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Abstract. The Power graph of a group G is a graph P(G) with vertex set G and two vertices
x and y, © # y are adjacent if there exists some integer k such that = y* or y = zF. We
denote the vertex connectivity of power graph P(G) by (P (G)) and the algebraic connectivity
of power graph P(G) by A,—1(P(G)). This paper investigates the upper bound for the vertex
connectivity and the algebraic connectivity of P(Z,). Moreover, we discuss the equivalent
conditions for P(Z,) to be Laplacian integral. Further the conjecture for an upper bound of the

algebraic connectivity of P(Z,) is posed in this article.
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1 Introduction and preliminaries

The concept of directed power graph of a semigroup S was first introduced by [8]. Motivated by
this, [3] defined the undirected power graph P(G) of a group G as the undirected graph whose
vertex set is a set of elements G and any two vertices a,b € G are adjacent in P(G) if and only
if there exists some integer k such that either a = b or b = a¥. [9], [1] contains a detailed survey
on the power graphs of groups. For a graph I, the set of vertices and the edges is denoted by
V(') and E(T') respectively. A simple graph is a graph without loops and the parallel edges. A
null graph is a graph with no vertices and no edges. A graph with one vertex and no edges is
called as a trivial graph. A graph is connected if and only if there is a path between every pair
of vertices. A component of a graph I' is the maximal connected subgraph of I'. The vertex
connectivity of a graph I' is denoted by K(I') and it is the minimum number of vertices whose
removal results in a disconnected graph or a trivial graph. For any finite simple undirected
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graph I with the ordered vertex set {vi,va,...,v,}, the Laplacian matrix L(I") of graph I' is
defined by L(I') = D(T') — A(T"), where A(T") is the adjacency matrix of I" whose (i, j)"" entry
is 1, if v; is adjacent to v; and 0 otherwise, and D(T') is the diagonal matrix whose (i,4)™" entry
is degree of v;. We denote the Laplacian characteristic polynomial det(zI — L(I")) of a graph
I by O(T, z) instead of ©(L(T"),z). The principal submatrix of L(I") formed by deleting the
rows and the columns corresponding to the vertices vi,vs,...,v; of a graph I' is denoted by
Ly, v,,...0;(I'). As per convention, if i = n, then O(Ly, 4,,....»,(I'),2) =1 [4]. The matrix L(I') is
a real symmetric, singular and a positive semi-definite, so all of it’s eigenvalues are real and non-
negative. Furthermore, the sum of each row (column) of L(T") is zero, which means the smallest
eigenvalue of L(T") is 0. The eigenvalues of L(T") are called the Laplacian eigenvalues of I". We
denote the Laplacian eigenvalues of I" by A;(I') > Ao(I') > --- > A\ (I") = 0 always arranged
in a non-increasing order and repeated according to their multiplicities. Let A1, Ag,..., A be
the distinct Laplacian eigenvalues of I' with corresponding multiplicities n1,ns9,...,ni. Then
Al A2 o A
ny no2 ... Nk
graph has a several applications like random walks, expansion properties, statistical efficiency
and optimality properties [2]. The algebraic connectivity A,_1(I") of a graph I' is the second
smallest Laplacian eigenvalue of I', which is considered as a measure of connectivity of I' [6].
Moreover, the largest Laplacian eigenvalue A\ (I') of a graph I' is called the Laplacian spectral
radius of I'. A graph I is called as the Laplacian integral, if all of its Laplacian eigenvalues are
integers. A discussion related to the Laplacian eigenvalues of a graph and it’s complement is
in [10], [6], [5]. The Laplacian spectrums of P(Z,) and P(Da,) for particular values of n along
with the relationship between the Laplacian spectrums of power graphs P(Z,) and P(Dsg,) is
studied in [4]. Moreover, [4] contains a discussion on the lower and the upper bounds for the
algebraic connectivity of P(Z,). Various results on the Laplacian specta of the power graphs of
finite cyclic, dicyclic and finite p-groups are studied in [11].

the Laplacian spectrum of I' is denoted by < > The Laplacian spectrum of a

Theorem 1 ([11]). The power graph of finite p-group is always Laplacian integral.

Theorem 2 ([4]). For each non-prime positive integer n > 3, the multiplicity of n as a Laplacian
eigenvalue of P(Zy) is at least ¢p(n) + 1.

