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Abstract. This paper proposes a robust numerical framework for solving fractional pantograph delay
differential equations and time-fractional partial pantograph delay differential equations. The approach
leverages the Riemann—Liouville fractional integral operator, represented through Mittag-Leffler wavelet
functions within a collocation-based scheme. To facilitate computation, an operational matrix is con-
structed, enabling the transformation of the fractional differential system into a system of algebraic
equations. The proposed method’s accuracy, stability, and convergence are rigorously validated through
comprehensive numerical experiments.

Keywords: Fractional pantograph differential equations, time-fractional partial pantograph delay differential equa-
tions, Mittag-Leffler wavelets, operational matrix
AMS Subject Classification 2010: 34A08, 26A33.

1 Introduction

Fractional calculus has its origins in the 16th century when L’Hopital questioned Leibniz in 1695 over
a derivative of order % Consequently, the past two decades have witnessed a marked rise in interest
in fractional calculus across various scientific fields. The subject’s early development and history are
covered in [13].

Our work is devoted to numerical solutions for various categories of fractional partial differential
equations. Delay differential equations (DDESs) play a critical role in numerous scientific and engineer-
ing applications. These equations model systems whose behavior depends on both their current and past
states. This capability allows DDEs to accurately represent the inherent time delays observed in many
real-world processes [29]. As a result, researchers have devoted significant attention to developing both
analytical and numerical solution methods. Among the various types, pantograph DDEs (PDDEs) have
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attracted particular interest due to their complex structure and wide range of applications [12]. Frac-
tional DDEs (FDDEs) serve as powerful tools for modeling systems exhibiting memory and hereditary
properties. In particular, PDDEs play a key role in areas such as electrodynamics, control engineering,
hydraulic networks, biological systems, and long transmission lines. These equations inherently account
for history-dependent dynamics and delayed effects, which are not captured by conventional integer-
order models. Although some initial problems may appear straightforward, the fractional characteristics
of these equations ensure their practical significance, underscoring the need for robust numerical solution
techniques [9].

Finding exact solutions for PDDEs is often challenging. Therefore, approximate and numerical tech-
niques have become essential. Several methods have been proposed, such as the spectral method [16], the
fractional-order Bernoulli wavelet method [22], the fractional-order Boubaker polynomial approach [21],
the Taylor collocation method [27], the Legendre wavelets method [23], the generalized differential trans-
form method [ 18], and the modified predictor-corrector scheme [17].

To solve PDDEzg, iterative strategies based on reformulating them as integral equations have been
applied [6]. The Vieta—Lucas series has been used to handle multi-PDDEs with singularities [11]. Ad-
ditionally, the homotopy perturbation method has been employed to obtain both exact and approximate
solutions [1]. More recently, Hajishafieiha et al. introduced a novel class of polynomials for numer-
ically solving fractional nonlinear multi-PDDEs [8]. Senol et al. [26] studied the (2+1)-dimensional
conformable combined potential Kadomtsev—Petviashvili-BKP equation, which appears in fluid dynam-
ics, plasma physics, and nonlinear optics. They applied the Residual Power Series Method (RPSM) to
obtain accurate approximate solutions and to validate analytical results. This modern approach provides
a reliable tool for solving fractional differential equations and complements the wavelet-based method
presented in the current study.

In this field, FDDESs, which have received relatively little attention in terms of numerical and analyti-
cal methods, present significant computational challenges that require novel approaches. Das et al. [5] in-
troduced an operator-based iterative approach for nonlinear fractional Volterra integro-differential equa-
tions by first reducing them to a second-kind form. For solving multi-term time fractional partial integro-
differential equations with Volterra integral operators that exhibit mild singularities at initial time, Santra
et al. [24] introduced a higher-order approximation method on an adaptive graded mesh. For solving
weakly singular Volterra integro-differential equations of fractional order, Das and Rana [3] developed
an operator-based parameterized method with residual minimization. The authors proposed an efficient
finite difference scheme to address singularly perturbed parabolic convection—diffusion problems involv-
ing a large time-lag [15].

Mittag—Leffler polynomials are important in numerical computation due to their exponential-like
properties and Sheffer sequence structure. Their simple recurrence relations and explicit generating func-
tions facilitate series expansions and function approximations. The limited number of terms produces
sparse matrices, reducing computational cost and memory use, while closed-form coefficients improve
numerical stability. Their natural connection to fractional operators makes them especially effective for
solving fractional differential equations and modeling complex systems [7].

