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Abstract. We introduce the notion of Lie-Yamaguti algebra bundle, and show that such
bundles appeared naturally from geometric considerations in the work of M. Kikkawa. This
motivates us to introduce this object in the proper mathematical framework. We define coho-
mology groups of such bundles with coefficients in a representation extending the definition of
cohomology groups of Lie-Yamaguti algebras.
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1 Introduction

Vector bundles play a crucial role in differential geometry and in various applications of geom-
etry in theoretical physics. In addition, if the fibres of vector bundles have some special type
of algebraic structure (generally called as algebra bundles), reflecting some special geometric
features of the underlying base manifolds then, the study of such algebra bundles turn out to
be very useful in characterizing many relevant properties which arise in geometry and physics.
The aim of this article is to introduce and study one such algebra bundle having Lie-Yamaguti
algebra structure on its fibres, that generalizes the notion of a Lie algebra bundle. Such bundles
appeared implicitly in the work of M. Kikkawa to characterize some local geometric properties
to investigate a question originally posed by K. Nomizu, which motivates us to introduce this
object in the proper mathematical framework.

Recall that the notion of Lie algebra bundle was introduced by A. Douady and M. Lazard [6].
We refer [4] for examples of Lie algebra bundles. Various aspects of Lie algebra bundles were
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extensively studied in [3,16-18]). For some recent research on Lie and other algebra bundles we
refer [19-21,25].

Lie-Yamaguti algebras are generalizations of Lie triple systems and Lie algebras. Triple
systems in algebra may be traced back to the works of P. Jordan, J. v. Neumann and E.
Wigner [9] in quantum mechanics, and N. Kemmer [10,11] in particle physics. The notion of Lie
triple system was formally introduced as an algebraic object by N. Jacobson [8] in connection
with problems which arose from quantum mechanics.

K. Nomizu [24] proved that affine connections with parallel torsion and curvature are locally
equivalent to invariant connections on reductive homogeneous spaces, and that each such space
has a canonical connection for which parallel translation along geodesics agrees with the natural
action of the group.

Let M be a smooth manifold equipped with a linear connection V. Let e € M be a given
fixed point. Then there is a local multiplication p at e compatible with V, which is given by

1(x,y) = expy o Tep 0 exp, H(y),

where exp, denotes the exponential mapping at x and 7., denotes the parallel displacement of
tangent vectors along the geodesic joining e to x in a normal neighbourhood of e [13].

If M = A/K is a reductive homogeneous space with the canonical connection, due to K.
Nomizu, then the local multiplication p given above satisfies some special property (cf. [24]). In
particular, if M is a Lie group A itself, then the canonical connection is reduced to the connection
of [5] and the local multiplication u coincides with the multiplication of A in local.

Motivated by this fact, M. Kikkawa [13] investigated the problem of the existence of a global
differentiable binary system on a reductive homogeneous space A/K, which coincides locally
with the above geodesic local multiplication p and observed that the problem is related to the
canonical connection and to the general Lie triple system defined on the tangent space T M. In
his paper, Kikkawa renamed the notion of general Lie triple system as Lie triple algebra. Kinyon
and Weinstein [15] observed that Lie triple algebras, which they called Lie-Yamaguti algebras in
their paper, can be constructed from Leibniz algebras. Leibniz algebras are non anti-symmetric
analogue of Lie algebras introduced by J. L. Loday [22].

In the present article, we introduce the notion of a Lie-Yamaguti algebra bundle, and discuss
examples of such bundles. We show that such bundles appeared implicitly in the work of M.
Kikkawa [14]. We define cohomology groups of a Lie-Yamaguti algebra bundle with coefficients
in a given representation. Our theory extends the cohomology theory of Lie-Yamaguti algebras
introduced by K. Yamaguti in [28].

Organization of the paper: In §2, we set up notations, recall some known definitions and
results. In §3, we introduce the main object of study of the present paper, namely, the notion
of a Lie-Yamaguti algebra bundle, illustrate examples of such bundles and describe a general
method of constructing such bundles. In §4, we introduce the concept of representation of Lie-
Yamaguti algebra bundles which is required to introduce cohomology of Lie-Yamaguti algebra
bundles. Finally in §5, we define a cochain complex which defines cohomology of a Lie-Yamaguti
algebra bundle with coefficients in a given representation.
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2 Preliminaries

The aim of this section is to recall some basic definitions and set up notations to be followed
throughout the paper. Let K be a given field.

Definition 1. A Lie algebra is a vector space g over K equipped with a K-bilinear operation
[, ]:9xg— g satisfying

1. (Anti-symmetry): [z,y] = =y, x] for all x,y € g;

2. (Jacobi identity): [z, y], 2] + [y, 2], ] + [z, 2], y] = 0 for all x,y, z € g.
Definition 2. A Leibniz algebra is a vector space g over K equipped with a K-bilinear operation
-1 g X g — g satisfying the Leibniz identity

r-(y-2)=(z-y) 2+y (z-2)

forall z,y,z € g.

It is easy to see that in presence of the anti-symmetric condition the Leibniz identity reduces
to Jacobi identity. Thus, Lie algebras are examples of Leibniz algebras. See [22] for many other
non-trivial examples of Leibniz algebras.

Definition 3. A Lie triple system is a vector space g over K equipped with a K-trilinear operation

{,,}:iaxgxg—g
satisfying
{z,y,2} = ~{y, 2, 2}
{z,y,2} +{y,z, 2} + {z, 2,4y} =0
{z,y,{v,v,w}} = {z,y,u}, v, w} +{u,{z,y, v}, w} + {u,v,{z,y, w}}
for all x,y,u,v,w € g.
The following is an interesting example of a Lie triple system which arose from Physics [8].