Theorem 3 ([4]). For n = p®q®, where p and q are distinct primes and o, 8 € N, the algebraic
connectivity A\n—1(P(Zy)) < ¢(n) + p*~1¢°~L, equality holds if a =1 = B.

Theorem 4 ([4]). For each positive integer n > 2, the algebraic connectivity \p—1(P(Zy)) of
P(Zy,) satisfies the inequality Ap—1(P(Zy)) > ¢(n) + 1. Equality holds if n is either a prime or
the product of two distinct primes.

Theorem 5 ([11]). For any integer n > 1, K(P(Zy)) = A—1(P(Zy)) if and only if n is a
product of two distinct primes.

Theorem 6 ([11]). For any integer n > 1, the algebraic connectivity of P(Zy) is ¢(n) + 1 if
and only if n is a prime number or product of two distinct primes.
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2 Algebraic and vertex connectivity of P(Z,)

The upper bound for the algebraic and the vertex connectivity of P(Z,) is obtained for n = p®¢”®,
where a, 8 € N and p, ¢ are distinct primes, and for the values of n, where n is a product of
two or three distinct primes in [4]. In this section, we obtain the upper bounds for the algebraic
and the vertex connectivity of P(Z,), where n is a product of 4,5 and 6 distinct primes. Hence
we obtain the upper bound for the algebraic and the vertex connectivity of a power graph of a
finite cyclic group G of order n, where n is a product of 4,5 and 6 distinct primes.

4
Proposition 1. Forn = [] pi, where p;,i = 1,2, 3,4 are distinct primes with p1 < pa < p3 < p4,
i=1

4
the vertex connectivity KC(P(Zy)) of P(Zy) satisfies the inequality KK(P(Zy,)) < ¢(n) + > pi +

2,3

> pipj — 6.
ij=1,2

i#£j
Proof. Let S be the subset of Z,, consisting of 0 and all the generators, P, = {ap1 € V(P(Z,)); p
+a7p3 'f a,pﬂ[a}, P, = {bp_Q € V(P(Zn))v b1 'fbvp?) Jf b,p4 T b}a Py = {Cp_g € V( ( ))7 b1 TC b2 'f
c,pafct, Py = {dps € V(P(Zyn)); p11d,p2td,pstd}, Uw = {uipipz € V(P(Zyn)); 0 < ur <
p3ps — 1}, Uz = {uzp1p3 € V(P(Zy)); 0 < ug < papy — 1}, Uz = {uzp1ps € V(P(Zy)); 0 <uz <
pap3 — 1}, Uy = {wsPap3 € V(P(Zy)); 0 < ugy < pips — 1}, Us = {uspzps € V(P(Zy)); 0 < us <

pip3 — 1}, Us = {uepsps € V(P(Zy)); 0 < ug < pip2—1}, Ti = {t1p1pap3 € V(P(Zy)); 0 < t1 <
pa—1}, Ty = {top1paps € V(P (Zy)); 0 <ty < p3—1}, T3 = {t3p1p3ps € V(P(Zy)); 0 < t3 < pa—
1} and Ty = {t4pap3ps € V(P(Zy)); 0 < t4 < p1 —1}. Then all the sets S, P;,,U;,T;,1 = 1,2,3,4
and j = 1,2,...,6 are pairwise disjoint sets of vertices of P(Z,,) whose union is V(P (Z,)). Even
though every vertex of the set S is adjacent to all other vertices of P(Z,,), P(Z,,)—S is connected.
The connectedness diagram among the sets P;,U; and T;, where i =1,2,3,4and j =1,2,...,6
can be obtained as in Figure 1. Now to make the graph P(Z,) — S disconnected, we need to
remove the sets T7,T5,T3, T, and the three sets from U, Us, Us, Uy, Us and Ug. To make the
upper bound of (P(Z,)) sharp, we need to remove the sets 71, T>, T3, Ty along with the three

sets with minimum cardinality from Uq,...,Us , which are Us, U5 and Ug. Therefore the graph
P(Zyp)—S—T1—To—T5—Ty—Us—Us;—Us is disconnected and thus K(P(Z )) < S|+, |Ti +
4 2,3
|Us| +Us| + |[Us| = ¢(n) + 1+ 3 pi — 4+ pip2 +p1ps +paps — 3 = d(n) + Zpﬂr S pip;—6.
i=1 i=1 i,j=1,2
i#]
O

