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Abstract. This study investigates the combined effects of heat and mass transfer on two-phase blood
flow through a stenosed artery, considering the influence of the Hall current. Blood is modeled as a New-
tonian fluid in both the central core and plasma regions. A system of differential equations governing
momentum, temperature, and concentration is developed separately for each region. The analysis incor-
porates magnetic field, thermal radiation, and Hall current effects. Key flow characteristics, including
flow resistance, total volumetric flow rate, and wall shear stress, are evaluated for varying magnetic field
strengths, radiation parameters, and Hall current intensities. The findings indicate that stronger magnetic
fields and radiation levels lead to a reduction in blood flow velocity and temperature. The inclusion of
the Hall current introduces a cross-flow component due to the induced electric field, further modifying
the velocity distribution, particularly in the plasma region. Moreover, an increase in the Schmidt number
enhances the concentration profiles in both the core and plasma regions. Overall, the Hall effect signifi-
cantly alters the magnetic interaction with the flow, impacting the distribution of mechanical and thermal
quantities throughout the arterial segment. The results have potential biomedical applications in mag-
netic resonance imaging (MRI), targeted drug delivery, and electromagnetic therapy, where controlled
magnetic and electric fields influence blood flow and heat transfer in vascular systems.
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1 Introduction

In the last decades, a significant interest has been focused on the examination of blood flow as a two-
phase fluid, where the blood has a core region of red blood cells and an encompassing layer of plasma.
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This dual-layered architecture has a strong impact on hemodynamics, notably flow resistance, nutrient
transport (diffusion) and shear stress. Stenosis refers the abnormal and unnatural growth of the arterial
wall thickness at certain sites of the circulatory system under the diseased states, which sometimes leads
to the fatal circumstances. Magnetohydrodynamics (MHD) is the study that considers these effects with
Lorentz force that arises from the induced electric and magnetic fields. The basics of MHD are closely
related to human blood flow especially to medical imaging devices (like MRI) where applied magnetic
fields would take the place of electrically conducting blood movement. The mathematical study of
blood flow and the complex dynamics that govern it, by nature, has been modeled both analytically and
computationally by multiple mathematicians in the past.

Haik et al. [6] proposed a mathematical model based on Ferrohydrodynamics (FHD), with the as-
sumptions that there is no induced electric current and that the flow of the fluid is only due to the mag-
netization of the fluid in the applied magnetic field. Ogulu et al. [8] studied the effect of heat transfer
on blood flow through a stenosed artery under the assumption of an optically thin fluid. They found that
heat transfer modifies the velocity and temperature profiles along with stenosis and magnetic field, as
would be the case in a feverish patient.

Sankar et al. [10] evaluated pulsatile two-phase blood flow through a stenosed artery by modeling the
core blood phase as a coroidal-Bulkley fluid and the peripheral plasma as a Newtonian fluid. They found
the plug core radius and resistance for the plug flow section increased with stenosis size, while Kn and N
increased with increasing wall shear stress. Ellahi et al. [3]studied the unsteady incompressible flow of
non-Newtonian fluids through constricted arterial segments using a micropolar fluid model. The effects
of slip velocity and mild stenosis for better representation of blood flow behaviour were also included
in their analysis. Expressions for velocity and volumetric flow rate were derived using modified Bessel
functions.

Garcia et al. [4] studied the effects of heat transfer while evaluating two-phase blood flow through
a stenosed artery with viscous heating. Their findings indicated that the heat generated as a result of
viscous effects is enough to raise blood temperatures above that of the arterial wall temperatures. The
study by Sharma et al. [12] investigated the effect of an external magnetic field on blood flow through
a model of artificial blood that contains magnetic particles using an MHD-based model. Numerical as
well as experimental data indicated that increasing magnetic field strength results in decreased velocity.