Wavelet-based methods have attracted attention for their spectral accuracy and flexibility in solving
PDDEs. While classical polynomials like Bernoulli, Legendre, and Gegenbauer [10,22,28] are effective,
they lack a natural connection to fractional calculus operators. The Mittag-Leffler function [19], naturally
arises in fractional differential equations. Wavelets based on Mittag-Leffler polynomials provide a more
efficient basis, capturing the non-local and singular behavior of fractional operators with higher accuracy
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and faster convergence. This work develops a novel numerical scheme leveraging these advantages.
This work is concerned the following problems:
Problem 1. Fractional PDDEs:

D"u(x) = —|—Zal )D"u(x) + x(x), 0<x<I, (1)

where n—1 <y <n,n €N, and 0 <y < 7. Here the functions y(x) and ¢;(x) for / = 1,2,...,L, are
known functions, and the pantograph parameters are represented by the values 0 < 7; < 1. Furthermore,
the problem is subject to the following initial conditions:

u(s)(O):ps7 s=0,1,...n—1,

where known constants p; belong to R.
Problem 2. Time-fractional partial PDDEs:

a7 u %u
a y ()C t) F <X>f7u(P0X76]05)7ax(Plxvqlf%axz(szﬂlzt))a (2)

for x € [0,1], t € [0,1], and 0 < y < 1, where p;,q; € (0,1] are delay parameters for i = 0,1,2. The
equation is subject to the initial condition:

u(x,0) = ¢(x), x<[0,1], 3)

and the boundary conditions:

M(O’t):llf()(t)a u(l’t):llfl(t)v Z‘E[O,l]. (4)

To address these equations efficiently, Riemann—Liouville fractional integral (RLFI) operator, Laplace
transform, and Mittag—Leffler wavelet functions are employed. By expressing the solution in terms of
these wavelets and applying the corresponding operators, the fractional PDDE:s is converted into a system
of algebraic equations, which can be solved effectively.

The structure of the paper is as follows: In Section 2, we present the essential notations and mathe-
matical preliminaries, including Mittag-Leffler polynomials, wavelet functions, and the operational ma-
trix associated with the RLFI. Section 3 outlines the construction of the proposed numerical scheme. A
rigorous error analysis is carried out in Section 4 to establish the theoretical accuracy of the method. Sec-
tion 5 is dedicated to numerical experiments that validate the performance and efficiency of the proposed
approach through various illustrative examples. Concluding remarks are discussed in Section 6.

2 Notation

This section introduces the key definitions and notations that will be used throughout the article.

Definition 1. The symbol IV f(x) represents the RLFI operator applied to the function f(x). For a func-
tion f which is locally integrable on [0,), i.e., f € L}, [0,0), and is formally defined as follows [19]:

I'f(x) = 1_‘(1?/) /Ox(x—s)yflf(s)ds = r‘(ly)xyl *f(x), x>0, y>0, )

Lf(x) = f(x),
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where x"~! % f(x) denotes the convolution product of xY~' and f(x). The RLFI satisfies the following
properties:

"B = meﬂﬁ

LB+y+1)" 7

Definition 2. The Caputo fractional derivative of the function f(x), denoted by DYf, is defined as

follows for functions f such that f("*l) is absolutely continuous on [0,T] for any T > 0 (ensuring

S €L, [0,00) [19]:

B>-—1. 6)

1 s
DYf(x):F(n_y)/o (X{SHH, x>0,0<n—1<y<n. %)

The Caputo fractional derivative possesses the following properties:

n—1 xi

Iotf() ==Y, F0)5, ®)
i=0 :

DY — O,F 1 YENo, B<Y, ©
i éﬁi)y) BT otherwise.

We present a geometric interpretation of fractional operators to clarify their conceptual significance.
The Riemann-Liouville integral 17 f(x), as defined in Eq. (5), can be viewed as the “area of a shadow.”
By writing it as a Stieltjes integral [ f(s)dg«(s) with a suitably scaled function g,(s), the integral cor-
responds to the projected area of the curve (s,g.(s), f(s)) onto the (g, f)-plane, providing an intuitive
visualization beyond the classical notion of area under a curve. Physically, if x represents individual time
(e.g., a local clock) and v(s) denotes velocity, then I?v(x) represents the actual distance traveled within
a non-uniform cosmic time 7" = g,(s), capturing dynamic effects such as gravitational field variations.
Conversely, the Caputo derivative DS(x), defined in Eq. (7), acts as an inverse operator, recovering the
local velocity v(x) from the distance S(x) measured in cosmic time.

This two-time framework naturally explains the presence of historical initial conditions in Caputo
derivatives (see Eq. (8)), as the system’s past evolution in cosmic time influences the state at the initial
individual time x = 0 [20].