Example 1. We denote by M,1(R), the set of all (n + 1) x (n + 1) matrices over the field
R, which is an associative algebra with respect to matrix multiplication. Let d;; denote the
Kronecker delta symbol
0 i#y
5y — { # J

1 i=j

and e; ; denote the elementary matrix which has 1 in the (g, j)th—entry as its only non-zero
entry. Let m be the subspace of M,,1+1(R) spanned by the matrices G; for i =1,2,--- ,n, where
Gi = €int+1 — ent1,i- As an example, for n = 3, the matrix Gy € My(R) is given by

o O O

Gy =

o O O O
o O O O
S O = O
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Then, the subspace m is closed under the ternary product
{A,B,C} :=1[A,B],C], A,B,C€eg

where [A, B] := AB — BA is the commutator bracket. Explicitly, the trilinear product of the

basis elements are given by
[[Gi, Gjl, G| = 6kiGj — 6k G

It turns out that (m,{, , }) is a Lie triple system, first used in [7] to provide a significant and
elegant algebraic formalism of Meson equations and hence was known as Meson field. Later, it
was introduced formally as a Lie triple system by N. Jacobson in [8].

Remark 1. Note that any Lie algebra (g,[ , ]) can be viewed as a Lie triple system with the
trilinear operation

{z,y,2} = [[z,y], 7]
forall z,y,z € g.

Definition 4. A Lie-Yamaguti Algebra (g,[ , ],{ , , }) is a vector space g equipped with a
K-bilinear and a trilinear operation

[, ]:gxg—g and {,, }:gxgxg—g

such that for all x,y, z,u,v,w € g the following relations hold:

[z,y] = —y, z; (LY1)

{z,y,2} = ~{y, @, 2} (LY2)

o) ([T ], 2] + {z,y,2}) = 0; (LY3)

Y@y Tyl 2 ut =05 (LY4)

{2,y [u, o]} = [{z, y, ul, o] + [u, {z,y,0}]; (LY5)

{z,y. {uw, v, w}} = {{z,y, u}, v, w} + {u, {2, y, v}, w} + {u, v, {z,y, w}}. (LY6)

Here, X5, y,2) denotes the sum over cyclic permutations of z, y, and z.

Remark 2. Notice that if the trilinear product in a Lie- Yamaguti algebra is trivial, that is, if
{,, }=0, then (LY2), (LY4), (LY5), and (LY6) are trivial, and (LY1) and (LY3) define a
Lie algebra structure on g. On the other hand, if the binary product is trivial, that is, [ , | =0,
then (LY1), (LY4), and (LY5) are trivial, and (LY2), (LY3), together with (LY6) define a Lie
triple system on g.

Here are some well-known examples.

Example 2. Let (g, [, ]) be a Lie algebra over K. Then, g has a Lie-Yamaguti algebra structure
induced by the given Lie bracket, the trilinear operation being:

{a,b,c} = [[a,b], ]

for all a,b,c € g.
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Example 3. Let (g, ) be a Leibniz algebra. Define a bilinear operation and a trilinear operation
as follows:

[, ]:axg—g [ab:=a-b—b-a, abeEgy;
{,, }:axgxg—g, {abc}:=—(a-b)-c, a,bceEy.
Then, (g,], ],{, , }) is a Lie-Yamaguti algebra.

Let (g,(, )) be a Lie algebra. Recall that a reductive decomposition of g is a vector space
direct sum g = h @ m satisfying (h,h) C b and (h, m) C m. In this case, we call (h, m) a reductive
pair.

Example 4. Let (g,(, )) be a Lie algebra with a reductive decomposition g = h @ m. Then,
there exist a natural binary and a ternary product on m defined by

[avb] = TI'm(<a, b))? {a7 b, C} = <7rh(<a7 b>)7c>7

where 7y, and 7, are the projections on m and b, respectively. These products endow m with
the structure of a Lie-Yamaguti algebra [2].

Example 5. Consider the vector space g over K generated by {ej,es,es}. Define a bilinear
operation [, | and a trilinear operation { , , } on g as follows.

[61,62] = €3; {81,82761} = €3.

All other brackets of the basis elements are either determined by the definition of Lie-Yamaguti
algebra or else are zero. Then, g with the above operations is a Lie-Yamaguti algebra.

See [1] for classification of some low dimensional Lie-Yamaguti algebras.

Definition 5. Let (g,[, |.{, , }), (&,[, I',{, ., }) be two Lie-Yamaguti algebras. A
homomorphism

(o[, L4, D=0 [ 1.{..})

of Lie-Yamaguti algebras is a K-linear map ¢ : g — ¢ satisfying

O([z.y]) = [6(x), 0(m)),  ¢({z,y,2}) = {o(2), (y), ¢(2)}

forall z,y,z € g.
A homomorphism

(o[, L4, D=0 [ 1{..})

of Lie-Yamaguti algebras is an isomorphism if there exists a homomorphism

¢ @I ) =@l LD

such that ¢' o = idg and ¢po¢’ = idy. The set of all self-isomorphisms of a Lie- Yamaguti algebra
(8,0, 1,{, , }) is obviously a group under composition of maps and is denoted by Autyy(g).
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The notion of Lie algebra bundle was introduced in [6]. For smooth Lie algebra bundle
we refer [23]. Other notions of algebra bundles are available in the literature and appeared in
various context.