Agarwal et al. [1] examined the two-dimensional laminar boundary layer flow of a viscous, incom-
pressible fluid over a porous heated plate moving vertically. The Natural Transform Technique was
employed to analyze the effects of various parameters. The authors showed that the values of the param-
eters had a big effect on velocity, temperature distribution, heat transfer rate, and skin friction. Tripathi
et al. [18] investigated the effects of heat and mass transfer on two-phase blood flow through a stenosed
artery in the presence of an external magnetic field and thermal radiation, considering the pulsatile na-
ture of the flow. Blood, being an electrically conducting fluid, is notably influenced by external magnetic
fields.

Khandelwal et al. [7] studied the phenomenon of heat transfer in a pipe in a Hagen-Poiseuille flow
on the axial heat conduction and temperature gradients for multiple fluids. Hydrogen and air behaved
differently with exponential temperature, and all fluids behaved similarly with sinusoidal temperature.

Sethi et al. [11] modeled Jeffrey fluid flow in a catheterized curved stenosed artery affected by mag-
netic, thermal, and mass transfer parameters. The authors observed that the stenosis height, slip, catheter
radius, and Hartmann number influenced flow response.

Recent investigations [2,5,13–17] have shown that MHD nanofluid flows through porous or bounded
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channels are greatly affected by magnetic field strength, Hall current, and induced magnetic effects. Vari-
ations in nanoparticle concentration, wall conductivity, and magnetic interaction parameters significantly
alter the velocity, temperature, and heat transfer characteristics of the fluid. In the context of biomedi-
cal transport, such as blood flow in magnetized arteries, Joule heating and viscous dissipation enhance
thermal energy distribution, whereas magnetic drag tends to suppress flow motion.

The present work builds on previous investigations of heat and mass transfer in stenosed arteries
by including Hall currents in a two-phase blood flow model, assuming blood is a Newtonian fluid in
both the core and plasma regions, and observing the effects of the magnetic field, thermal radiation,
and Hall current. This study has shown that the magnetic, thermal, and flow parameters critically affect
blood-nanoparticle interactions in stenosed arteries with respect to velocity, drug delivery, and thermal
regulation. The study findings provide insights as we move towards advanced magnetic drug targeting,
enhanced diagnostics, and management of vascular disease.

2 Mathematical formulation

Let us assume the artery is aligned horizontally along the x-axis and the flow is in the axial direction
(Figure 1). Blood flow through a vessel is modeled using a two phase model in which the central core
of the vessel R̄c(x̄) is occupied by a spatially homogeneous suspension of red blood cells, or hematocrit,
and R̄p(x̄) is surrounded by a plasma layer. This system is passed in a narrowed cylindrical artery of
radius R̄n. The flow is under the presence of external magnetic field, Hall current and thermal radiation.
The flow direction is perpendicular to the magnetic field. The viscosities for the core and plasma regions
are taken as [9]

µ̄(r) =

{
µ̄c for 0 ≤ r ≤ R̄1(x̄),
µ̄p for R̄1(x)≤ r ≤ R̄n(x̄).

The model of the geometry of the stenosis in the plasma and core regions is defined separately to
reflect the layered structure of the artery as follows:

R̄p(x̄) =

1−hp0

[
1− cos

(
2π(x− x0)

Ls

)]
, x0 ≤ x ≤ x0 +Ls,

1, otherwise,
(1)

R̄c(x̄) =

Rc0

[
1−hc e−ε(x−xc)

2
sin2

(
π(x− xc)

Ls

)]
, |x− xc| ≤

Ls

2
,

Rc0 , otherwise.
(2)

The geometry of the plasma region R̄p(x̄) represents a smooth and symmetric narrowing of the arterial
wall using a cosine profile within the stenosis length [x0,x0+Ls], while remains constant elsewhere. The
geometry of the core region R̄c(x̄) models a localized narrowing of the central core using a Gaussian-
modulated sine-square function centered at xc, with a constant radius outside the stenosed area.

