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Stability of the depth function of good filtrations
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Abstract. Let A be a Noetherian local ring, and let I C J be two ideals of A. Let M be a
finitely generated A-module. Brodmann proved that the function n — depth J(%) is constant
for large n. In this paper, we consider a filtration ¢ = (M, )pen of M and a filtration f =
(In)nen of A. Generalizing Brodmann'’s result, we first show that the function n — depth J(Mﬂn)
is constant for large n of value depth;(f, M), provided that ¢ is f-good and f is strongly
Noetherian. Secondly, we establish the inequality v (f, M) < dima (M) — depth;(f, M), where

~v7(f, M) denotes the analytic spread of f at J with respect to M.
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1 Introduction

One of the first authors to have studied the asymptotic stability of the depth of the homogeneous
pieces of a graded module is Burch [6], he proved that for an ideal I in a Noetherian local ring
(A, m) the following inequality holds,

A
< d; o A
(1) <dimA min depth (I”)’

where £(I) is the analytic spread of I. Years laters, Brodmann [3] replaced the minimum of
these depths by the limit value of the depth function n +— depth(%), a limit whose existense he
proved. In fact he studied the application from N into the subsets of Spec(A) defined by

My

n— ASSA(I"M
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and he showed that it is stationnary [4]. Analogous investigations on the stability of associated
primes, but in the context of semi-prime operations, where later carried out by Kamano, Essan,
Abdoulaye and Akeke [8]. As consequence, depth(%+) is constant for large n and

M
< di o
(I, M) < dim M ngl—ir-loo depth (I”M)

being ¢(I, M) = dim % Other authors such as Bandari, Herzog and Hibi [1], Nam and
n>0

Verbao [10] have also studied the depth function. The aim of this article is to extend Brodmann’s
results to a wider family of filtrations. Let ¢ = (M, )nen be an I—good filtration of M. We
will show that, for n > 0, Ass(MMn) is stable. Which makes it easy to prove that depth( Mn)
constant for large n. We also prove that, if ¢ = (My)nen is f—good, where f = (I),)nen is a
strongly noetherian filtration of A, then depth(M%n) remains constant for n > 0. The existence
of this asymptotic value allows us to obtain the following inequality.

M
M) <dimM — lim depth
10 <ttt (24

n—-+4o0o

with v, (f, M) = dimpa, 5 <€Bﬂn )

2 Generalities

In this section we give basic definitions and notations.
Definition 1 ([2]). (1) A filtration on a ring A is a family f = (In)nen of ideals of A verifying
Iy=A 1,41 CI, and I, 1, C I 4m, for alln,m € N.

The set of filtrations of A is denoted by F(A). If I is an ideal of A then the family
Jr=(I"),cn 15 a filtration of A called I-adic filtration.
Let M be a A-module. A filtration of M is a family ® = (M), oy of sub-modules of M

such as
My= M, M,11 C M,, foralln eN.

® is said to be f-compatible if I,M, C M,, for all n,p € N.

(2) A filtration f = (In)nen of A is said to be strongly Noetherian if A is a Noetherian ring
and there exists an integer k > 1 such that Iy ymy = Inly, for all mn > k.

(3) Let I be an ideal of A, a filtration ® = (M), oy of M is said to be I —good if IM, C M, 1
and there exists ng € N such that IM,, = M, +1 for all n > nyg.

(4) Let M be an A—module, f = (I)nen be a filtration of A and ® = (M), .y be a filtration
of M compatible with f.
® is said f — good if there exists N > 1 such that M,, = Z;VZI I,_p,M, for alln > N.
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Definition 2 ([9]). Let A be a noetherian ring and M be a A—module. A prime ideal P of A
s said to be prime ideal associated with M if one of the following conditions is verified.

(i) 3z € M such that ann(x) = P.
.. . . . A
(it) M contains a submodule isomorphic to 4.

The set of prime ideals of A associated with M is denoted Assa(M).

Definition 3 ([5]). (1) A sequence ay,as,...,a, of elements of A is called a reqular sequence
on a A—module M, or an M—reqular sequence, if the following conditions hold.
(i) a1 is an M —regular element.
(ii) a; is an 0

(i) 7((117_{"{1”)]% £ 0.

M S
P ai_l)M—regular element, fori=2,...,n.

(2) Let A be a Noetherian ring, I be an ideal of A, and M be a finite A—module such that
IM # M. We define the depth of M on I, depth;(M), as the length of all maximal
M —sequence contained in I.
It is also called grade of M on I and is denoted grade(I, M).