4

Corollary 1. For n = [] p;, where p;, i = 1,2,3,4 are distinct primes with p1 < pa < p3 < p4,
i=1

the algebraic connectivity An—1(P(Zy,)) of P(Zy) satisfies the inequality Ap—1(P(Zy)) < ¢p(n) +

4 2,3

>.pit Z pipj — 6.

i=1 1,j=1,2

i#]

Proof. For any graph G, the algebraic connectivity A,,—1(G) and the vertex connectivity K(G)
of G satisfies the inequality \,—1(G) < K(G) [6]. Using this fact and the upper bound obtained
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4
Figure 1: Connectedness diagram of P(Z,) — S, where n = [] p;
i=1

4

for K(P(Z,)), where n = [[ pi , i = 1,2,3,4 are distinct primes with p; < ps < p3 < py in
i=1

proposition 1, we can conclude the result. O

5
Proposition 2. For n = [] p;, where p;, i = 1,2,3,4,5 are distinct primes with py < py <

i=1
ps < pa < ps, the vertex connectivity K(P(Zy)) of P(Zy) satisfies the inequality K(P(Zy,)) <
5 45 2,3,4
dp(n)+ > pi+ > pipi+ Y, pipjpr— 18
s R B ij,k=1,2,3
i# i#5k

Proof. Let S be the subset of Z,, consisting of 0 and all the generators, P; = {ap1 € V(P(Z,)); p2,
P3,P4,p5 1 a}, Po = {bp2 € V(P(Zn)); p1,03,04,05 1 b}, P3 = {cp3 € V(P(Zy)); p1,p2,p4,P5 1
ch, Py = {dpy € V(P(Zy)); p1,p2,p3,p5 1 d}, Ps = {eps € V(P(Zn)); p1,p2,p3,pa f e}, U1 =
{wipipz € V(P(Zn)); 0 < ur < p3paps — 1}, Uz = {uap1p3 € V(P(Zyn)); 0 < uz < papaps
1},Us = {uspips € V(P(Zn)); 0 < uz < papaps — 1},Us = {wap1ps € V(P(Zyn)); 0 < ug
pap3ps — 1}, Us = {uspapz € V(P(Zn)); 0 < us < pipaps — 1}, Us = {uep2ps € V(P(Zy)); 0
ug < pipaps — 1}, Uz = {urpaps € V(P(Zyn)); 0 < uy < pipsps — 1},Us = {uspspa
V(P(Zn)); 0 < us < pipaps — 1},Ug = {uopaps € V(P(Zy)); 0 < ug < pipaps — 1}, Uso
{u10paps € V(P(Zyn)); 0 < wig < pipeps — 1}, 11 = {tipipeps € V(P(Zy)); 0 < t;
paps—1}, To = {tap1papa € V(P(Zn)); 0 < ta < paps—1}, T3 = {tspipaps € V(P(Zy)); 0 < t3
p3pa—1}, Ty = {tapipzps € V(P(Zy)); 0 < ta < pops—1},Ts = {tsp1paps € V(P(Zy)); 0 < t5
papa—1},Ts = {tep1paps € V(P(Zn)); 0 < ts < pap3—1},T7 = {t7papspa € V(P (Zn)); 0 < t7
p1ps — 1}, Ty = {tspep3ps € V(P(Zy)); 0 < tg < pips — 1}, Ty = {topapaps € V(P(Zy,)); 0
tg < pips — 1}, T1o = {twpspabs € V(P(Zyn)); 0 < tio < pip2 — 1}, L1 = {l1p1pap3ps
V(P(Zn); 0 < i < ps — 1} Ly = {lpipapsps € V(P(Zy)); 0 < lp < ps — 1}, L3
{lsp1papaps € V(P(Zn)); 0 < I3 < p3 — 1}, Ly = {l4p1pspaps € V(P(Zyn)); 0 < ly < pa — 1}
and Ls = {lspap3paps € V(P(Zy)); 0 < Is < p1 — 1}. Then all the sets S, P;,U;, T}, L,
i=1,...,5and 7 = 1,2,...,10 are pairwise disjoint sets of vertices of P(Z,) whose union is