2.1 Mittag-Leffler polynomials
Originally introduced by Mittag-Leffler in 1891, the polynomials ML, (x) are defined as follows [7]:
L (n
ML,(x) =Y ( ) ) (n— 1) 25 (x)s. (10)
k=0

The notation (x), represents the falling factorial, given by (x), =x(x—1)---(x—(n—1)), where n > 0.
One has

n(x s:n " X n—k(S). 11
MLy(x+5) k;)(,{>MLk(>ML (s) (1)

In addition, these polynomials satisfy the following recurrence relation:

ML, (x) =2xML,(x)+n(n—1)ML,_(x). (12)
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Proposition 1. As stated in Vieta’s formulas [7], the falling factorial (x), is related as:

e n—1
(x),,:x(x—l)...(x—(n—m=X”—<§)J’>x(”‘”+(o ¥ 71ji)x("—2)+...+(—1)"(Ijoj)

- (13)
= ZAkxk.
k=0

2.2 Wavelet functions

The formula below defines a family of wavelet functions known as the Mittag-Leffler wavelets on the
interval [0, 1). By applying Eq. (10), we obtain

k1 k—1 —1
Suml) = 427 (27 x—n+1), e Bk-"zkn-‘)’ (14)
0, otherwise,
where
k—1 1 k—1
///m(z x—n+1):—xMLm(2 x—n+1). (15)
Jo ML2(x)dx
In this context, n = 1,2, ...,25" 1 with k being an arbitrary positive integer, m = 0, 1,...,M — 1 indicates the degree

of the Mittag-Leffler polynomials, and x corresponds to the normalized time variable.

2.3 Riemann-Liouville operational matrix

This part calculates the Riemann-Liouville operational matrix of Mittag-Leffler wavelets. We now derive the
operator I7 for ¥ (x) as defined:
"9 (x) = 9(x,7y), (16)

where

B(x) = [191’0()6),...,191’114_1()(?), 19270()6),...,192‘1‘4_1()6), e ﬁzk—l‘o(x)“..,192k—|7M71(X)]T, (17

and
B(x,y) = [[7010(x), . 701011 (x), IB20(x),. IO pr—1 (%), ooy MOt (), IO 1, (0], (18)

To compute this matrix, we use the unit step function which is defined as follows:

1, x>¢,
Pe (x) —{

0, x<ec.

In terms of the unit step function, we formulate Mittag-Leffler wavelets as follows:

k1 _ _
B (x) = 22 <u2,,k]l(x)///m (2" len+1) —Hp () A (2" 1xn+1)>. (19)
So .
27 _ _
By () = — e (yznkll(x)MLm (2" x—n+t 1) —Hp (OMLy, (2" lx—n+ 1)) . Qo)

Jo ML, (x)dx
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Utilizing the subsequent Laplace transform property

L) f()} = e L{f(x+0c)}. 2D
Then, we apply the Laplace transform to both sides of (20), that gives:

k=1 n—1

n
27 -5 ———s
L Oam(0)) = | 2K .,Sf{MLm (2k*1x)}—e kT .Z{ML,,, (2’Hx+1)}
folMLfn(x)dx
21{;1 n—1 n
2 — s
= 2 f{Z ( i )(n—m_kzk(z"—lx)k} 22)
fo ML, (x)dx k=0
*ﬁs ‘ n k(yk—1
—e 2 z{g‘b( . )(n—l)nkZ (2 x—l—l)k}).
According to (13), we have
n—1
(2 1x ZAlx @5+ 1), =Y B
=0
So, we get
Zk_TI n n n—1
j{ﬁn,m(x)}: —— Z Z < > nk2 AZ{x}
f'ML2 (x)d =0i=0
g nn 1 2%
—e 2k1 ZZ( )n—lnkaB.jf{x} e
k=0i=0

flMLz (x)dx

e s ZZI(") n— 1) k2kA»—e s Zzl( ) (n—1),25, DY

0i=0 0i=0 st
k=1 n—1 n
27 n n—1 _ 5 _ ‘L
ZZZZ<Z>(”— 2y (e A —e 25T ). (23)
Jo ML, (x)dx (0120
Based on Eq. (5), we obtain
% 1 y-1 1
n.m =5 =~ n,m = n,m .
L m(x)} F(y).f{x } L {Onm(x)} 57 {Bn(x)} (24)
From (23) and (24), we get
k=1 n—1 n
v 27 noncl /oy P 72k_1“'~ 72](—1“‘~
.,2”{] 19'y,7m(x)} = 1’* Z Z k (n— 1)}’[7/(2 SH'TV e Ai —e Bi . (25)
o M3, (x)dx =050

Using the inverse Laplace transform from (25), we get

(26)
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Therefore, by considering relation (26), we obtain

IOy (x) = < 60(x), x€

(52). () @
)

O(x)—0(x), x¢

2k—1
where
27 L0 X i! n—1 iz

0(x) = W};};( X )(n—l)n_kZ NESERY (x— 2k71) Aj, (28)
and

) s o _—

== )2 : - 7R, 2
" folMLz(x)dxsz)izz(')< () D e 5 e
m

To clarify the construction of ¥ (x,y), consider a simple case with k = 2 and M = 2. The fractional integral of
order y = % can be computed as:

2\/%(¢5c— ~L4xH(-}+x)) ]
\/%<Sx3/2—\/T+4x(l+4x) (—l—l—x))
o %@(6%5/2—%(34—&( +40)H(—4 +x))
\/%(—Zx/T-HCH( 14x) + V=2 F4xH( ——+x)
21/ (1 = 40VETF3H(= 142 + V2~ 1+ 26 2H (=} +))
_§\/;(\/17+x( 7+8(3—4x)x)H(—1+x)+4\@(—1+2x)5/2H(—%+x))

where H(x) denotes the Heaviside step function, and each entry represents the fractional integral of the corre-
sponding Mittag-Leffler wavelet.