Under the above assumptions, the governing equations for momentum, energy, and concentration in
the core region of the artery are formulated as

d̄c
∂ w̄c

∂ t̄e
=−∂ p̄0

∂ x̄
+ µ̄c

(
∂ 2w̄c

∂ r̄2 +
1
r̄

∂ w̄c

∂ r̄

)
− σ̄ B̄2w̄c, (3)
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Figure 1: Schematic diagram of core and plasma regions

d̄cc̄c
∂ Θ̄c

∂ t̄e
= K̄c

(
∂ 2Θ̄c

∂ r̄2 +
1
r̄

∂ Θ̄c

∂ r̄

)
− ∂ q̄c

∂ r̄
, (4)

∂C̄c

∂ t̄e
= D̄c

(
∂ 2C̄c

∂ r̄2 +
1
r̄

∂C̄c

∂ r̄

)
. (5)

In the same manner, the governing equations for Momentum, Energy and Concentration in plasma
region are

d̄p
∂ w̄p

∂ t̄e
=−∂ p̄0

∂ x̄
+ µ̄p

(
∂ 2w̄p

∂ r̄2 +
1
r̄

∂ w̄p

∂ r̄

)
−

σ̄ B̄2w̄p

1+m2
h
, (6)

d̄pc̄p
∂ Θ̄p

∂ t̄e
= K̄p

(
∂ 2Θ̄p

∂ r̄2 +
1
r̄

∂ Θ̄p

∂ r̄

)
−

∂ q̄p

∂ r̄
, (7)

∂C̄p

∂ t̄e
= D̄p

(
∂ 2C̄p

∂ r̄2 +
1
r̄

∂C̄p

∂ r̄

)
. (8)

The subscripts in the formulas stand for parameters unique to the plasma (p) and core (c) areas of
blood flow. The pressure gradient ∂ p̄0

∂ x̄ along the artery, the electrical conductivity σ̄ of blood, and the
impact of an external magnetic field B̄0 are all taken into account in the model. Additionally, the effect of
Hall current, which arises due to the interaction between the magnetic field and induced electric field, is
incorporated to better represent the behavior of electrically conducting blood under magnetic influence.
Important physical characteristics including mass diffusivity D̄b, density, s0 specific heat, and thermal
conductivity K̄b are also included. The three main flow variables are concentration C̄, temperature Θ̄, and
velocity w̄. Thermal radiation’s ∂ q̄p

∂ r̄ and ∂ q̄c
∂ r̄ impact on heat transfer in the blood flow is also represented

by the radiation-related factors in the energy equations for both regions as follows:

∂ q̄p

∂ r̄
= 4γ̄

2
p(Θ̄p − Θ̄0),

∂ q̄c

∂ r̄
= 4γ̄

2
c (Θ̄c − Θ̄0).

It is interesting to note that both core and plasma behave as optically thin fluids with relatively low
densities under physiological conditions. Because of this, research generally indicates that the mean
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radiation absorption coefficients for the core γ̄c and plasma γ̄p areas are roughly equal to one [7], that is
γ̄c ∼ γ̄p ≈ 1.

Boundary Conditions are

w̄p = 0, Θ̄p = Θ̄w, C̄p = C̄w at r̄ = R̄p(x̄),

w̄c = w̄p, Θ̄p = Θ̄c, C̄p = C̄c, τ̄c = τ̄p,
∂ Θ̄c

∂ r̄
=

∂ Θ̄p

∂ r̄
,

∂C̄c

∂ r̄
=

∂C̄p

∂ r̄
at r̄ = R̄c(x̄),

∂ w̄c

∂ r̄
= 0,

∂ Θ̄c

∂ r̄
= 0,

∂C̄c

∂ r̄
= 0 at r̄ = 0.

To expand the model and examine the relative impacts of physical characteristics on blood flow,
dimensionless variables are employed:

wc =
w̄c

w̄0
, r =

r̄
R̄n

, x =
x̄

R̄n
, f̄b =

t̄e
te
, R(x) =

R̄(x̄)
R̄n

, p0 =
R̄n p̄0

w̄0µ̄p
, h =

h̄s

R̄n
,

Db =
D̄p

D̄c
, Rey =

d̄pR̄2
n f̄b

µ̄p
, θc =

Θ̄c − Θ̄0

Θ̄w − Θ̄0
, ac =

C̄c −C̄0

C̄w −C̄0
, wp =

w̄p

w̄0
,

θp =
Θ̄p − Θ̄0

Θ̄w − Θ̄0
, ap =

C̄p −C̄0

C̄w −C̄0
, µb =

µ̄p

µ̄c
, R2

d =
4R̄2

nγ̄2
p

K̄p
, H2

a =
σ B̄2R̄2

n

µ̄p
,

Pe =
d̄pc̄pR̄2

n f̄b

K̄p
, Sc =

µ̄p

D̄pd̄p
, db =

d̄p

d̄c
, Kb =

K̄p

K̄c
, s0 =

s̄p

s̄c
, γb =

γ̄p

γ̄c
.