Let M be a smooth manifold (Hausdorff and second countable, hence, paracompact). Let
C>°(M) be the algebra of smooth functions on M. Let T M be the tangent bundle of M. Recall
that a vector field on M is a smooth section of the tangent bundle T'M. Let us denote the space
of vector fields on M by x(M). It is well-known that x (M) is a C°°(M)-module. Moreover,
X(M) is a Lie algebra with the commutator bracket:

[avﬁ] = CVB - /Ba
for a, 8 € x(M). Here, for o, 5 € x(M) and p € M, the action of a5(p) on a smooth function
f € C>®(M) is given by
aB(p)(f) = ap(BS),
where 8f € C°°(M) is given by Sf(m) = Bn(f), m € M.

For a (smooth) vector bundle p : L — M, often denoted by & = (L, p, M), we denote the
space of smooth sections of L by I'L. It is well-known that I'L is a C°°(M)-module. For any
m € M, we denote the fibre of the vector bundle £ over m by L,, or sometimes by &,,.

Henceforth, we will work in the smooth category and with K = R.

Definition 6. Let (L,p, M) be a vector bundle and let [ , | be a smooth section of the bundle
Al*(L) such that for each m € M,

[, Jm : Ln X Ly — Ly

1s a Lie algebra bracket on L,,. We call such a section a field of Lie algebra brackets in L.

Definition 7. A Lie algebra bundle (cf. [23]) is a vector bundle (L,p, M) together with a field
of Lie algebra brackets
m— [, |m, me M.

Thus, for a Lie algebra bundle (L, p, M), each fibre L, is a Lie algebra which varies smoothly
as m € M varies over M. In other words, the assignment m — [, |, m € M is smooth.

Definition 8. Let g be a given Lie algebra. A locally trivial Lie algebra bundle with fibre g is a
vector bundle (L,p, M) together with a field of Lie algebra brackets

me [, |m, meM

such that M admits an open covering {U;} equipped with local trivializations {1; : U; x g —
pTVW)} for which each im, m € M (i; restricted to each fibre Ly,) is a Lie algebra
isomorphism.

A homomorphism ¢ : (L,p, M) — (L',p', M') of Lie algebra bundles is a vector bundle
morphism (¢, ¢o), where ¢g : M — M’ such that ¢|r,,, : Ly — L;SO(m), m € M is a Lie algebra
homomorphism.
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3 Lie-Yamaguti algebra bundle

In this section, we introduce the notion of Lie-Yamuguti algebra bundle and related results. All
vector bundles and vector bundle maps are assumed to be smooth and K = R.

Definition 9. Let &€ = (L,p, M) be a (real) vector bundle. Let Hom(£®%, &) be the real vector
space of vector bundle maps from £®F to the vector bundle &, k > 1. Observe that Hom(£%F, )
is a vector bundle over M. Let { ,---, ) be a section of the bundle Hom(£%%,&). We call such
a section a k-field of (K-multilinear) brackets in . Thus, a k-field of brackets in £ is a smooth
assignment

m'_>(<7"'7 >m:€mx"'xgm_>§m)

of multilinear operation on &, m € M.

Definition 10. A Lie- Yamaguti algebra bundle is a vector bundle { = (L, p, M) together with a
2-field and a 3-field of brackets

m—=[,|m and m—{,, }ym, meM

which make each fibre &,, m € M a Lie- Yamaguti algebra.

Definition 11. Let (g,[ , ]g.{ , , }g) be a given Lie-Yamaguti algebra. A locally trivial Lie-
Yamaguti algebra bundle is a vector bundle & = (L,p, M) together with a 2-field and a 3-field of
brackets

me—[,]m and m—{,, }n, meM

such that M admits an open covering {U;} equipped with local trivializations {1; : U; x g —
pTV(U)} for which each iy, m € M (1 restricted to each fibre &) is a Lie-Yamaguti
algebra isomorphism.

Remark 3. Thus, for a Lie- Yamaguti algebra bundle as defined above each fibre &, = p~1(m), m €
M, together with the binary operation [ , |m and the ternary operation { , , }m is a Lie- Yamaguti
algebra isomorphic to g, and the assignments

me [ m, me={,, m
varies smoothly over M.

In other words, a locally trivial Lie-Yamaguti algebra bundle over M is a vector bundle over
M such that each fibre of the bundle has a Lie-Yamaguti algebra structure isomorphic to g.

An obvious example of a Lie-Yamaguti algebra bundle is the trivial bundle over a smooth
manifold M with fibres a Lie-Yamaguti algebra.

Example 6. Let (g,[, |,{, , }) be a given Lie-Yamaguti algebra and M be any smooth
manifold. Then the trivial vector bundle & = M x g with the projection onto the first factor
m M x g — M is a Lie-Yamaguti algebra bundle, called the product Lie-Yamaguti algebra
bundle.

We have the following example from the Example 2.
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Example 7. Any Lie algebra bundle (L, p, M, [, ]) is a Lie-Yamaguti algebra bundle, where the
3-field of brackets on M induced by the 2-field of Lie brackets m + [, |, m € M is defined
by

{a,b,c}m = [[a,bm, |m, m € M,

for a,b,c € L,,, m € M.

Definition 12. Let £ = (L,p, M) be a Lie algebra bundle with the field of Lie algebra bracket
m [, |m, m € M. A reductive decomposition of & is a pair (L', L?) of sub-bundles of L such
that L is a Whitney sum L = L' @ L? satisfying [LL, Ll ], € L. and [LL L2, C L2, In this
case, we call (L', L?) a reductive pair.

For a reductive pair as above, let 7% : L — L*, i = 1,2 denote the vector bundle projection
maps.