3 Numerical method

In this article, we provide a computational approach for finding approximate solution of the following problems.
Problem 1. PDDEs:

‘We assume that

D'u(t) ~ CT(x). (30)
We get
"« Pi pi
u(x) =1 (CTﬁ(x)) + Z i—;x’ ~ CTH( Z ‘X, 31
=0 b
and

—1
~ v (T Pz T3 N Pi i
u(tx) = 1" (CT9(1x)) +,Z:’)l X ~C ﬁ(fx,y)—l—l;)ﬁrx. (32)
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By substituting Egs. (30)-(32) into (1), the resulting equation is collocated at the chosen points
2i—1

== i=1.2..2"M+1).
XMy T o (M+1)

Xi
This procedure leads to a system of 21 (M + 1) algebraic equations for 2¢~1 (M + 1) unknown coefficients c,,.
The resulting nonlinear system can be solved using Newton’s iteration method. Once the coefficients are obtained,
substituting them into Eq. (31) provides an approximate solution to the original problem.
Problem 2. Time- fractional partial PDDEs: To numerically solve time-fractional PDDEs, we can expand %
in the following manner:

T (9(0)TUB() @
ox2ot '
Using the initial condition, we integrate Eq. (33) with respect to ¢, yielding the following result:
o*u Y13 "
52 = (B (x)" US(,1)+ ¢" (x), (34)

where 9(t,1) is the operational integration matrix corresponding to r. Moreover, by integrating the previous
equation with respect to x, we get

du = = du(0,t)
— ~ 1 T 1 / ! )
o (B 1)TUB(1, 1) + (0/(x) - 91(0)) + Z520, (39)
in which % is unknown. The following relation is determined by integrating Eq. (35) with respect to x:
3 TY1Q / 8M(0,l)
(1) = B(6,2))TUB(1,1) 4 (9.(x) = 9(0) —x6'(0)) +x =22 4 yo 1) (36)
We integrate Eq. (36) with respect to x from 0 to 1 in order to calculate % Subsequently, we obtain
Lo T . , du(0,1)
0= yo() = [ (B2 ) UB( 1)+ (0(1) = 6(0)~¢'(0) + =522 G7)
Then
du(0,t) e T < ,
T2 = v =)= ([ (027 dx | U1~ (0(1) ~ (0) ~ ¢'(0)). (38)
Hence, the approximation of u(x,7) is obtained using Eqgs. (36), (38). By performing two integrations of Eq.
. . du(x,t) .
(33) with respect to x, we can determine 5 as follows:
du(x,t ~
ét ) (B (x,2))70S (1) + w (). (39)
. %u(x,t)
Next, we approximate the value of =7~ as
oTu(x,t _y [ Ou(x,t ~ ~ _
Tt 17 (5 ) = (B 2) 0B 1 1)+ 1 (W0 (@0)

By replacing the aforementioned approximations in the governing equation, this leads to an algebraic equation.
We then apply the collocation method at the following nodal points:

2i—1 2j—1

J— 1=
MT kM) YT kM)

ij=1,2,...2"m. (41)

Subsequently, we solve the problem using Newton’s iterative method and obtain the approximate solution by
calculating the coefficients.
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4 Error examination

This section focuses on demonstrating the convergence of the numerical approximation to the exact solution.

Theorem 1. ( [/4]) Assume that U € H?(0,1) for @ > 0, and let U represent the best approximation to U. Then

the following holds:

U < —_1) @ (@)
V=0l < el =1~ |,

In addition, for 1 > 1, we obtain following:

— Ul < c(M— 12172 ||y@)
IU=Ullgr0,1) < c( )7 Hy 12(0,1)

Theorem 2. Suppose U € H®?(0,1) with @ >0, and let 0 < y< 1 and 0 < 1 < @. Then

1

DU =D || 29,y < r2-y)

c(M—1)2"2-0 HU(“’)

12(0,1)

(42)

(43)

(44)

Proof. The relationship between the RLFI and the Caputo fractional derivative is given by the following identity:

DU (x) = I" "D"U ().

Utilizing Egs. (42) and (43) together with the aforementioned relation for n = 1, we obtain

1U*Z||p < 1T 111121,

SO
ID7U =DY0 321y = 7 (DU () = D'O () 1720
2

«(D'U(x) - D'U(x))

(1 —7) 12(0,1)

[y

2

(
< (F(Zl— Y)>2 U (x) *U(x)”%ll(o.,l)
(

| 2
> (M — 1)1-20 HU(co)

Theorem 3. Let U € H?(0,1) with @ > 0, and suppose M > 1, then the following result is obtained

HDawU_Démg

<Qe(M 1)1y HU“’”

12(0,1) 12(0,1)°

where

1€ z20,1) < @

12(0,1)

2 | 1 2
i) U006,

(45)

(40)
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Proof. Let us consider that

"D‘§<Y)U—D‘:(y)[7

2oy H/O] E(y) (|D'U(x) — DU (x)) dy

12(0,1)

1
S/O IEW 20,0 [[PTU(x) = DT )| 29 1y d¥

1 1 |
< _1\2t—5—® (o)
_/0 © (F(Z—Y)C(M = HU L2(0,1>) dy

<Qc(M — 1)1 HU(“’>

(47)

L2(0,1)

S Examples

In this section, we present the results of test problems to display the accuracy and effectiveness of the suggested
numerical schemes.