3 Stability of the depth function n — depthJ(Mﬁn) with (M,,) an
I—good filtration

We first recall this result of Brodmann.

Theorem 1 ([4]). Let A be a Noetherian ring, I be an ideal of A, and M be a finitely gen-
erated A—module. The map from N into the subsets of Spec(A) defined by n AssA(%) is
independent of n, for n sufficiently large.

We establish the following result which generalizes Brodmann’s theorem to I—good filtra-
tions.

Theorem 2. Let A be a Noetherian ring, I be an ideal of A, M be a finitely generated A—module
and ® = (My),,cy be a I—good filtration of M. Then the map n — ASSA(MMH) is stationnary.

Proof. ® = (M,),cy @ I—good filtration thus there exists r € N such that for all n > r,
IM, = My41. Therefore for all n > 0, My, = [""M,.

We have the following exact sequence,

My, R M M
Mn+k+r Mn+k+r Mk+r

(0) — — (0).

Thus

M Myt M
ASSA( ) C Assy <> UASSA< )
Mn+k+r Mn+k+r Mk:—H"
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M, M
C ASSA <W> @] ASSA <Ik_Mr> ,for a].l k > 0

%\TL > . Then

As according Theorem 1, for all £ > 0, Assy (%) = Assy ( 7

M M, M
A —_— A " JUA —_—
oA <Mn+k+r> A <IkMT> A <IkMT>

M M
C Assy <M) = Assy (Mk+r> .

For n = 1, we have Assg (MkM ) C Assy (ﬁ), which shows that (ASSA( M ))
T n

M'n+k+7‘

is decreasing. Therefore (Card is a finite set,

then (Card <

. . M
))n is decreasing. As Assy (Mn+k+r

n+k+7‘

. )) is a decreasing sequence of integers and therefore convergent. Hence
M, n

(Ass A ( Mn{\fk - ))n is stationary. O

Theorem 3. Let A be a Noetherian ring, I and J be ideals of A such that I C J, M be a
finitely generated A—module and ® = (My), o be a I—good filtration of M. Then the function
n depthJ(Mﬂn) is stationnary.

Proof. Put hy; = lim i_glf' depth J(MM) The proof is done by induction on p = hyy.
n—--+oo n

e Suppose p = 0.
har = 0 then, there exists ng € N such that for all n > ng, ggfdepthJ(MMk) = 0. There-
>n

fore, there exists N > ng such that depthJ(MﬁN) = 0. For all a € J, a is not regular in

Mﬁ, then a € Z (ﬂ) where Z (#) denote the set of zero-divisor of a module (Mﬂ),

N N N N

thus J C U P Z ( ) As <Ass A(MM,L)) is stationnary by Theorem 2, then we
PeAss "

can assume that for all n > N, AssA(MﬂN) = AssA(MM"). Thus J C U P, hence
PGAss(Mﬂn)

depthJ(MMn) =0 for all n > 0.

e Let p> 0.
Suppose the property is true at order p and hyy =p+1 = hm 1nf depth J( ) then for all

ng, there exists N > ng such that mf depthJ( ) # 0. For all k> N, depthJ( ) #0

thus there exists a € J such that a gé U P.Put M= 2L and M, M’“'H’M (M)

PeAss Mk
is then a I—good filtration on M.
Let ai,...,a, be an #—regular sequence in J. Let us show that a,aq,...,a, is an
k
MMk—regular sequence in J. Since a ¢ U P then a is an MM—regular element. By

PeAss A;
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M
. . i . . M M, .
hypothesis ay is regular on — which is isomorphic to —————. However, — - is also
My, aM + M, A+
My,
M
: . M . My
isomorphic to —————. Thus, a; is regular on A’j[ .
aM + M, aM
My,
Therefore, a,aq is an Mﬂk—regular sequence in J. We have
M M M
M, ~ Mp+aM _ Mp+aM
M - i M - (al,...,a,-,l)M—i-Mk—i-aM
(al,...,ai_l)ﬁ (a1,...,az,1)7Mk+aM S
M
~ M ~ My,
- . = M *
(a,al,...,al_l)M—i-Mk (a’alv.,,,aifl)m
Given that aq,...,a, is an %—regular sequence in J, we have that a; is regular on
M
— Mx__— Therefore a,ay,...,a, is an Mﬂ—regular sequence in J. We deduce that
(a,al,...,aifl)m k
M M
Let a,aq,...,a, be an MMk—regular sequence in J. Then, a1,...,a, is also an ]\%—regular

sequence in J. We obtain depthJ(%) > depthJ(MMk)—l. Thus depthJ(%) = depthJ(MMk)—
1. It follows that hy; < has. As hyy = p + 1 then hy; < p. According to the recurrence
hypothesis (depth J(%)) . is stable. Therefore the sentence (depth J(%))k is stationary.