V(P(Zy)). Even though every vertex of the set S is adjacent to all other vertices of P(Zy,),
5 10

P(Zy) — S is connected. Moreover, P(Z,) — S — Y L; — Y T} is also connected. The con-
i=1 j=1

m AIAINIANIA T m A IA
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5 10
nectedness diagram for P(Z,) — S — >  L; — > T} can be obtained as in Figure 2. Now
i=1 j=1
5 10
to make the graph P(Z,) — S — >  L; — > T; disconnected, we need to remove the four
=1 7=1

sets from U]’s j = 1,2,...,10 which are adjacent to the same F;,i = 1,2,...,5. To make
the upper bound of IC(P( n)) sharp, we need to remove the sets S, L; T}, i = 1,2,...,5,
Jj = 1,2,...,10 along with the sets Uy, U7, Ug, U1p with minimum cardinality. Therefore the

10 5
graph P(Zp) — S — > T; — > L; — Uy — Uy — Uy — Uy is disconnected and we have

j=1 i=1
4,5
K(P(Zn)) < |14 300 1Lil + 3252, 1751+ |Usl + [Ur| + |Us| + [Uro] = ¢(n) + Zpﬂr > pipj+
=1 4,7=1,2
i#j
2,3,4
> pipjpr — 18 O
i,j,k=1,2,3
i#j#k
5 10 5
Figure 2: Connectedness diagram of P(Z,) —S — Y. L; — > T}, where n = [] p;
i=1 =1 i=
Corollary 2. Forn = H p;, where p;, i = 1,2,3,4,5 are distinct primes with p1 < ps < p3 <
i=1
pa < ps, the algebmzc connectvity An—1(P(Zy)) of P(Zy,) satisfies the inequality Ap—1(P(Zy,)) <
2,3,4
¢(n )+sz+ Z pipi+ > pippk— 18.
1,j=1,2 i,5,k=1,2,3
i#] ik

Proof. For any graph G, the algebraic connectivity A,,—1(G) and the vertex connectivity K(G)
of G satisfies the inequality A\,,—1(G) < K(G) [6]. Using this fact and the upper bound obtained
5

for K(P(Zy,)), where n = [[ pi , i =1,2,3,4,5 are distinct primes with p; < ps < ps < ps < ps
i=1
in proposition 2, we can conclude the result. O



196 Ch. V. Visave, R. Deore

6
Proposition 3. For n = [] p;, where p;, i = 1,2,3,4,5,6 are distinct primes with p1 <

i=1
P2 < p3 < ps < Ps < D6, the vertex connectivity K(P(Zy)) of P(Zy) satisfies the inequality
45,6 2,345
K(P(Zyn)) < ¢(n) + Zpﬂr Z pipj+ > DR+ Y. PP — 45.
-1 ij=1,2 i k= 123 ig,kl=1,2,34
i#j (Eavkal (Cavkaleall