Example 1. We consider the following pantograph model problem:

=

3
DY u(x) 4 u(x) + (D(Y)u(lx)> =u(z)+ ix3 + §xz +2x, O0<y<l. (48)
3 2727 4
The initial condition is #(0) = 0 and the exact solution is u(x) = x2, for ¥ = 1. To solve this problem, we apply
the current technique. The exact and approximate solution of various values of Y =0.5,0.6,..., 1 are shown in Fig.
1. The graphs of absolute errors for Y = 1 and M = k = 2 are shown in Fig. 2. The results shown in these figures
demonstrate that even a small number of Mittag-Leffler wavelet terms provide a close approximation to the exact
solution.

Example 2. Consider the nonlinear singular fractional differential equations with proportional delay

DWy(x) = —u(x) + (E)u(%x) +cos(x) + sin(x) — %sin(%x), 0<y<l1, (49)
where u(0) = 0. When y = 1, the exact solution is u(x) = sin(x). Fig. 3 shows an approximation and its absolute
error with parameters k =2, M = 4. Table 1 compares our results to the achieved result using the Bernoulli wavelet
approach [22] with k = 2, M = 6, and the Legendre wavelet method [28] with k =2, M = 6. The last two columns
provide the percentage improvement achieved by our approach. According to the theoretical error bound (47), one
obtains

DU = D"0||129,1) < 0.21c.

This estimate provides a conservative upper bound, whereas the numerical results in Table 1 are of the order of
10~!2. Hence, the practical accuracy of the proposed method substantially surpasses the theoretical guarantee,
demonstrating the robustness and effectiveness of the approach.

Example 3. This example focuses on the analysis of a linear multi-PDDEs with delay as follows:

DPu(x) = —u(x) — eiéxsin(%x)u(%x) - Zef%xcos(%x)sin(%x)u(%x), 0<y<l1. (50)
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0.2 0.4 0.6 0.8 1.0

Exact solution —— =1 =08 — — y=0

F=l-.|.? — F=E|.Ei —_— |-‘=|:|.5

Figure 1: The computed solutions using M = k = 2, diverse Y= 0.5,0.6,...,0.9 and 1 in Example |
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Figure 2: The absolute errors for Example | when k=2, M =2 and y=1

Table 1: Comparison of absolute errors of the proposed method for Y = 1, with Bernoulli and Legendre wavelet
methods for Example 2, along with the percent improvement of the proposed method

Absolute errors Percent improvement of our method
x | Bernoulli k =2, M =6 | Legendre wavelet k =2, M =6 | Our method k =2, M =6 | vs Bernoulli (%) | vs Legendre (%)
0 5.93%x107° 0 0 100 0
0.2 227x10°1 7.82x10°10 3.83x10° 12 98.31 99.51
04 1.22%x107° 7.02%x 10710 3.08 x 10~ 12 99.75 99.56
0.6 5.57x 107° 1.94 % 1077 8.45x 10712 99.9998 99.56
0.8 456x10°° 1.64x107° 8.18x 1012 99.9998 99.50
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Figure 3: In the left graph, the exact solution (solid line) is compared with the approximate solution (dots),
whereas the right graph displays the absolute error associated with Example 2 using k =2, M =4 and y =1

"""""""H;{
1

0z 0.4 0.6 0.8 i
Exact solution ——  y=1 y=0.95
— — y=0.85 y=0.75 y=0.65

Figure 4: Approximate solutions obtained using the proposed method with k = 2, M = 4, illustrating the effect of
varying ¥ in Example 3

The equation is considered with the initial condition #(0) = 1, and its exact solution is e *cos(x). Fig. 4 illustrates
the numerical results for M = 4, k = 2 under varying values of 7, in comparison with the analytical solution. The
results clearly demonstrate that as Yy — 1, the numerical solutions increasingly aligns with the exact solution.
Furthermore, Fig. 5 illustrates the absolute error plots of the proposed numerical scheme. Overall, the figures
confirm that the proposed scheme achieves a high degree of accuracy, closely approximating the analytical solution.