Example 8. Let (L', L?) be a reductive decomposition of a Lie algebra bundle ¢ = (L, p, M)
as described in the above definition. Then, define a 2-field of brackets and a 3-field of brackets

m)_><’>m7 mH{?’}m’meM

on the vector bundle (L2, p|;2, M) as follows. Let a,b,c € L2,, m € M.

[a, 0] == ' ({a, b)), {a,b,c} = (%({a,b)m), C)m.

Then, as in the case of Example 4, the vector bundle (L2, p|;2, M) is a Lie-Yamaguti algebra
bundle equipped with the 2-field of brackets and the 3-field of brackets as defined above.

Example 9. Let £ = (E,p, M) be a vector bundle with fibre V. Consider the vector bundle
End(¢§) := Hom(&, &) with fibres

End(¢),, = End(E),) = End(V) = Hom(V, V), m € M.

Note that from the Example 2, End(V) is a Lie-Yamaguti algebra as it is a Lie algebra with
respect to the commutator bracket. The local triviality for End(§) are induced from the local
triviality of € in the following way:

Any chart ¢ : U x V — Ey for E induces a chart 1 : U x End(V) — End(E)y where for any
m € M, v : End(V) — End(E,,) = End(V) is defined as T + t,,, o T o 1. Tt follows that
End(¢) is a locally trivial Lie-Yamaguti algebra bundle with respect to this charts with fibres
isomorphic to End(V). Observe that the 2-field of brackets are given by m — [, |;n, m € M,
[, ]m being the usual commutator Lie bracket of End(E,,) and the 3-field of brackets are
mw—{,, tm, m € M, where

{77}m3:[[7}m7 ]m‘

Given a locally trivial Lie-Yamaguti algebra bundle with fibres isomorphic to a given Lie-
Yamaguti algebra, one can obtain many other examples of Lie-Yamaguti algebra bundles out
of it. The precise statement is given by the following proposition which is straightforward to
prove.



Lie- Yamaguti algebra bundle 61

Proposition 1. Let £ = (L,p,M,[, ],{, , }) be a locally trivial Lie-Yamaguti algebra bundle
with fibers isomorphic to a given Lie-Yamguti algebra g. Let b be a subalgebra of g such that
©(h) = b for all ¢ € Autpya(g). Then there is a well-defined locally trivial Lie- Yamaguti algebra
sub bundle n of & with total space K C L such that any Lie-Yamaguti algebra bundle chart
Y :U xg— Ly of & restricts to a Lie- Yamaguti algebra bundle chart U x h — Ky of n.

As an application of the above result we obtain the following example.

Recall that for a given Lie-Yamaguti algebra (g,[, |,{, , }) a linear map D : g — g is called
a derivation of g if for all z,y,z € g

D([z, y]) = [D(2),y] + [z, D(y)],

D{z,y,2} ={D(x),y,2} + {z, D(y), 2} + {z,y, D(2)}.

For any z,y € g the map D(z,y) : g — g defined by D(z,y)(2) := {x,y, 2} is a derivation and
is called an inner derivation. We denote the space of derivations of g by Derpya(g).

Example 10. Let (g,[, ],{, , }) be any Lie-Yamaguti algebra and £ = (L,p, M,[, |,{, , })
be a locally trivial Lie-Yamaguti algebra bundle with fibres isomorphic to the Lie-Yamguti
algebra g. Observe that Derpya(g) € Endpya(g) is invariant under automorphisms of the form
Endrya(g) — Endrya(g) defined as T+ soT os™! for any Lie-Yamaguti algebra automorphism
5: g — g. To see this, we need to show that if 7' € Derpya(g) then soT os™! is also a derivation,
that is, we need to show soT os !z,y] = [soTos lz,y] + [x,50 T 0 s~ 1y| for x,y € g. This is
true because for =,y € g

sTs o,y = sT[s 'z, sty = s[Ts o, s 1y + s[s™la, Ts™1y]
= [sTs 'z, y| + [z, sTs ).

Similarly, we have sT's™ ' {x,y, 2} = {sTs o, y, 2} + {x, sTs y, 2} + {x,y,sTs" 12} for z,y,2 €
g. Hence, Derpya(g) is invariant under automorphism of the forms stated above. Applying
Proposition 1, we obtain a locally trivial Lie-Yamaguti algebra sub bundle Der(§) with fibres
isomorphic to Derpya (g) of the Lie-Yamaguti algebra bundle End(&). We call it the Lie-Yamaguti
algebra bundle of derivations of &.

Next, we discuss an interesting example of a Lie-Yamaguti algebra bundle that arose from
the work of M. Kikkawa [12—14] to characterize some local geometric properties. We recall some
definitions which are necessary to describe our next example.

Recall that a linear connection on a smooth manifold M is an R-bilinear map
Vi x (M) x x(M) — x(M)
written VxY for V(X,Y), satisfying two properties stated below: For all X,Y € x(M)
o VxY isa C®°(M)-linear in X.
o (Leibniz rule) VxY satisfies the Leibniz rule in Y: For all f € C°°(M),

Vx(fY) = (X/)Y + f(VxY).
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Now, let M be a smooth manifold along with linear connection V. Recall that
« a torsion tensor of the connection V is a C°°(M)-bilinear map
8t (M) x x(M) = x(M)

defined by
S(X,Y)=VxY -VyX - [X)Y], XY € x(M),

where [X,Y] is the Lie bracket of x(M) and
 a curvature tensor of the connection V is a C°°(M )-trilinear map
R x (M) x x(M) x x(M) = x(M)
defined by

R(X, Y)Z =VxVyZ -VyVxZ — V[X’y]Z, X,Y, Z e X(M)

Recall the following definitions [13].