Proof. Let S be the subset of Z,, consisting of 0 and all the generators, P, = {a1p1 € V(P(Z ))
P2, D3, P4, P5,P6 1 a1}, Po = {aopa € V(P(Zy)); p1,p3,04,D5,p6 1 a2}, P3 = {azpz € V(P(Zy)); p
,D2,P4, 5,06 1 a3}, Py = {aaps € V(P(Zy)); p1,p2,03,P5,p6 1 as}, Ps = {asps € V(P(Zy)); p1, 2,
p3,P4,06 { as}, Ps = {aeps € V(P(Zn)); p1,p2,03, 4,5 1 ae}, Utz = {u12pip2 € V(P(Zy)); 0 <
u12 < p3papspe — 1}, Uiz = {u13pipz € V(P(Zy)); 0 < w1z < papapspe — 1}, Ura = {u14p1ps €
V(P(Zy)); 0 < uig < pap3pspe—1}, Urs = {u1sp1p5 € V(P(Zy)); 0 < u1s < papapaps—1}, Ute
{uiepips € V(P(Zyn)); 0 < uie < pop3paps — 1}, Uz = {u23pepz € V(P(Zyn)); 0 < u23
p1papspe — 1}, Uas = {ugupaps € V(P(Zyn)); 0 < uza < p1papspe — 1}, Uzs = {u2spaps
V(P(Zn)); 0 < wugs < p1pspape—1}, Uzg = {uz6p2ps € V(P(Zy)); 0 < uze < p1p3paps—1}, Usa
{usap3ps € V(P(Zn)); 0 < uzq < pipapsps — 1},Uss = {ussp3ps € V(P(Zy)); 0 < uzs
p1p2pape — 1}, Use = {usepsps € V(P(Zn)); 0 < uze < pipapaps — 1},Uss = {uaspaps
V(P(Zy)); 0 < ugs < p1pap3pe—1}, Use = {uaePabe € V(P (Zn)); 0 < use < p1papsps—1}, Use
{usepsps € V(P(Zyn)); 0 < use < pipapspa — 1}, Tioz = {t123p1ipaps € V(P (Zn)); 0 < t123
papspe — 1}, Tioa = {t124p1paps € V(P(Zy)); 0 < ti2a < p3pspe — 1}, Th2s = {t125p1p2ps
V(P(Zy)); 0 < tizs < p3paps — 1}, T126 = {t126P102P6 € V(P(Zn)); 0 < tizs < p3paps
1}, Ti34 = {t134P1p3pa € V(P(Zy)); 0 < t134 < papspe — 1}, T135 = {t135P1p305 € V (P(Zy)); 0
t135 < papape — 1}, T136 = {t136P1P3P6 € V (P(Zn)); 0 < t136 < papaps — 1}, T1as = {t145P1PP5
V(P(Zy)); 0 < tias < pap3pe — 1}, T1a6 = {t1a6P1PaPs € V(P(Zyn)); 0 < t1a6 < pap3ps —
1}, Ti56 = {t156P105P6 € V(P(Zn)); 0 < t1s6 < pop3ps— 1}, Tozs = {t234p2p3pa € V(P(Zn)); 0 <
ta3s < p1pspe — 1}, Tags = {t235p2p3bs € V(P (Zn)); 0 < tazs < p1pape — 1}, Taze = {t236P2P3D6 €
V(P(Zy)); 0 < taze < p1paps — 1}, Toas = {toaspapaps € V(P(Zy)); 0 < toss < pipaps —
1}, Toge = {t2a6D2DaDe € V (P(Zn)); 0 < tass < p1p3ps — 1}, Tose = {t2sep2pspe € V(P (Zn)); 0 <
tase < p1p3pa — 1}, T3a5 = {t345P3pap5 € V(P (Zn)); 0 < t345 < p1pape — 1}, T346 = {t346P3PaD6 €
V(P(Zy)); 0 < taue < p1paps — 1}, T356 = {t356030506 € V(P(Zn)); 0 < t3s6 < pipeps —
1}, Tus6 = {tasePabspe € V(P(Zn)); 0 < tase < p1pap3 — 1}, L123s = {l1234P1p2p3pa € V(P(Zy));
0 < l1234 < pspe — 1}, Li2zs = {li235pipepsps € V(P(Zyn)); 0 < liass < pape — 1}, L123ze =
{l1236P102P3P6 € V(P(Zn)); 0 < li236 < paps — 1}, L12as = {l12a5p1papaps € V(P(Zy)); 0 <
l1245 < p3pe—1}, L12ag = {l1246P1P2PaD6 € V(P(Zn)); 0 < l1246 < p3ps—1}, L12se = {l1256P1P2D5D6
€ V(P(Zn)); 0 < lizgse < p3ps — 1}, Ligas = {lizaspipspaps € V(P(Zn)); 0 < lizgs <
pape — 1}, Lizas = {l1346P103P2P6 € V(P(Zy)); 0 < l1346 < paps — 1}, L13se = {l1356D1P3P5P6 €
V(P(Zy)); 0 < lizs6 < paps — 1}, Logas = {l234sD2p3pabs € V(P(Zy)); 0 < lazas < pipe —
1}, Lozas = {l2346P20302P6 € V(P(Zn)); 0 < lozae < p1ps — 1}, Lazse = {l2356P2P3P5D6 €
V(P(Zy)); 0 < lagse < pipa — 1}, Losse = {loaseD2DaDspe € V(P(Zy)); 0 < loase < p1p3 —
1}, L3ase = {l3456P30aD5P6 € V(P(Zn)); 0 < l3ase < p1p2 — 1}, Liase = {l1456P1PaP5D6 €
V(P(Zy)); 0 < liase < paps — 1}, J12345 = {J12345010203Pap5 € V(P(Zy)); 0 < jiogas <
p6 — 1}, J123a6 = {J12346P10203P1P6 € V(P(Zn)); 0 < ji23a6 < ps — 1}, J12356 = {J12356P1P2D3D5P6
€ V(P(Zyn)); 0 < ji23se < pa — 1}, Ji2as6 = {Jj12456D102P4P506 € V(P(Zy)); 0 < jioase < p3 —
1}, J13as6 = {J134560103P4P5P6 € V(P(Zn)); 0 < jizase < p2 — 1}, Jazase = {Jj23456D2P3P4P5P6 €