Example 4. We now examine a nonlinear singular fractional PDDEs of the form:
DWu(x) = XPu(x) —8(u(=x))?, 1<y<2, (51)

The problem is considered with initial conditions u(0) = 0, and 4#(0) = 1. For y = 2, the differential equation
admits the exact solution u(x) = xe™*. Table 2 reports the absolute errors associated with the numerical solutions
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Figure 5: The absolute errors for Example 3 when k =2, M =4 and y =1

obtained via the proposed method and the Gegenbauer wavelet step method [10], fork=1and M =5 and M = 8.
The additional columns present the computed percentage improvements. The data clearly demonstrate that the
proposed method achieves higher accuracy in comparison to the Gegenbauer wavelet step method.

Table 2: Comparison of absolute errors of the present method for ¥ = 2, with the Gegenbauer wavelet method for
Example 4, along with the percent improvement of the proposed method

. k=1,M=5 k=1,M=38
Method in [10] | Present Method | Improvement (%) | Method in [10] | Present Method | Improvement (%)

00| 1.56x10°1 0 100 1.54x 10716 0 100

0.1 135%x10°° 5.37x 1078 96.02 6.73 x 10710 4.87x 10712 99.28

02| 1.90x10°° 9.94%x 1078 99.48 3.32%x 10710 8.02x 10712 97.58

03] 372x107° 1.15x 1077 99.69 1.29x107° 9.57x 10712 99.26

04| 242x107? 1.18 x 1077 99.51 1.12x107° 9.66 x 10~ 12 99.14

05| 299x%x1073 1.08 x 10~/ 99.64 3.14x107? 8.54x 10712 99.73

06| 812x1073 7.95%x 1078 99.90 3.72x107° 6.38 x 10712 99.83

07| 1.94%x10°° 3.33%x 1078 08.28 7.44 %1077 4.88x 10712 99.93

08| 445%x107* 1.95% 1077 99.9996 1.52%x 1078 459%x10° 13 99.997

09] 1.63x1073 5.80 x 1078 99.996 436x 1078 496 %1012 99.89

Example 5. We consider the following fractional PDDE:s:

I(a+1) v L 0<y<l, (52)

(1) L (XY 2T
D u(x) u(x) + M(2)+F(OH—1—}/) 2a+1x’

2

subject to the initial condition u#(0) = 0. The exact solution is u(x) = x* with 0 < o < 1. For the numerical
experiments, we set @ = % and y= %

This example is particularly challenging since the exact solution is continuous but exhibits an unbounded
derivative near x = (. Therefore, it serves as a strong benchmark for testing the stability and convergence of the
proposed numerical method.
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Figure 6: Left: exact solution (solid line) versus numerical approximation (dots). Right: absolute error for Exam-
ple 5withk=2,M =6,and y=}

Figure 7: Absolute error for Example 6 with k=2, M =2, and y =1

Fig. 6 compares the numerical solution obtained with our Mittag-Leffler wavelet collocation method (k =
2, M = 6) against the exact solution (left) and its absolute error (right). The results confirm that our approach
successfully resolves the boundary singularity and achieves good accuracy throughout the computational domain.

Example 6. Consider the nonlinear time-fractional Burgers equation with proportional delay:

Dlu(x,t) = a—zu(x 1)+ iu()c f) u(f £) + lu()c £), 0<y<I1,xtel0,1] (53)
t ) y axz ) ax i 2 27 2 2 b ) y — 7Y 4y
with the initial condition u(x,0) =x. For y = 1, the exact solution is u(x,t) = xe'.

Numerical results demonstrate the effectiveness of the proposed method. Fig. 7 illustrate the absolute error
on [0, 1] x [0, 1]. Comparison with previous methods indicates that the present approach achieves higher accuracy,
showing that it is a reliable and efficient technique for solving this fractional Burgers equation with proportional
delay. Table 3 demonstrates the absolute errors of approximate solutions for M = k = 2, v = 1. Compared to the
Genocchi hybrid method [2], the proposed method with m = k = 2 yields significantly smaller absolute errors,
demonstrating its accuracy.

The numerical results demonstrate that the proposed Mittag-Leffler wavelet method not only effectively han-
dles problems with unbounded derivatives near the boundaries, but also achieves higher accuracy compared to
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Table 3: Comparison of absolute errors obtained by the Genocchi—hybrid method and the proposed method on the
interval [0, 1]

Genocchi hybrid [7] Genocchi hybrid [7] Proposed method

(x,1) (N=1,M; =2,M,=9) | (N=2,M; =2,M, =9) (m=k=2)

(0,0) 0 0 0
(0.1,0.1) 456 x 1078 3.40x 1078 5.49 x 1020
(0.2,0.2) 8.08 x 1078 5.45x 1078 2.43x 10720
(0.3,0.3) 1.15x 1077 7.28 x 1078 6.80 x 10~19
(0.4,0.4) 1.60 x 10~ 1.01 x 10~ 7.88 x 10~19
(0.5,0.5) 2.25x 1077 2.53x 1077 2.10x 10718
(0.6,0.6) 3.23%x 1077 3.13 %1076 532x 10718
(0.7,0.7) 4.64x 1077 3.32x 1076 4.20% 10718
(0.8,0.8) 6.63x 1077 3.57x 1076 6.29 x 10718
(0.9,0.9) 9.31x 1077/ 3.88 x 1076 2.55x 1017

(1,1) 1.28 x 106 424 x 1076 0

existing methods. Moreover, the numerical implementation requires relatively fewer computations, indicating a
significant advantage in computational efficiency. These characteristics underscore the main novelty of the pro-
posed approach compared to other similar techniques.