Definition 13. Let M be a smooth manifold with a connection V. Let S and R denote the
torsion and curvature tensors of V, respectively. Then, (M,V) is said to be a locally reductive
space if VS =0 & VR =0; that is,

o forall XY, Z € x(M); VxS(Y,Z)=0;
e for all X,U,V,W € x(M); VxR(U, V)W = 0.

Definition 14. Let G be a connected Lie group and H be a closed subgroup of G. Then the
homogeneous space M = G/H is said to be reductive if and only if G acts effectively on M and
the Lie algebra g of G admits a direct sum decomposition as

g=maoh,
where § is the Lie algebra of H and m is a subspace of g.
Next, we recall the notion of homogeneous Lie loops.
Definition 15. Let G = (G, ) be a binary system with the binary operation
w:GxG—G

G is a loop if there is a (two-sided) identity e € G, xe = ex = x (xz € G), and the left and right
translations of G by any element x € G, denoted by

Ly,R,:G— G; Ly(y) =2y, Re(y) =yx (y€@q),

are permutations of G.
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Definition 16. A loop G is said to have the left inverse property, if for any x € G there exists
an element 21 € G such that

e zy)=y (yeq)
Definition 17. Let Lo(G) be the group generated by all left inner mappings, i.e.,
Ley=1Ly oLsoLy, (z,y€@)

A loop G is called a left A-loop, if the left inner mapping group Lo(G) is a subgroup of the
automorphism group AUT(G) of G.

Definition 18. A Loop (G, ) is said to be a homogeneous loop, if it is a left A-loop with the
left inverse property.

Definition 19. A homogeneous Lie loop G is a homogeneous loop, and is also a smooth manifold
such that the loop multiplication p: G x G — G is smooth.

Here are some examples of locally reductive spaces.
e Let G be a connected homogeneous Lie loop equipped with the canonical connection.

e Define K(G) := the closure of Ly(G) in the smooth automorphism group Aut(G) of G,
and consider the semi-direct product A(G) = G x K(G). Since G is connected, Lo(G) is
connected, and consequently K (G) is also connected. A(G) is also a connected Lie group
with the product manifold structure. Further A(G) contains K (G) as a closed subgroup.

o The homogeneous space A(G)/K(G) is reductive.

Consider the reductive homogeneous space A(G)/K (G) equipped with the canonical connection.
Then, we have the following results from [13].

Theorem 1. For a connected homogeneous Lie loop G, the map
i:G— AG)/K(G), i(z)=zxK(Q)
is a connection preserving loop isomorphism onto A(G)/K(G) with multiplication
(z x K(G)).(y x K(G)) = (zy) x K(G)  (z,y €G)
with respect to the canonical connections on G and A(G)/K(G).

As a result, any connected homogeneous Lie loop with canonical connection can be identified
with a reductive homogeneous space with canonical connection. The following result of M.
Kikkawa tells us that any reductive homogeneous space with canonical connection is locally
reductive.

Theorem 2. Let S and R denote the torsion and curvature tensors of the canonical connection
V of a reductive homogeneous space M = G/H, respectively. Then V is locally reductive, i.e.,

VS =0 and VR =0.
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Corollary 1. Any connected homogeneous Lie loop with the canonical connection is a locally
reductive space.

Below is a list of some examples of homogeneous Lie loops.
Example 11. Any Lie group is a homogeneous Lie loop.

Example 12. The set of all positive definite real symmetric matrices, denoted by P,, is a
homogeneous Lie loop. Loop multiplication p being

W(X,Y)=X2YX2, X,Y € P,

We are now in a position to describe a Lie-Yamaguti algebra bundle which arose from the
work of M. Kikkawa.

Since any connected homogeneous Lie loop with canonical connection is a locally reductive
space, we obtain the following example (cf. [13, Theorem 7.2]).

Example 13. Let M be a connected homogeneous Lie loop with the canonical connection. Let
the associated torsion and curvature tensors be S and R, respectively. Let £ = (T'M,p, M) be
the tangent bundle of M. Define a 2-field of brackets and a 3-field of brackets on M as follows:

m i [a,blm = Sm(a,b); mw— {a,b,c} = Rn(a,b)c (a,b,ce€T,G).
Then £ is a Lie-Yamaguti algebra bundle.
Next, we discuss a general existence theorem for locally trivial Lie-Yamaguti algebra bundle.

Definition 20. Let (g,[, |,{, , }) be a Lie-Yamaguti algebra and G be a Lie group. We say
that G acts on g if there exists a smooth homomorphism

¢ : G — AUtLYA(g)’ g — d)g.
Given such an action ¢, we simply write ga =: ¢4(a), g € G, a € g.

Note that any closed subgroup of Autyy-a (g) acts smoothly on g and is a closed subgroup
of the general linear group GL,(R).

Definition 21. Let G be a Lie group and M a smooth manifold. A family of smooth transition
maps in M with values in G is an atlas {U; : i € I} of M together with a collection of smooth
maps

gij:UiﬂUj%G, 1,7 €1,

where I is any index set which we may assume to be countable satisfying the following condition.

Fori,j,k € I, with U; UU; U Uy # 0,

gij(m) - gjr(m) = gir.(m), m € U; N U; N Uy,
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It follows from the above condition by taking ¢ = j = k that for any ¢ € I, g;;(m), m € M
is the identity of G. The above condition is known as the cocycle condition.

We have the following existence result of locally trivial Lie-Yamguti algebra bundles whose
proof is parallel to the proof of clutching construction in the theory of fibre bundles [26]. We
outline the sketch of the proof.