Therefore above equations of both core and plasma regions in non dimensional form can be repre-
sented as:

Core region equations:(
Rey

db

)
∂wc

∂ te
=−∂ p0

∂x
+

1
µb

(
∂ 2wc

∂ r2 +
1
r

∂wc

∂ r

)
−H2

a wc, (9)

PeK0

dbs0

∂θc

∂ te
=

(
∂ 2θc

∂ r2 +
1
r

∂θc

∂ r

)
− K0

γ2
b

R2
dθc, (10)

Rey

(
∂ac

∂ te

)
=

1
Db

(
1
Sc

)(
∂ 2ac

∂ r2 +
1
r

∂ac

∂ r

)
. (11)

Plasma region equations:

Rey
∂wp

∂ te
=−∂ p0

∂x
+

(
∂ 2wp

∂ r2 +
1
r

∂wp

∂ r

)
−

H2
a wp

1+m2
h
, (12)

Pe
∂θp

∂ te
=

(
∂ 2θp

∂ r2 +
1
r

∂θp

∂ r

)
−R2

dθp, (13)

Rey

(
∂ap

∂ te

)
=

(
1
Sc

)(
∂ 2ap

∂ r2 +
1
r

∂ap

∂ r

)
. (14)
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Boundary conditions:
wp = 0, θp = 1, ap = 1 at r = Rp(x),

wp = wc, θp = θc, ap = ac, τc = τp,
∂θc
∂ r =

∂θp
∂ r ,

∂ac
∂ r =

∂ap
∂ r at r = Rc(x),

∂wc
∂ r = 0, ∂θc

∂ r = 0, ∂ac
∂ r = 0 at r = 0.

To solve the above system of equations, first we use the separation of variables method:

−∂ p0

∂x
= P0eiωte , wc(r, te) = wc0(r)e

iωte , wp(r, te) = wp0(r)e
iωte ,

θc(r, te) = θc0(r)e
iωte , θp(r, te) = θp0(r)e

iωte , ac(r, te) = ac0(r)e
iωte , ap(r, te) = ap0(r)e

iωte .

Using the appropriate assumptions and boundary conditions, the governing equations reduce to the
following forms in the core and plasma regions:(

∂ 2wc0

∂ r2 +
1
r

∂wc0

∂ r

)
−
(

H2
a +

Rey

db
iω
)

µbwc0 =−P0µb, (15)

∂ 2θc0

∂ r2 +
1
r

∂θc0

∂ r
−
(

K0R2
d

γ2
b

+ iω
Pe

db

K0

s0

)
θc0 = 0, (16)

∂ 2ac0

∂ r2 +
1
r

∂ac0

∂ r
− (iωReyDbSc)ac0 = 0. (17)

Under suitable assumptions, the governing differential equations reduce to modified Bessel equa-
tions: (

∂ 2wc0

∂ r2 +
1
r

∂wc0

∂ r

)
−λ1wc0 =−P0µb, (18)

∂ 2θc0

∂ r2 +
1
r

∂θc0

∂ r
−β1θc0 = 0, (19)

∂ 2ac0

∂ r2 +
1
r

∂ac0

∂ r
−ξ1ac0 = 0. (20)

These are solved analytically to obtain the expressions for velocity, temperature, and concentration:

wc0(r) =C1J0(
√

λ1r)+C2Y0(
√

λ1r)+A1J0(
√

λ1r)+B1Y0(
√

λ1r) (21)

θc(r, te) =

[(√
β2Y1(

√
β2Rc)

V3Y0(
√

β2Rp)
−
√

β1V2J1(
√

β1Rc)

V3

)
V1 +V2

]
J0(
√

β1r)eiωte (22)

ac(r, te) =

[(√
ξ2Y1(

√
ξ2Rc)

V6Y0(
√

ξ2Rp)
−
√

ξ1V5J1(
√

ξ1Rc)

V6

)
V4 +V5

]
J0(
√

ξ1r)eiωte (23)

See Appendix 1 for the values of constants used.