[N VAN e T VAN | I R VAN |

m A



Algebraic and vertex connectivity 197

V(P(Zy)); 0 < jogase < p1 — 1} be pairwise disjoint sets of vertices of P(Z,) whose union is
V(P(Zy)). Even though every vertex of the set S is adjacent to all other vertices of P(Zy,),
45,6 3,4,5,6 2,3,4,5,6
P(Zy)—S is connected. Moreover, P(Z,)—S— >, Tij— > Lijn— > Jijkim
i5,k=1,2,3 i5,k,1=1,2,3,4 i3k, 0,m=1,2,3,4,5
i#j#k i#£j#k#L iAjEkFEIFEM
4,56 3,4,5,6
is also connected. The connectedness diagram of P(Z,) —S— >,  Tijr— > Liji —
i, k=1,23 igkl=1,2,34
ik i jARA

2,3,4,5,6
Jijkim can be obtained as shown in Figure 3. Now to make the graph P(Z,) —
i,3,k,l,m=1,2,3,4,5
(Eavkalaalail)
4,5,6 3,4,5,6 2,3,4,5,6
S— > Tk — > Liji — > Jijkim disconnected, we need to remove
i,j,k=1,2,3 ij,k,1=1,2,3,4 i,3,k,l,m=1,2,3,4,5
i#j#k i#j 7k i#jEkAIEM
the five sets from U;;, where i = 1,2,...,5, j = 2,...,6,¢ # j which are adjacent to the

same P;,i = 1,2,...,6. To make the upper bound of P(Z,) sharp , we need to remove
45,6
the sets Uyg, Usg, Usg, Usg, Urg with minimum cardinality from P(Zn) -85 - Z Tz'jk —
1,5,k=1,2,3
i#j#k
3,4,5,6 2,345,6
> Liji — > Jijkim- Therefore the graph
i,5,k,1=1,2,3,4 i3,k l;m=1,2,3,4,5
i#ARA ik lAm
45,6 3,4,5,6 2,3,4,5,6
P(Zn)—S— > Tyr— > Liju— > Jijkim — Use — Uz — Usg — Use — Ut
i,5,k=1,2,3 i,5,k,1=1,2,3,4 i3,k l,m=1,2,3,4,5
i£j#k i£j#kF i#jFREIFM
is disconnected and thus
5, 3,4,5,6 2,3,4,5,6
K(P(Zy,) <[S|+ > |Tyel+ > |Lijul + > | Jijrim| + |Uas| + [Uzg| +
i,5,k=1,2,3 i,5,k,1=1,2,3,4 ij,k,l,m=12345
i#jFk isﬁjsﬁk#l i#j#EkEIFM
4,5,6 2,3,4,5
\Uss| + |Use| + |Ure| = ¢(n) + szJr Z pipi+ S pippk+ Y. pipipep — 45.
=1 i,j=1,2 i,5,k=1,2,3 i,j,k,1=1,2,3,4
i#] i#i#k (Eatkalital) -

6
Corollary 3. For n = [] pi, where p;, i = 1,2,3,4,5,6 are distinct primes with p; < p2 <
i=1
p3 < ps < ps < P, the algebmic connectivity An—1(P(Zy)) of P(Zy) satisfies the inequality
45,6 2,345
An-1(P(Zn)) < ¢(n) + sz + Z pip;+ Y. ppipk+ Y. pipipep— 45.
ij=1,2 ij,k=1,23 ijkl=1,2,34
i At A iARA
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45,6 3,4,5,6 2,3,4,5,6