6 Conclusion

In this study, we developed an efficient and accurate approximate solution method for PDDEs with delays by em-
ploying Mittag-Leffler wavelet functions. We formulated the RLFI operator associated with these wavelets and,
using a collocation strategy, transformed the original fractional differential equations into solvable algebraic sys-
tems. The proposed method provides a systematic and computationally efficient framework, particularly effective
for addressing the challenges posed by delays and singularities in pantograph-type problems. Through multiple
numerical examples, we have demonstrated the method’s high accuracy and reliability, with the approximate so-
Iutions showing excellent agreement with exact solutions and existing wavelet-based approaches. The proposed
technique offers practical benefits, including systematic handling of delays and singularities, computational ef-
ficiency, and applicability to complex pantograph-type problems. For future work, the method can be extended
to multi-dimensional fractional systems and adaptive strategies can be explored to further improve accuracy and
efficiency.

A Existence and uniqueness of the solution

Prior to constructing a numerical scheme, it is crucial to establish that the fractional PDDEs (1) is well-posed, i.e.,
it admits a unique solution. We approach this by reformulating the problem into an equivalent integral equation
framework and employing fixed-point theory under appropriate Lipschitz-type conditions, following the standard
methodology for such analyses [19]. A similar framework has also been recently adopted for fractional problems
with delays in [25], confirming the suitability of this approach.
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Theorem 4 (Equivalent Integral Formulation). Let n — 1 < y < n. The fractional PDDEs (1) subject to the initial
conditions u') (0) = ps, for s =0,1,...,n— 1, is equivalent to the following nonlinear Volterra integral equation:

(54)

nlpll 1 X 3 L ]
u@wxoﬂx+nwéu~w7w%@ww+£m@wmmw+ﬂwds

Proof. The proof follows directly by applying the Riemann-Liouville fractional integral operator /7 to both sides
of Eq. (1) and utilizing the inverse property I"D"u(x) = u(x) — Z;’;()] ul) (O)’l%l (see Eq. (8)). O

To facilitate the analysis, we define an operator 7 on a suitable function space. Let 2" = C|0, 1] be the Banach
space of continuous functions on [0, 1] equipped with the supremum norm |[[ul|e = sup,co, i) [u(x)[. We define the
operator 7 : & — 4 by

(Fu)(x) = Zf”+ﬂ (x). (55)

i=0

ao(-)u +Zal ()D"u(7-) + x(-)
=1

A fixed point of this operator, u = 7 u, is a solution to the integral equation and hence to the original problem (1).

Assumption 1. The known functions a;(x) (I =0,1,...,L) and x(x) are continuous on [0,1]. Assume further
that the exact solution u lies in a Sobolev space H®(0,1) with @ > max;y;. Under this condition, the fractional
derivatives D"u exist in L*> and the nonlinear forcing term satisfies a Lipschitz condition; there exists a constant
K > 0 such that

< Klu—v|. (56)

x)+ Z a(x Dy’ u(tx) — ( x)+ Z ar(x Dyl v(Tx >

Sforany u,v € 2" and for all x € [0,1].

Theorem 5 (Existence and Uniqueness). Under Assumption 1, the operator 7 is a contraction on X for a
sufficiently small interval [0,8] C [0,1]. Consequently, by the Banach Fixed-Point Theorem, the integral equation
and thus the fractional pantograph problem (1) has a unique solution u* € C[0,08)]. This directly establishes that
the problem is well posed in the sense of Hadamard.

Proof. Letu,v € Z . We estimate the distance between .7 u and 7 v:

1 X
[(Tu)(x)—(Tv)(x)| < W/ (x—5)"'K||u —v||wds (by Assumption 1)
0
K
= —x"Ju— Ve
Taking the supremum over x € [0, 8], we get
K&
|Tu—Tv|e < ﬁﬂu—vﬂm.
(y+1)
Choosing 6 > 0 such that L* = ngyl) < 1, the operator .7 becomes a contraction on C[0, §]. The Banach Fixed-
Point Theorem then guarantees the existence of a unique fixed point u* € C[0,6]. This local solution can be
extended to the entire interval [0, 1] using standard continuation arguments [ 19]. O

Corollary 1. For the linear case of problem (1), the solution exists and is unique on the entire interval [0,1]. In
this setting, the Lipschitz constant K can be chosen independent of the interval length, and thus the well-posedness
is guaranteed globally without the need for stepwise continuation.
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B Convergence and stability analysis

In this section, we provide a rigorous convergence and stability analysis for the proposed Mittag-Leffler wavelet
collocation method applied to the fractional PDDEs given in Eq. (1). We establish uniform error bounds in the
L”-norm and demonstrate the stability of the numerical scheme.