Similarly, in the plasma region
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(
∂ 2wp0

∂ r2 +
1
r

∂wp0

∂ r

)
−
(

H2
a

1+m2
h
+Reyiω

)
wp0 =−P0, (24)

∂ 2θp0

∂ r2 +
1
r

∂θp0

∂ r
−
(
R2

d + iωPe
)

θp0 = 0, (25)

∂ 2ap0

∂ r2 +
1
r

∂ap0

∂ r
− iωReyScap0 = 0. (26)

The corresponding set of equations in Bessel’s form are as follows:

∂ 2wp0

∂ r2 +
1
r

∂wp0

∂ r
−λ2wp0 =−P0, (27)

∂ 2θp0

∂ r2 +
1
r

∂θp0

∂ r
−β2θp0 = 0, (28)

∂ 2ap0

∂ r2 +
1
r

∂ap0

∂ r
−ξ2ap0 = 0. (29)

Analytical solutions are obtained for the velocity, temperature, and concentration distributions for
plasma region as follows:

wp0(r) =C3J0(
√

λ2r)+C4Y0(
√

λ2r)+A2J0(
√

λ2r)+B2Y0(
√

λ2r), (30)

θp(r, te) =

[(√
β2Y1(

√
β2Rc)

V3Y0(
√

β2Rp)
−
√

β1V2 J1(
√

β1Rc)

V3

)(
J0(
√

β2r)−
J0(
√

β2Rp)

Y0(
√

β2Rp)
Y0(
√

β2r)

)

+
Y0(
√

β2r)

Y0(
√

β2Rp)

]
eiωte ,

(31)

ap(r, te) =

[(√
ξ2Y1(

√
ξ2Rc)

V6Y0(
√

ξ2Rp)
−
√

ξ1V5 J1(
√

ξ1Rc)

V6

)(
J0(
√

ξ2r)−
J0(
√

ξ2Rp)

Y0(
√

ξ2Rp)
Y0(
√

ξ2r)

)

+
Y0(
√

ξ2r)

Y0(
√

ξ2Rp)

]
eiωte .

(32)

The velocity equations, being nonhomogeneous, are solved using the method of variation of param-
eters. The general solutions are combinations of homogeneous solutions involving Bessel functions J0
and Y0, and particular integrals. Constants used emerge from the particular solution process and are
expressed in terms of system parameters and source terms in Appendix 1.

The fluid flow rate is

Ftotal = 2πR2
p

∫ Rc

0
wc(r, te)dr+2πR2

p

∫ Rp

Rc

wp(r, te)dr
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= 2πR2
p

{
1√
λ1

[
(C1 +A1)J1(

√
λ1Rc)+(C2 +B1)Y1(

√
λ1Rc)

]
+

1√
λ2

[
(C3 +A2)

(
J1(
√

λ2Rp)− J1(
√

λ2Rc)
)

+(C4 +B2)
(
Y1(
√

λ2Rp)−Y1(
√

λ2Rc)
)]}

.

The expression for impedance is

Z =
P0eiωte

Ftotal

=
P0eiωte

2πR2
p

[
1√
λ1

(
(C1 +A1)J1(

√
λ1Rc)+(C2 +B1)Y1(

√
λ1Rc)

)
+

1√
λ2

(
(C3 +A2)

[
J1(
√

λ2Rp)− J1(
√

λ2Rc)
]

+(C4 +B2)
[
Y1(
√

λ2Rp)−Y1(
√

λ2Rc)
])]−1

.