Figure 3: Connectedness diagram of P(Z,,)—S— >  Tiju— > Lijri— > Jijkim
ij,k=1,2,3 i,k 1=1,2,3,4 i,j.k,l,m=1,2,3,4,5
54k ii AR AL i) Akt Am

6
where n = [] p;
i=1

4
Proposition 4. Let n = [] pi, where p;,i = 1,2,3,4 are distinct primes with p1 < pa < p3 < p4.

i=1
Then the vertex connectivity IKK(P(G)) of P(G), where G is a finite abelian group of order n
4 2,3
satisfies the inequality K(P(G)) < ¢(n) + > pi+ > pipj — 6.
i=1 ij=1,2
i#]

4
Proof. Let G be a finite abelian group of order n = [] p;, where p;,i = 1,2,3,4 are distinct
i=1
primes with p; < p2 < p3 < ps. By the Fundamental Theorem of finite abelian groups [7],
G is isomorphic to the direct product Z,, & Zp, ® Zp, & Zy,. Since p;s are distinct primes,

Lipy @© Ly ® Lipy ® Lip, is isomorphic to Zp, popsp,- Thus G is isomorphic to Zy, p,psp,- Hence the

result, by Proposition 1. O
4
Corollary 4. Let n = H pi, where p;,1 =1,2,3,4 are distinct primes with p1 < ps < p3 < p4.
Then the algebraic 60m;:cltivity M—1(P(Q)) of P(G), where G is a finite abelian group of order
n satisfies the inequality A\p—1(P(G)) < ¢(n) + ilpi + 22312]?2-1)]' — 6.
i= ij=1,
1#]

Proof. For any graph G, the algebraic connectivity A,,—1(G) and the vertex connectivity K(G)
of G satisfies the inequality \,—1(G) < K(G) [6]. Using this fact and the proposition 4, we can
conclude the result. O

On the similar lines, we can prove the following Propositions 5, 6 and their respective corol-
laries 5, 6.



Algebraic and vertex connectivity 199

5
Proposition 5. Let n = [] p;, where p;,i =1,2,...,5 are distinct primes with p; < py < p3 <

pa < ps. Then the vertexl:clonnectivity K(P(G)) of 77( ), where G is a finite abelian group of
order n satisfies the inequality K(P(G)) < ¢(n) + Z pi + Z pipj + 2i4 pipjpr — 18.
jﬁé ? szﬁ];é ;
5
Corollary 5. Let n = H pi, where p;,i = 1,2,...,5 are distinct primes with p; < p2 < p3 <
p4 < ps. Then the algeb;;’lic connectiwvity \n,—1(P(G)) of 73( ), where G is a finite abelian group
of order n satisfies the inequality \n—1(P(GQ)) < ¢(n) + Z Di + Z DiDj -l- 223:4 pip;pr — 18.
6

Proposition 6. Let n = H p;, where p;,t = 1,2,...,6 are distinct primes with p1 < p2 <

p3 < ps < ps < ps. Then the vertex connectivity IC(P(QG)) of P(G ), where G is a finite abelian

456

group of order n satisfies the inequality K(P(G)) < ¢(n) + Z pi+ Z pipi+ >, DiDiPk+
4,j=1,2 1,5,k=1,2,3
i) i3k

2,345
>,  Dpipjpkp — 45.
irjk0=1,2,3,4
iR A

6
Corollary 6. Let n = [] p;, where p;,i = 1,2,...,6 are distinct primes with p1 < p2 < pg <
i=1

pa < ps < pe. Then the algebraic connectivity Ap—1(P(G)) of P(G), where G is a finite abelian
4,5,6

group of order n satisfies the inequality \,—1(P(G)) < ¢(n)+ Z pi+ Z pip;+ Z PiDjPk+
i,j=1,2 i,5,k=1,2,3
i#] ik

2,3,4,5
PipjPEpL — 45.
ij,k1=1,2,3,4
Ak A

Proposition 7 ([4]). For any integer n > 2, if n is a prime power or the product of two primes,
then a power graph P(Zy) is a Laplacian integral.

Proposition 8. For any integer n > 2, if a power graph P(Z,) is a Laplacian integral, then
the algebraic connectivity of a power graph P(Zy,) is an integer.