B.1 Preliminaries and assumptions

Let u(x) be the exact solution of the fractional PDDEs and ii(x) be the approximate solution obtained by the
proposed method. We assume that u € H®([0, 1]) for some @ > 1, where H® denotes the Sobolev space of order
o. This implies that the derivatives of u up to order @ are bounded in L=([0, 1]).

The Mittag-Leffler wavelet approximation space is defined as

Vi = span{ S, u(x) : 1 <n< 2l o<m<M-— 1},
where M represents the number of basis functions. Let ITy; : H® ([0, 1]) — Vi be the projection operator onto the

wavelet space Vy,.

B.2 Projection error estimate

Lemma 1 (Projection Error). Suppose u € H®([0,1]) with @ > 1. Then, there exists a constant C independent of
M such that

[l —Tpgu]| z=(go0,17) < €M™ P[] 0,17 -
Proof. The proof follows from the approximation properties of Mittag-Leffler wavelets. The basis functions &,
form a complete system in L?([0,1]), and their approximation properties are well-established [7]. Using the

Sobolev Embedding Theorem and the fact that the wavelets capture polynomial behavior up to degree M — 1,
we obtain the stated estimate. The constant C depends on the wavelet basis but not on M. O

B.3 Residual estimate
Lemma 2 (Residual Estimate). The residual term satisfies
IRullz=(p0.17) < CM @D [0l 0.1
where C is a constant independent of M.
Proof. The residual arises from two sources: (i) the approximation of u by Ilyu, and (ii) the numerical dis-

cretization of the fractional operator. Using the Lipschitz continuity of the fractional integral operator and the
boundedness of the coefficients a;(x), we have:

L
[Ry ()] < |DY (u — Tygua) (x) | + [ato () (u — TTpgua) (x)] + Y g (x) D (u = Tpgue) (72)|
=1

From the boundedness of a;(x) and the estimate ||D(u — [ysu)|| 1~ < C||u — [ppul| 1=, we obtain:
1Ryl < Cllu — Tpgu]| =

Applying Lemma 1 completes the proof. O
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B.4 Stability Analysis

Theorem 6 (Stability). The numerical scheme defined by the Mittag-Leffler wavelet collocation method is stable.
Specifically, there exists a constant C, independent of M, such that for any function v € Vy, the following inequality
holds:

L
Vllz=(jo,1)) <C <|Dyv||L“([O,1]) + Y D" () == o.1)) + |V7Lw(ag)> ,
=1

where dQ represents the boundary conditions.

Proof. The stability is established by constructing a suitable energy estimate. Consider the discrete operator %y,
defined by:

L
Lyv =DV —ag(x)v— Y a;(x)DMy(7x).
=1

Using the discrete maximum principle for fractional differential equations [19], we can show that the operator %),
is uniformly stable. The boundedness of the coefficients a;(x) and the approximation properties of the Mittag-
Leffler wavelet basis guarantee that the system matrix is diagonally dominant for sufficiently fine discretizations.
Therefore, there exists a constant C, depending only on the coefficients and fractional order 7y (but not on M), such
that:

Vil < €l Zhv] i

The boundary terms appear when applying the maximum principle, leading to the stated inequality. O

B.5 Convergence Analysis

Theorem 7 (Uniform Convergence). Let u be the exact solution of (1) and ii be the numerical solution obtained
by the proposed Mittag-Leffler wavelet method. Then, there exists a constant C independent of M such that:

[l = i)l =0,y < CM @D [l 1 ((0,1))-
Proof. Using the error decomposition:
[lu— il < [Ju—Tygu| L= + [ Tygue — | =,

the first term is bounded by Lemma 1. For the second term, we use the stability result (Theorem 6). Note that
I1yu —ii € V) and satisfies:

ZM(HMM - ﬂ) = RM.

Applying Theorem 6 yields:
[Magu — itf| = < C|| Ry | =

Finally, using Lemma 2 to bound ||Ry|| =, we obtain:
Ty — | = < CM™ D@ .

Combining both error estimates completes the proof. O
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B.6 Discussion

The analysis demonstrates that the proposed method converges uniformly with order &'(M ’“‘”1)). The use of the
L”-norm provides a stronger result than L*-based estimates, since it ensures pointwise convergence and directly
addresses the issue of unbounded derivatives raised by the reviewer. Moreover, the stability constant C depends
only on the problem coefficients and the fractional order ¥, but not on the discretization parameters (M, k), which
confirms the robustness of the method.

These findings are in line with fixed-point based convergence frameworks recently reported in the litera-
ture [25], while being specifically tailored here to pantograph-type problems with Mittag-Leffler wavelets. In
addition, the present stability and convergence results are consistent with discrete maximum principle and error
decomposition techniques developed in [4], which further validates the reliability of our approach in the broader
context of fractional and singularly perturbed systems.
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