Theorem 3. Let (g,[, |,{, , }) be a Lie-Yamaguti algebra equipped with a smooth action of
a Lie group G. Let M be a smooth manifold with a given countable atlas {U; : i € I} together
with a family of smooth transition maps

gijIUiﬂUj%G, i,jEI,

in M with values in G. Then, there exists a locally trivial Lie-Yamuguti algebra bundle over
M, with g as the fibre, G as the structure group of the bundle and with {g;;} as the associated
transition maps.

Proof. Consider the following space where I has the discrete topology

L:= U{(u,a,i)\u €U, acg, iel}
il

Define an equivalence relation on L by (u,a,i) ~ (v,b, ) if and only if u = v, b = gij(u)a. Let
L =L/ ~ . Let us denote the equivalence class of (u,a,i) by [u,a,i]. Let g : L — L, (u, a,i) —
[u, a,i] be the quotient map and p: L — M, [u,a,i| — u be the natural projection map.

If ¢; = ql(u,xgx{i})> then it is readily seen that g¢; is injective, (¢:(U; x g x {i}),qi_l) is a
smooth chart on L and p : L — M is a smooth vector bundle.

We now show that & = (L,p, M) is a Lie-Yamaguti algebra bundle. Let m € M and &, be
the fibre over m. Define a 2-field of brackets m +— [, ], and a 3-filed of brackets m — { , , }n
as follows. Note that for ¢ € I, the map

(Wi : U; x g — pV(U))}

defined by
Y(u,a) = q(u,a,i), ue U, a€g

gives the local trivialization of the vector bundle §. Let ¢; ,,, m € U; C M denotes the restriction
of 1; to {m} x g.
Let a,b,c € &,,, m € M. Choose i € I such that m € U;. Define

[a, b]m = %,m([@bf,nl@(a)» sz)zjnll(b)])v

{a,b, chm = Vi m ({1 (0), 5 0 (0), ¥y (€)}).

Then, it is routine to verify that £ is a locally trivial Lie-Yamaguti algebra bundle with fibre
g. O
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Remark 4. The above theorem provides a general method of constructing a locally trivial Lie-
Yamaguti algebra bundle from any Lie group of symmetry of a given Lie-Yamaguti algebra on
a manifold, equipped with a family of smooth transition maps taking values in the group of
symmetry. In particular, we may apply the above method for any Lie group of symmetry of the
Lie-Yamaguti algebras discussed in the previous section to construct examples of Lie-Yamaguti
algebra bundles.

Definition 22. Let £ = (L,p, M) and & = (L',p’, M") be two Lie-Yamaguti algebra bundles.
A homomorphism ¢ : (L,p, M) — (L', p/, M") from & to £ is a vector bundle morphism (¢, ¢),
where qg : L — L', is the map between total spaces and ¢ : M — M’ is the map of the base spaces
such that q~5|Lm : Ly, — L;j(m) is a Lie- Yamaguti algebra homomorphism, where m € M.

A homomorphism ¢ : & — &' of two Lie-Yamaguti algebra bundles over the same base space
M is a vector bundle morphism ¢ : & — & such that ¢|e,, : &m — &, is a Lie-Yamaguti algebra
homomorphism for all m € M. Moreover, if ¢le,, is a linear bijection then § = (L,p, M) is said
to be isomorphic to & = (L', p', M).

Definition 23. A Lie-Yamaguti algebra bundle & is said to be trivial if it is isomorphic to a
product Lie- Yamaguti algebra bundle.

4 Representation of Lie-Yamaguti algebra bundles
The aim of this section is to introduce the notion of representation of Lie-Yamaguti algebra
bundles.

Our definition of representation of a Lie-Yamaguti algebra bundle is based on the definition
of representation of a Lie-Yamaguti algebra [27].

Definition 24. Let & = (L,p, M) be a Lie-Yamaguti algebra bundle and n = (E,q, M) be a
vector bundle. For any point m € M, let 0, denote the fibre 0, = ¢~ *(m) of the bundle n over
m.

A representation of the Lie-Yamaguti algebra bundle & on the vector bundle n consists of
vector bundle morphisms

p:&— End(n), D, 0:£@E— End(n)

such that these maps restricted to each fibre satisfy the conditions (RLYB1) - (RLYB6) as
described below, where the bilinear maps

D|£m7 9!5m 2&m X &m — End(nm),

obtained by restricting D, 0 to a fibre &, are denoted by Dy, and 0,,, respectively and similarly,
Pm 1S the linear map

Plem + &m — End(ny,).
For any m € M and a,b,c,d € &,

D (a,b) + m(a,b) — 0m(b, a) = [pm(a), pm(b)lm — pm([a, b]); (RLYBI)
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Om(a, [b, clm) — pm(0)0m(a, ¢) + pm(c)fm(a,b) =0 (RLYB2)
O ([a, blm, €) — Om(a, ) pm (b) + O (b, ¢) pm(a) = 0; (RLYB3)
O (c, d)0p(a,b) — O (b, d)0m(a, c) — O (a, {b,c,d}m) + D (b, ¢)0m(a,d) =0 (RLYB4)
[Dim(a,b), pm(c)lm = pm({a, b, c}tm); (RLYBS5)
[Dp(a,b),0m(c,d)|m = 0m({a, b, c}m,d) + 0 (c,{a,b,d}m). (RLYB6)

We shall denote a representation of a Lie-Yamaguti algebra bundle £ on a vector bundle 7
as described above by (n; p, D, ). A representation (n; p, D, 0) of a Lie-Yamaguti algebra
bundle £ is also called a &-module.