Proof. The algebraic connectivity of P(Z,,) is the second smallest Laplacian eigenvalue of P(Z,,).
Moreover, P(Z,,) is Laplacian integral if and only if each of it’s Laplacian eigenvalue is an integer.
Hence the result. O

Proposition 9. For any integer n > 2, if n is a prime power or the product of two primes, then
the algebraic connectivity of a power graph P(Zy,) is an integer.
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Proof. If n is a prime power, then P(Z,) is Laplacian integral, by Theorem 1. Hence the
algebraic connectivity of P(Z,) is an integer. Also, if n is the product of two distinct primes,
then K(P(Zy)) = A—1(P(Zy)), which is an integer, by Theorem 5. Hence the result. O

Proposition 10. For any integer n > 2, if the algebraic connectivity of a power graph P(Zy)
is an integer, them n is a prime power or the product of two primes.

Proof. Assume that the algebraic connectivity of P(Z,) is an integer for all values of n. If n
is a prime power or the product of two primes, then the algebraic connectivity of P(Z,,) is an
integer, see Proposition 9. Let us consider values of n, where n is neither a prime power nor
the product of two primes. Then n will include the values of the form p®¢?, with o, 8 > 1,
but not both equal to 1. Thus ¢(n) + 1 < A\_1(P(Z,)) < é(n) + p*~1¢°~, by Theorem
3,4. Thus A\,—1(P(Z,)) is not necessarily an integer. In particular, if we consider n = 12,
then 5 < A,—1(P(Z12)) < 6, which is not an integer. Therefore we get a contradiction to our
assumption. Hence the result. O

Example 1. Consider P(Z;g). The Laplacian characteristic polynomial of P(Z;g) is given by

9@6,15,7,1’1,1’3,1’ (P(Z1s)), ) (1)

if ax = b(mod18) or bx = a(mod18). Therefore we have the matrix Lg 157 1. 13.17(P(Z1g)),
whose eigenvalues are the roots of characteristic polynomial ©(Lg 157 11,13 17(P(Z1s)), 7), see
matrix 1. The eigenvalues of the matrix Lg1357 11 1317(P(Z1s)) are 7,12,17,15,15,15,15,15,
8.159,10.768,17.073. By equation 1, the Laplacian spectrum of P(Z;3) is given by

18 17.073 17 15 12 10.768 8.139 0
7 1 1 5 1 1 1 1)

Hence we conclude that the algebraic connectivity of P(Zig) is 8.519, which is not an integer.
Moreover, P(Z;g) is not a Laplacian integral.
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Example 2. Using the same method as that of example 1, the Laplacian spectrum of P(Z12)
is obtained as

5 1 1 1 1 1 1 1

Thus we conclude that the algebraic connectivity of P(Zi2) is 5.67, which is not an integer.
Moreover, P(Zj2) is not a Laplacian integral.

<12 10.68 10 9 8.64 8 b5.67 0)

Using propositions 7, 8, 9 and 10, we can conclude the following conjecture posed in [11];
For any integer n > 2, the following statements are equivalent:

(i) The algebraic connectivity of P(Z,,) is an integer.
(ii) P(Zy) is Laplacian integral.

(iii) m is a prime power or product of two primes.

3 Conclusion

In this article, we have obtained the upper bounds for the algebraic and the vertex connectivity
of P(Zy,), where n is a product of 4,5 and 6 distinct primes. Moreover, we proved the equivalent
conditions for P(Z,) to be Laplacian integral and hence settled the conjecture posed in [11].
Based on our observations, we state the following for Z,:

k
Conjecture 1. Let n = [] pi;, where pi,, < Di,, for m1 < mo are distinct primes and
i=1
k,mi,ma € N. Then the algebraic connectivity An—1(P(Zy)) of power graph P(Zy,) satisfies the
inequality

k k k—1,k k k—2,k—1,k k
]:

J1,j2=1,2 J1,j2,j3=1,2,3
J1F52 J1FI27#73
4.5,k k 2,3,...,k—1
St o ) Z pijlpijg o 'pi]‘k73 - k—3 + o ) pijlpih o 'pijk72 - (k_
.]l7.]2"“7.]/(:73:172""7]6_3 .71’.727"'7Jk72:1’27"'7k_2

JF#JeFE . F k3 J1#j2F FIk—2
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The eigenvalues of the matrices in example 1 and 2 are calculated using WX-Maxima.
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