, since [I,,I,] = 0, by Lemma 2(1), ¢(Iy,I,) € Z([Gc,Gc]). Since
[Ge, G| = G, then (I, I,) € Z(G.) = Cly. Then this claim holds.

Claim 9: ¢(I,,J;) =0forallme Z, r €I.

For fixed m € Z, r € T, since [I,,J;] = 0, by Lemma 2(1), (I, Jr) € Z([Ge,Ge]). Since
[Ge, G| = Ge, then (I, J;) € Z(Ge) = Cly. Meanwhile |¢o(In, J;)| = || + |J] = 1, that is,
o(Tms ) =Y VmraGa + Y mrgJs, 50 @(Inm, Jr) = CIg = 0. Then this claim holds.

ael’ per
Claim 10: ¢(J,, Js) = ky 2l for all r,s € T

For fixed r,s € T, since [J,,Js] = 0, by Lemma 2(1), ¢(J,,Js) € Z([Ge,Gc]). Since

[Ge, G| = G, then ¢(J,, Js) € Z(G.) = Cly. Then this claim holds.
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Claim 11: There exists A € C such that
©:Gex G — Ge

(L, L) = AL, Ln] + 0(Lim, Ly),

(Lons In) 7 (1= 80 Lo T + 90(Lons I,

(L, Gy) = XLy, Gy,

(L, Jr) = XL, Iy,
(Gr,Gs) = ANGr, G5 + 9o(Gr, Gs),
(GryJs) = (L= 0r45,0) A [Gry Js] + 90(Gr, ),
(Gry Ip) = NGy D],
(
(

(Jra Js) — SOO(JT» Js)v

where m,n € Z, r,s € I', and ¢ is given by Definition 1.

It is straightforward by Claims 1-10.

According to Claim 1, we consider the case ¢(Ly,, Ly) = A [Lm, Lp] + ¢o(Lm, Ly). Replacing
Ly, Ly, by x,y and by, no by the bilinear function f : G x G — C, (z,y) — f(z,y), we note
that

w(w,y) =A [.CL‘, y] + f(.ilf, y)Io,
which together with

o[z, 9], 2) = [z, 00y, 2)] + (- D)V o2, 2), ],
gives
ollzs]. ) = Alleg)o2] + F(lead 2o
— e ALy 2]+ £ 2) 0] + (<D A o] + £, 2) oy
o (fo o) D (2] )+ £ 2) o o)+ (~ )W F (2, 2) (Do)
= Az, y],2].

Then we claim f([z,y],z) = 0 for all z,y,z € G.. Since the complete spectrum-generating
superalgebra coincides with its derived subalgebra, one sees that f is exactly the zero function.
Finally, we have that ¢(z,y) = A[z,y| for all x,y € G.. Thus, ¢(Lm, L) = X[Lm,Ly]. The
proof of other occasions are similar with that of (L,,, L), so we omit them. This completes the
proof. O

4 Super-skewsymmetric super-biderivations of the centerless su-
per Virasoro algebra W,
In this section, we present the main result concerning super-skewsymmetric super-biderivation

on the centerless super Virasoro algebra W,.
The definition of the centerless super Virasoro algebra W, is given in the following.
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Definition 2. [25] For e € {0,3}, the centerless super Virasoro algebra W, is an infinite-
dimensional Lie superalgebra over the complex field C with the basis {Ly,, G, | m € Z,r € T'},
admitting the following super-brackets:

[Lm’ Ln] = (m - n)Lm+n7

[Lm7 Gr] = (% - T) Grim,
[GTv Gs} = 2Lyys,

form,n € Z, r,s € I'. Obviously, Wk is Zz-graded: We = Weg @ Weg, with
Weg = span{Ly, | m € Z} , (12)

Wer = span{G, | r € T'}. (13)

By the above definition we can easily check that the centerless super Virasoro algebra W, is
perfect. Moreover, the centre of this Lie superalgebra is

Z(W,) = span{0}.
The main result in this section is as follows.
Theorem 2. Every super-skewsymmetric super-biderivation ¢ of W, is inner.

Proof. Suppose ¢ is a super—biderivation of the centerless super Virasoro algebra W,. Assume

that ¢(L07 ) = ZmeZ m m —+ ZTEF rG and ¢(L07 ) ZmEZ Cfan + ZTGF er where
b, cs  ds € C for any m,n € Z, r,s € I.

Ifn=s= 0, then [Lo,Lo] = [Lo,Go] = 0, by Lemma 2(3), ¢(L0,L0),¢(LQ,G0) € Z(WE) =
{0}. Hence, ¢(Lo, Lo) = ¢(Lo, Go) = 0. )
Next, assume that n # 0 and s # 0. Due to L,, € Wq, then |L,,| + |L,| = 0 for any

m,n € Z. By Lemma 2(2), we have
[[L07 Ln]> (Z)(LO, Ln)] =0.

Then, we get

nz m—n)a Lm+n+2( 2>bfGn+T:0.

meZ rel’

One has
(m—n)ay, = (7’——) by = 0.

Thus, ay, = 0 for m # n and by = 0 for r # 5. So, for the case ¢ = 0, we get
apLn +0%Gn  if n is even,
2

¢(Lo, Ln) =
anLy, if n is odd.
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Furthermore, for the case when n is even, by Lemma 2(1), we have

0 = [¢(Lo, Ln), [Lo, L1]] = [[Lo, L], #(Lo, L1)]

= la} L, + b G, L] = [nLy,af L]
— Day Ln+1 +5(n— DGy —n(n = 1)af Lot
—1)(a = na})Lyt1 + 5(n — 1)b%G%+1,

hence, we deduce that a) = nal and b = 0 for all n € Z. Taking A = a7, then we have
2
QS(LOa ) AnLy,.