Remark 5. Like a representation of a Lie-Yamaguti algebra [27], given a representation
(n; p, D, 0) of a Lie-Yamaguti algebra bundle &, we have for every m € M

Dy, (la, blm, ¢) + D ([b, ¢|m, a) + D ([c, a]m, b) = 0, (RLYBT)
for any a, b, c € &,.

Example 14. Given a Lie-Yamaguti algebra bundle & over M, we may consider £ as a £&-module
which gives us the adjoint representation of £ on itself. Explicitly, for each m € M, pm, D, Om
are given by

pm(a) : b [a,blym; Dm(a,b) :c— {a,b,ctm; Om(a,b):c— {c,a,b}p,
for any a, b, ¢ € &,

Remark 6. Observe that for a 0-dimensional manifold M = {pt}, a Lie- Yamaguti algebra bundle
& over M is simply a Lie- Yamaguti algebra and a representation n of € in this case, reduces to a
representation of the Lie- Yamaguti algebra &. More generally, given any representation (n; p, D, 6)
of a Lie-Yamaguti algebra bundle & = (L,p, M) on the vector bundle n = (E, q, M) over a smooth
manifold M, (Nm; pms Dm, 0m) may be viewed as a representation of the Lie-Yamaguti algebra
Em for any m € M.

Given a Lie-Yamaguti algebra bundle together with a representation we construct a new
Lie-Yamaguti algebra bundle as follows.

Example 15. Let £ = (L,p, M) be a given Lie-Yamguti algebra bundle with its 2-field of
brackets and and a 3-field of brackets denoted by

mwe [, |m, meM

m—{,, tm, meM.

Let n = (E, q, M) be a vector bundle which is a representation (n; p, D, ) of £&. Then, { & n
becomes a Lie-Yamaguti algebra bundle with respect to the following 2 and 3-fields of brackets

[‘r +u,y + /U];;L = [:1:7 y]m + pm(dj)v - pm(y)u (1)

{z+uy+v,z+wly ={z,y,2}m + Dn(z,y)w — 0n(y, 2)u (2)

for all z,y,z € &, and u,v,w € 7. This bundle is called the semi-direct product bundle of £
and 7 and is denoted by & x 7.
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Moreover, a representation of 7 of a Lie-Yamaguti algebra bundle £ is characterized by the
semi-direct product construction in the following sense.

Proposition 2. Let £ = (L,p, M) be a given Lie-Yamaguti algebra bundle with its 2-field of
brackets and and a 3-field of brackets denoted by

me—=1, |lm, meM, mw—{,, h, meM.

Let n = (E,q, M) be a vector bundle together with vector bundle morphisms
p:&— End(n), D, 0:£®E&— End(n).

Then, (n; p, D, 0) is a representation of & if and only if the Whitney sum bundle £ ®n becomes
a Lie-Yamaguti algebra bundle with respect to the following 2-fields and 3-fields of brackets

[T+ u,y + 0y, = [T, Y]m + pm(2)v — pm(y)u (3)

{z+uy+vz+wly ={z,y,2}m + Dn(z,y)w — 0n(y, 2)u (4)

for all x,y,z € &y and u, v, w € ny,.

5 Cohomology of Lie-Yamaguti algebra bundle

In this section, we introduce cohomology of Lie-Yamaguti algebra bundle with coefficients in a
representation. The definition is motivated by the definition of cohomology of a Lie-Yamaguti
algebra as introduced in [28]. We use the Remark 6 to introduce our definition.

Definition 25. Let £ = (L,p, M) be a Lie-Yamaguti algebra bundle and (n;p,D,0) be a &-
module. Let us denote the 2-field and the 3-field of brackets which make the vector bundle £ a
Lie-Yamaguti algebra bundle by m + [, |m, m = {,, }m, m € M. Let C1(&;1) = Hom (£;7)
denote the vector space of all vector bundle maps from & to n. Let C°(&;n) be the subspace
spanned by the diagonal elements (f, f) € CL1(&m) x CL(&,m). For n > 2, let C™(&;m) be the
space of all vector bundle maps f : €™ — n, that is, f € Hom (£%™;n) such that the resulting
n-linear maps fn, = f‘g%n 2 &m X s X &y = M Satisfy fm(T1, ..., T2im1, T4, .., Tn) = 0, if
Toi1 = X2, T €&m, i=1,...,[n/2]. Forp>1, set

CEP2H (&) = C%(&;m) x C*PH! (&),

Any element (f,g) € CPP2FL(¢:n) will be referred to as a (2p,2p + 1)-cochain. For p > 1, we
define a coboundary operator

§ = (01,017) : CCP2HD (¢ ) — CPF2243) (¢, )

(fvg) = 6(fvg) = (5If5511.g)

by defining it fibre-wise using the formula introduced by K. Yamaguti [28]. In other words, for
any m € M,
5(f7 g)m = ((51)mfma (5ll)mgm)-
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Ezplicitly, form € M and x1,...,Topt2 € Em,

(5I)mfm($1a cee 7x2p+2) = (—1)p[Pm($2p+1)gm(»’U1, ce ey L2p,y x2p+2)
- Pm($2p+2)9m($1, e 2, Topt1) — Gm(T1s - -5 Tap, [Tap 1, Topyalm)]
1)kt 3 X
+Z D (@ok—1, T2k) frn (21, - . -, Bok—1, Lok, - - - T2p42)
p-‘rl 2p+2
-I-Z Z ) (@, .o Boko1, Boks - o {T2k—15 Tk, T by -, Topi2).
k=1 j=2k+1
Let xq,...,22p43 € §m. Then,
(OrD)mgm (w1, -+ 2op43) = (=) [Om(T2p+2, T2p+3)gm (w1, - - - Topy1)
= Om(T2p11, T2p+3) I (T1, - - - s T2p, Top2)]
p+1
+ Z DM Do (wok—1, Tk ) gm (21, - -, Bok—1, B2k, - - Topss)
+1 2p+3
+Z Z Ve gm (@1, -y Bk 1, Bks - o {Tok—1, Tok, T by - -5 T2pr3).-
k=1 j=2k+1

Now observe that for any m € M, the coboundary operator d,, is precisely the coboundary
operator for the Lie-Yamaguti algebra &, with coefficient in 7, (cf. Remark 6) and since
Om © O = 0 [28] we obtain the following result.