The wall shear stress is

τb =
1
µb

(
∂wp0

∂ r

)
r=Rp

=−
√

λ2

µb

[
(C3 +A2)J1(

√
λ2Rp)+(C4 +B2)Y1(

√
λ2Rp)

]
.

3 Numerical experiments

The results of this study are illustrated through various graphs, based on which the following observations
are made. The velocity decreases in both the core and plasma regions with an increase in the Hartmann
number (Figure 2), suggesting that the flow is damped by the magnetic field due to the Lorentz force
opposing motion. Physically, this signifies that a stronger magnetic field can effectively control or slow
down blood flow, which is useful in magnetically guided drug delivery, magnetotherapy, and regulation
of blood motion in biomedical applications.

In the plasma region, velocity decreases with increasing Hall parameter (see Figure 3) because the
Hall current diverts the induced current away from the axial direction. This reduces the axial component
of the Lorentz force, which in turn weakens the driving force for fluid motion, leading to a lower velocity.

From Figure 4, we observed that the temperature in the flow field decreases with an increase in the
radiation parameter. This trend indicates as the radiation parameter gets larger, the thermal radiation
effect enhances energy loss from the fluid, thus, decreasing the temperature.
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An increase in the Schmidt number is characterized by an increase in the concentration of the dif-
fusing species. A higher Schmidt number is associated with lower mass diffusivity, which often results
in steeper concentration gradients and higher concentrations local to the source (Figure 5). An increase
in the radiation parameter decreases temperature, indicating better thermal management, while a higher
Schmidt number increases concentration, relevant for diffusion and mass transfer analysis.

The volumetric flux is shown to decrease with an increase in the Reynolds number (Figure 6). This
implies that large inertial forces compared to viscous forces oppose the development of a steady flow
and decrease the net volumetric flow. Furthermore, the Reynolds number reduces volumetric flow rate,
and increased stenosis height lowers wall shear stress, highlighting their importance in understanding
hemodynamic behavior and plaque formation in arterial flow.

As the Hall parameter increases, the flow rate increases (Figure 7). The Hall effect changes the
direction of the induced current. This means that the opposing Lorentz force is minimized in the axial
direction, which reduces resistance to flow. When the resistance to flow decreases, the fluid flows more
freely, causing an increase in the flow rate.

In Figure 8, impedance goes up as the Hartmann number increases, as a stronger magnetic field
creates more magnetic resistance in the fluid, restricting the flow of the fluid. Efforts to maintain the
same flow rate will require more pressure, resulting in more impedance.

The wall shear stress falls with an increase in stenosis height (Figure 9). A taller stenosis reduces the
artery less than a shallower stenosis which has the effect of reducing the effective flow area of the artery,
and altering the velocity gradient near the wall. This reduced velocity gradient causes a reduced shear
force on the wall.

A higher Hall parameter produces a higher wall shear stress (Figure 10). This is because modified
electromagnetic interactions with the Hall effect increase the velocity of the fluid next to the vessel wall,
which results in an increased rate of shear and greater stress on the wall surface.

The streamline plots shown in the Figure 11, represent the flow behavior of blood through a stenosed
artery with a catheter inserted, for three different stenosis severities: 10, 20, and 30 percent. The stream-
lines illustrate the path followed by blood particles and how the narrowing of the artery due to stenosis
affects the flow field. As stenosis severity increases, streamlines become more compressed and distorted
near the narrowed region, indicating stronger velocity gradients and flow disturbances. This visualiza-
tion is part of a study investigating the hemodynamic behavior in a catheterized, stenosed artery under
varying blockage levels, relevant to cardiovascular diagnostics and treatment modeling.

Typically, the magnetic field strength in biomedical applications ranges between 0.1–2 T, which cor-
responds to fields used in MRI and magnetic drug targeting. The Hall parameter and radiation parameter
values considered fall within physiologically acceptable limits to ensure realistic modeling of blood flow
and heat transfer. These parameter ranges reflect conditions encountered in clinical or therapeutic envi-
ronments, thereby enhancing the biomedical relevance and applicability of the present study.