O

4 Stability of the depth function n — depth; (%) with (M,) a
f—good filtration

Let f = (In)nen be a strongly Noetherian filtration of A and ® = (My),cy be a f — good
filtration of M. We have

Myt = I, My, = [, M, for all m,n > 0.

This result will allow us to extend Theorem 3 to f—good filtrations where f is strongly Noethe-
rian.

Lemma 1. Let ki and ko be two coprime positive integers. Then for any sufficently large integers
s there exists n,m € N such that s = nky + mks.

Proof. Since ged(ki, k2) = 1, there exist two integers u,v such that uk; + vke = 1. Put N =
|u|k1 + |v|k2. Let s be an integer such that s > N2. From the Euclidean division of s by N, we
have s = Nq + j, where 0 < j < N and [§] = ¢. As uk; + vky = 1, it follows that

s = (ulky + |v]k2)q + (uk1 + vk2)j = k1(Julq + uj) + k2(|v]g + vj).
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We observe that j < N < ¢, therefore, 0 < uj + |u|j < |u|g + wj. Similarly, we also show that
|vlg +vj > 0. Therefore, s can be written in the form s = nk; + mks where n,m € N. O

Theorem 4. Let A be a Noetherian ring, I and J be ideals of A such that I C J, M be a
finitely generated A—module, f = (In)nen be a strongly Noetherian filtration and ® = (M), cn

be a f — good filtration of M. Then the function n — depht; (%) 1s stationnary.

Proof. Let s > 0, k1 and ko sufficiently large integers such that ged(k1, ko) = 1. s can be written
(see Lemma 1) as s = nkj +mky with n,m € N. As (k;, k2) = 1, there exist two integers u and v
such that uk;+vks = 1. We have (Mk, +mks )n 18 I, —good. Similary, (Mg, +mk, )m 18 Tk, —good.

According to Theorem 3, (depth 7 ﬁ is constant for large n. For all n > 0, we have
nkpTmrEg n
M _ M M : :
depth ; <Mnk1+mk2) = depth; <M(n+u)k1+mk2 ) Hence (depthJ (M(n+u)k1+mk2)>m is stationary.
M ) = M
Then depthy (31— ) = depth (32— ), forall m > 0.
Therefore,
M M M
depth <> = depth ( ) = depth < > .
T\ Mok 4 T\ Mty (m o) T\ Mgyt kgmetkyut koo
Thus, depth ; (%) = depth; ( ) Hence, (depth 7 ( Aﬂf )) is stationary. O
s n n

5 Depth and analytic spread

Following [7] we now introduce the following definition.

Definition 4. Let A be a ring, M be a finitely generated A—module, J be an ideal of A, and
f = (In)nen be a filtration of A. The analytic spread of f in J relative to M as the integer

R, f)

Vi (f, M) = dimga, ) w=r7 TROM, ) dlmR(Af)EBJI M

where R(A, f) = @I, and R(M, f) = @ I, M.

n>0 n>0

Proposition 1. Let A be a ring, J be an ideal of A, M be a finitely generated A—module,
f = (I)nen be a filtration of A. Then v;(f9Q, M) = ~;(f, M), where f(@ = (Ing)n>0 for all
q=>1

Proof. We have

R(M, f9)
JRMf 6?

IIZ

n>0
Therefore,

LM [ M
A R(A 7@ >@JI M= annR(Avf“‘))@JanM ‘
>0
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Iy M
Let a be an homogeneous element of degree 7 in R(A, f(@) such that a € anN g4 1) Pb-—
n>0 JIg M’

We have aly, M C JIqyngM. So,
a?I,M = aal,M C al,,1,M C I,(al,(M) C I,(JI20M) C JIzgin,

I,M
thus, CL2 € annR(A,f@)) @nzo ej;LiM Then,
n
anM I, M
annR(A,f(q))@ J1, M ARA D 1 M
n>0 n>0

Hence,

I,M
annR(Af(‘” JI M annR(A7f<q>>@m-
n>0" "

I,M Iy M
As ann Q ann
R(A,f(@) 629 R(A, f(q))f]?o TI M
then,
I
annR(Af JI annRAf(q))@JI M
n>0 n>0
Hence,
IL,M
alllp(a, ) EB 71, M A pA )Y 77 M
n>0 n>0"""
Therefore,
A @ A fl@
iy~ ——
BRI TR(M, F@) CRRAIOY TR, £)
R(M, ) R(M, f9)

We have dimp 4 r@)) 5577 o0 TROVL ) = dimp 4 s JR(M, f@)’

Moreover, let = € R(A, f) homogeneous of degree n, we have 29 € I,, C R(A, f@) thus R(A, f)
is integral over R(A, f(@).