Lemma 1. For p > 1, the coboundary operator
§ = (81,011) : C®(&n) x C*H(& ) — CF2(&5m) x CPF3(&5m)
satisfy 0 o 6 = 0.

Definition 26. For the case p > 2, let Z(QP’QPH)(E; n) be the subspace of C(QP’QPH)(&; n) spanned
by (f,g) such that 6(f,g) = 0 and BCP2P1)(&;n) be the subspace 6(C2P=220=1)(€&:m)). Then,
the (2p, 2p + 1)-cohomology group of the Lie-Yamaguti algebra bundle & with coefficients in 1 is
defined by

22t (g5m)

HEPAr (G ) = B2 (¢, 7)

We next consider the case p = 1, and define the cohomology group H () (&;m). Define a
coboundary operator

§ = (01,611) : C%&m) — CE(&m), (f, f) = (01f. 011 f),

where for x1, x2, 3 € &, m € M,

ODmfm(r,22) = pm(r1) fim(22) — pm(22) frn(21) — f([T1, 22]m),
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(6I])mfm<m17$27$3) = 6m(£27$3)fm(x1) - em(xlaxii)fm(w?)
+Dm(x1a .’L'Q)fm($3) - fm({$1,l‘2,$3}m).

Furthermore, we define another coboundary operator
6% = (67, 87) : OV (& m) = COI (&)
as follows. Let m € M and z1, @2, x3 24 € &y,. Then for (f,g) € C33) (&),

(ﬁ)mfm(wl:m%ffi’)) = pm(xl)fm<$2a$3Pm<m2)fm(x3a xl) - Pm(x?))fm(xla T32)
+ fm([z1, 2)m, 23) + fin([22, 23]m, 21) + fin([23, Z1]m, 2)
+ gm (1, 22, 23) + gm (22, 23, 23) + g (23, 21, T2),

(071)mgm(x1, T2, 23, T4) = O (21, T4) frn (22, 3) + O (22, T4) frn (23, 1) + O (23, T4) frn (21, 22)

+ gm([T1, T2]m, T3, 24) + gm([T2, T3]m, 21, T4) + g ([T3, T1]m, T2, T4).
Following [28], we have for each f € C1(¢;m)
5161f = 6561 f =0 and Sy1851f = 854811 f = 0.
In general, for (f,g) € C@P2r+1) (¢, p)

(600)(f,9) = (0r001(f),d110611(g9)) = 0.

We define
HY&n) = {f € CY(&n)|orf =0, 611 f =0}

For p = 1, we define the cohomology H23)(¢;n) as follows.

Definition 27. Let Z(23)(&:n) be the subspace of C23)(¢;n) spanned by (f,g) such that 67 f =
07f =0, and d179 = 67;9 = 0. Let

B@3) (&) = {5(f, f)If € C (&)}

Then, the (2,3)-cohomology group of the Lie-Yamaguti algebra bundle & with coefficients in 1 is
defined by

AL
BE3)(&n)
Remark 7. Note that for a Lie-Yamaguti algebra bundle over a point, the above definition of

cohomology groups reduces to the cohomology groups of a Lie- Yamaguti algebra as introduced by
K. Yamaguti in [28] (cf. 6).

HE(&5m) =

Remark 8. Observe that with the adjoint representation H'(&;€) = Der(€) (cf. Example 10).
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Let £ = (L,p, M) be a Lie-Yamaguti algebra bundle with its 2-field and the 3-field of brackets
given by
me[, |lm, m—={,, }m, meM.

Let (1; p, D,6) be a &module. Let 7 = (f,g) € Z23)(£:1) be a given cocycle. Then, we have a
new Lie-Yamaguti algebra bundle as described below.

Example 16. Consider the vector bundle £ @& n and define a 2-field of brackets and a 3-field of
brackets as follows: For any m € M

[z +u,y + )5, = 2, Ylm + pm(2)0 — p(Y)u + fin(2,y) (5)

{z+u,y+v,z+w}" ={z,y,z}m + Dp(z,y)w
_em(y7 z)u—l—gm(x,y,z) (6)
for all z,y,z € &, and u,v,w € n,,. Then, using the fact that 7 is a cocycle it can be checked
that equipped with these fields of brackets the bundle & & n becomes a Lie-Yamaguti algebra

bundle. We call this new Lie-Yamaguti algebra bundle the twisted semi-direct product of £ and
n with respect to 7 = (f, g), and is denoted by & x; 7.

We conclude with a remark.

Remark 9. It is natural to investigate whether there is some notion of a Lie- Yamaguti algebroid
for which Lie-Yamaguti algebra bundle could be viewed as a totally intransitive Lie- Yamaguti
algebroid (that is, for which the anchor map is zero). We expect that a proper formulation of
this notion would have a far reaching consequence in problems in geometry and physics. We
would like to investigate this question in future.
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