By Lemma 2(1), we have

0 = [QZ)(LO; Gs)u [LO’ GSH - [[LO) Gs]’ ¢(L07 GS)]

= [Z 5 Lm + Y d3Gr, —5Gs| — | =5G5, > 8L + Y diG,

MEZ m reZ meZ reZ
= Z s (s — 5) ey Grts,
meZ
hence, we deduce that
¢, = 0if m # 2s. (14)

So we get

O(Lo, Gy) = 3, Los + > dSC.

reZ

Furthermore, by Lemma 2(1), we have

0 = [¢(L07Gs)7 [L07L1H - HLOaGS]ad)(LO?Ll)]

= |3 Las + Y diGr,—Ly| — [~5Gs, AL
reZ
1 S
= (1 —2s)c5,Last1 + As (s — %) Gsr1 — Z <T — 2> d;Grqq,
reZ
which implies that
¢, =0, di=0ifr#sand d; = As. (15)

By Egs. (14) and (15), we obtain
&(Lo, Gs) = AsGs.

For the case € = %, we get

apLy, +0% G if nis odd,
¢(Lo, Ln) = 2

n e
an Ly, if n is even.
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Furthermore, for the case when n is odd, by Lemma 2(1), we have
0 = [#(Lo, Ln), [Los La]] — [[Los Ln, ¢(Lo, L2)]
- [agLn + 002G, ng] — [nLp, a3 Lo)]

=2(n—2)alLyy2 + 5(n — 2)b% Gy vz — n(n = 2)af Loty

= (n —2)(2a — na%)Ln42 + 3(n — 2)b3 Gy,

M. Abdaoui

hence, we deduce that a” = Za and b = 0 for all n € Z. Taking A = a3, then we have
2

&(Lo, L) = AnL,.

Similar to Eq. (14), we still have
¢y, = 0 if m # 2s,

while Eq. (15) should be modified as

1
c§8:01f37é§, di =01if r # s and d; = As.

So by Egs. (16) and (17) we get
(Lo, Gs) = ¢i Ly + AsG.
Furthermore, by Lemma 2(1), we have
0 = [¢(Lo, Gs), [Lo, L2]] — [[Lo, Gs], ¢(Lo, L2)]
= [e}Ly + AsGs, —2Lo] — [—5Gs, 2\ Lo]
= —2ci L3,
which implies that ¢! = 0. Hence, we have
¢(Lo, Gs) = AsGs.
Finally, we have proved the following equations
#(Lo, Ln) = A[Lo, L] for all n € Z,
&(Lo,Gs) = A[Lo,Gs] for all s € T.

For any w € W,, we get
¢(Lo, w) = N[ Lo, w].

By Lemma 2(1), we obtain

0 = [d)(fﬁ,y), [LO’wH - [[$’y]a ¢(L07w)]
= [¢(z,9), [Lo, w]] = [[x,y], AlLo, w]]

= [¢p(z,y) — Alz, y], [Lo, w]].

According to the arbitrariness of w, then ¢(z,y) — A[z,y] = 0. Thus, ¢(x,y) = Az, y| for all

x,y € We. This completes the proof.

O
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5 Linear super-commuting maps on . and W,

In this section, we shall describe the linear super-commuting maps on G, (resp. W) based on
Theorem 1 (resp. Theorem 2). We have the following theorems.

Theorem 3. All linear super-commuting maps on the complete spectrum-generating superalgebra
Ge are standard. Namely, each linear super-commuting map v on Ge has the following form

Y(z) = f(x)ly for all x € G,
where f is a linear function from Ge to C mapping the odd part Wer of Ge to zero.
Proof. Let 1 be a linear super-commuting map on G.. Define
01 Ge X Ge— Ge

(z,y) = [(z),y]
for x,y € G.. Note that ¥ preserves the Zs-grading of G.. By the definition of ¢, one can easily
verify that
e(x, [y, 2]) = [p(2,y), 2] + (=1 W]y, o(z, 2)] for z,y, 2 € Ge.
Namely, ¢ satisfies the equation (6). Recalling [¢(z),y] = (—=1)=¥[z, ¢ (y)] (¥ is a linear
super-commuting map), one can easily check the other equation (5). In addition, ¢ is super-

skewsymmetric by its definition. Thus, ¢ is a super-skewsymmetric super-biderivation of G.. By
Theorem 1, there exists A € C such that

p(x,y) = Az, y] for 2,y € Ge.
Considering the definition of ¢, we have

[Y(z) — Az,y] =0 for z,y € G. (18)
This implies that

Y(x) — Az € Z(Ge) = {Io} for x € G..

Thus, we may assume that

Y(x) — Az = f(x)l for z € G,
where f is a linear function from G, to C. Furthermore, by choosing x = G, (r € I') in the
above formula and using the relation [¢(G,), G,| = 0, one can immediately obtain that A = 0,

and f maps the odd part of G, to zero. Hence, ¥(x) = f(z)Iy. Conversely, if ¢ is of such form,
it is indeed a linear super-commuting map. This completes the proof. O

Theorem 4. FEvery linear super-commuting map on the centerless super Virasoro algebra W, is
the zero mapping. Namely, each linear super-commuting map ¥ on W, has the following form

U(z) =0 for all z € W,.

Proof. Let ¥ be a linear super-commuting map on W,. Similarly to the proof of Theorem 3, we
have
U(z) — Az =0 for x € W,.

Furthermore, by choosing = G, (r € I') in the above formula and using the relation [V (G,), G,| =
0, one can immediately obtain that A = 0. Hence, ¥(z) = 0 for all z € W,. This completes the
proof. O
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