(9)

Then R4, f) is integral over (A, f ) )
— R(M, f) _— R(M, f) N R(A, F®)

D TR(M, £) WD TR AT

Consequently,
: R(A, f) : R(A, f19)
dim = dim .
B R(M, f) HAS ROMLT) ~pos s
M, f R(M, f

As annpy 5 J}é( )) NR(A, @) = annR(A’f(Q))JR((]W,JZ)’ therefore

: R(M,f) _ . R(A, f19)
Smean TR, £y T o) RO )

ST TR )
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a0 R(M, f)

~ RS TROI 1)
0 R(M, f)
= lmR(A’f(q)) JR(M,f(Q))'

Hence, ,YJ(faM) = ryJ(f(q)vM)
O

Theorem 5. Let M be a finitely generated A—module, f = (I,)nen be a strongly noetherian
filtration of A and J be an ideal of A. If Iy C J, we have the inequality

’YJ(fv M) < dlmA(M) - depthJ(fv M)7

where depth ;(f, M) = 1iI51_ depth ;(747)-
n—>—400 m

Proof. The filtration (I, M )n>0 of M is f—good where f is strongly noetherian, hence depth ;( f, M)
exists. There exists an integer N such that for all n,m > N, I+, = Ipnl,. In particu-
lar, for each ¢ > N, f@ = (I,g)n>0 = (I?) = fr,. We have Lo _ iy, 1y M
) = ’ nq)n>0 q/n=>0 Ig- nZOJanM nZOJ[(?M
Therefore, according to Brodmann [3], v;(ly, M) < dims(M) — depth;(I;, M). We know
that s (Iy, M) = 7s(fr,, M) = 75(f,M). Also, depth;(Ip, M) = lim depth;(75;) =
lim depth; (%) = depth;(f, M). Hence, ~;(f, M) < dim4 (M) — depth;(f, M). O

n—>-+oo Ign

Example 1. Let A = K[[X,Y, Z]] denote the ring of formal power series over a field K. Consider
the ideals J = (X,Y, Z), I = (XY, XZ,X?), and for each n € N, define

I, = (XY, XZ, X% Y"Z").

Each I, is an ideal of A. Let B = %, J= %, and g = (Jn)pey = (ITn)neN' Then J is an
ideal of B, and g defines a strongly Noetherian filtration on B. We consider B as a B-module

and set M = B. We now verify the inequality given in Theorem 5.
Computation of depthy(g, M). By definition, depthy(g, M) = lim,_, depthy <J77%M> .

According to [5], we have depthy <JnLM> < dim(%), for some P € Assp (%) Note that

Jﬁ/‘[M = %, hence Assp (JHLM) = Assg (%) Let P = Anng(X + I,,). Since X,Y,Z € P,

we have (X,Y,Z) C P, and thus P = (X,Y,Z) € Assa(4). Setting P = £, we obtain

In
T e AssB(JnLM), and dim(%) = dim(%) = 0. Therefore,

M
depth3 <J,]\4_) =0 for all n,

and consequently, depthy(g, M) = 0.
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Computation of dimp(M). We have dimp(M) = dim(M) = dim(?)

= sup {dim 4 | P € min(I)},
where min(7) is the set of prime ideals minimal over /. Since min(I) =

{(X)}, we obtain

. . A .
dim(M) = dim 9 =dim K[[Y, Z]] = 2.

Computation of v3(g, M). We compute the associated graded components.

JaM I I+ (YmzZny | (Ynz)

IIM ~ J(YrZry+ 1 I+ J(Ynzr)  J(YrZr)

Therefore,

(Ynrzm)
_dlm@~JnM dlm@ J(Ynzn)
n>0

Conclusion. We conclude that the inequality in Theorem 5 is satisfied

Y3(g. M) < dimp (M) — depthy(g, M) =2 — 0 = 2.
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