4 Conclusion

The current study demonstrates blood and nanoparticle interactions within a stenosed artery are sig-
nificantly impacted by magnetic, thermal, and flow parameters. Magnetic fields (utilizing the Hartmann
and Hall effects) altered the velocity and flow through the artery of the selected stenosis, potentially
allowing control of efficacy underlying targeted therapies. As an example, radiation efficiently cools the
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Figure 2: The effect of Hartmann number on velocity distribution

Figure 3: The effect of Hall parameter on velocity distribution

Figure 4: The effect of radiation parameter on temperature
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Figure 5: The effect of Schmidt number on concentration

Figure 6: The effect of Reynolds number on flow rate

Figure 7: The effect of Hall parameter on flow rate
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Figure 8: The effect of Hartmann number on impedance

Figure 9: The effect of stenosis height on wall shear stress

Figure 10: The effect of Hall parameter on wall shear stress
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Figure 11: Streamline patterns for 10, 20, and 30% stenosis showing progressive flow acceleration and distortion
as the degree of narrowing increases

area, directly assisting with thermal regulation of the arteries while higher Schmidt numbers have im-
proved concentration gradients thereby improving drug delivery for selected arteries. Higher impedance
reflects the strength of magnetic opposition and variability in wall shear stress demonstrates elevated risk
of stenosis severity and involvement. These implications support a pathway towards in-situ design of
magnetic drug delivery systems, development of diagnostic tools, and management of vascular diseases
with the establishment of these theoretical foundations.
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Appendix 1

β1 =

(
K0R2

d

γ2
b

+ iω
Pe

db

K0

s0

)
, β2 =

(
R2

d + iωPe
)
, ξ1 = iωReyDbSc, ξ2 = iωReySc.

λ1 =

(
H2

a +
Rey

db
iω
)

µb, λ2 =

(
H2

a

1+m2
h
+Reyiω

)
.
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V1 =
J0(
√

β2Rc)

J0(
√

β1Rc)
−

J0(
√

β2Rp)Y0(
√

β2Rc)

Y0(
√

β2Rp)J0(
√

β1Rc)
,

V2 =
Y0(
√

β2Rc)

J0(
√

β1Rc)Y0(
√

β2Rp)
, V3 =

√
β1V1J1(

√
β1Rc)−

√
β2

[
J1(
√

β2Rc)−
J0(
√

β2Rp)

Y0(
√

β2Rp)
Y1(
√

β2Rc)

]
,

V4 =
J0(
√

ξ2Rc)

J0(
√

ξ1Rc)
−

J0(
√

ξ2Rp)Y0(
√

ξ2Rc)

Y0(
√

ξ2Rp)J0(
√

ξ1Rc)
,

V5 =
Y0(
√

ξ2Rc)

J0(
√

ξ1Rc)Y0(
√

ξ2Rp)
, V6 =

√
ξ1V5J1(

√
ξ1Rc)−

√
ξ2

[
J1(
√

ξ2Rc)−
J0(
√

ξ2Rp)

Y0(
√

ξ2Rp)
Y1(
√

ξ2Rc)

]
.

Variation of Parameters Constants

A1 =−πr
2

∫
Y0(
√

λ1r)P0µb dr, B1 =
πr
2

∫
J0(
√

λ1r)P0µb dr,

A2 =−πr
2

∫
Y0(
√

λ2r)P0 dr, B2 =
πr
2

∫
J0(
√

λ2r)P0 dr.

C1 =

P0

β 2

(
1− J0(βRc)

J0(βRp)

)
+C4

[
Y0(βRc)−

J0(βRc)Y0(βRp)

J0(βRp)

]
J0(

√
λ1Rc)

,

C2 = 0,

C3 =

− P0

β 2 −C4Y0(βRp)

J0(βRp)
,

C4 =

µcC1
√

λ1J1(
√

λ1Rc)+µp
P0

β

J1(βRc)

J0(βRp)

µpβ

[
Y1(βRc)−

J1(βRc)Y0(βRp)

J0(βRp)

] .

Here, J0 and Y0 denote Bessel functions of the first and second kind of order zero.
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