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Abstract. This paper focuses on the classification of 7-dimensional nilpotent 3-Lie algebras.
We employ a systematic approach by considering the structure of these algebras through the cen-
tral ideals. Specifically, we divide the 7-dimensional nilpotent 3-Lie algebra by a 1-dimensional
central ideal, resulting in a 6- dimensional nilpotent 3-Lie algebra. Our findings reveal the rela-
tionships between 7-dimensional structures and their 6-dimensional counterparts, contributing
to a deeper understanding of the properties and classifications of nilpotent 3-Lie algebras.
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1 Introduction

The classification of Lie algebras is one of the important and classical issues in the theory of
finite-dimensional Lie algebras. The first research on the classification of nilpotent Lie algebras
was done by Umlauf [31] for 6-dimensional, in his thesis at the late 19th century, and then
continued by Morozov [25]. Since then, many efforts have been made to complete the classifica-
tion of nilpotent Lie algebras over different fields in the literature [5]. In dimension 7, the first
classification was done based on Morozov’s method [30]. However, due to the incompleteness of
the results and the complexity of these calculations, the issue of computing the complete lists
was a recurring problem. Seeley [30] and Gong [11] presented the classification of nilpotent Lie
algebras of dimension 7 on complex (C) and real (R) spaces. In dimension 8, there are only
partial results [27]. The classification of 9-dimensional 2-step nilpotent 3-Lie algebras is done
in [7]. For the 2-step nilpotent case, Ren and Zhu [28] provided a complete classification of 2-step
nilpotent Lie algebras of dimension 8 with a 2-dimensional center. A complete classification of
2-step nilpotent Lie algebras of dimension 8, and in the field of complex numbers is given in [32].
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2 H. Darabi

In addition, the classification of 2-step nilpotent Lie algebras of dimension 9 with 2-dimensional
center is presented in [29].

There are important results in geometric classification of Lie algebras [4,13]. The geometric
classification is developed for many other varieties of (non-Lie) algebras [16,24]). Moreover,
the study of rigid 2-step nilpotent in a variety of 2-step nilpotent anticommutative algebras has
been done in [1]. Some other important works in algebraic classifications of Lie and anticommu-
tative algebras could be found in [12,19,22]. Moreover, there are many results with algebraic
classifications in non-Lie varieties of algebras [14,20].

In 1985, Filippov [10] introduced the concept of n-Lie algebras. An anticommutative algebra
A with operation [z1,...,x,] is called n-Lie algebra, when it satisfies the following generalized
Jacoby identity:

n

Hxtha"')xN]?yQu'”7yn] = Z[wlw"7$i—17[$i7y27"‘7yn] 7x’i+17"'7x’ﬂ]‘
=1

Assume that Aq,..., A, are subalgebras of an n-Lie algebra A. Then, the subalgebra of A
generated by all vectors [z1,...,2,] (z; € A;) will be represented by the symbol [A1, ..., A,].
The subalgebra A% = [A,..., A] is called the derived n-Lie algebra of A. The center of n-Lie
algebra A is defined as follows:

Z(A)={xeA:[z,A,. .., A =0}.
Assume that Zp (A) = 0. Then ith center of A is defined inductively as
Zi(A))Zi1 (A) =Z(A)Zi—1 (A)) for all i > 1.

The notion of nilpotent n-Lie algebras was defined by Kasymov [18]. An n-Lie algebra A is
nilpotent if A% = 0, where s is a nonnegative integer number. Note that A? is defined as inducted
by Al = A, AL = [A" A,... A]. An n-Lie algebra A is nilpotent of class ¢ if A*! = 0 and
Al = 0 for each i < c.

The algebraic classification of n-Lie algebras is also discussed in the literature. Some new
examples of n-Lie algebras over positive characteristics and in infinite-dimensional case are given
in [26], and a classification of simples n-Lie algebras is given in [23]. The study of the variety of
n-Lie algebra structures on an (n+1)-dimensional vector space in complex and finite-dimensional
cases is done in [21], and the classification of simple n-Lie algebras and superalgebras in a more
general case is done in [3]. On the other hand, determining the structure of d-dimensional n-
Lie algebras is a classic problem, which is answered for dimension of at most n + 2 in [2, 10].
The (n + 3)-dimensional nilpotent n-Lie algebras over arbitrary field are classified in [6]. The
d-dimensional 2-step nilpotent n-Lie algebras with d < n + 6 is classified in [7,15,17].

In this paper, we have classified 7-dimensional nilpotent 3-Lie algebras, building upon the
foundational work established by Darabi et al. [6]. Previous classifications have provided sig-
nificant insights into the structure and properties of nilpotent algebras, particularly in lower
dimensions. Our results extend these findings by introducing new classifications. This not only
enhances our understanding of 3-Lie algebras but also opens avenues for further research in
related fields.
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2 T7-dimensional nilpotent 3-Lie algebras with the derived sub-
algebra of dimension 2

In this section, we classify 7-dimensional nilpotent 3-Lie algebras with the derived subalgebra of
dimension 2. An important category of nilpotent Lie algebras, which plays an important role in
the classification of 2-step nilpotent Lie algebras, is the Heisenberg algebras. We call an n-Lie
algebra A, as a generalized Heisenberg of rank k, if A2 = Z(A) and dim A% = k. The authors
in [9] studied the case when k = 1, which is called later special Heisenberg n-Lie algebras.

Theorem 1 ( [9]). Every special Heisenberg n-Lie algebra has dimension mn + 1 for some
natural number m, and it is isomorphic to

H(n,m) = (z,z1,...,Tpm : [xn(i—l)—i-l?xn(i—l)-‘r% T =@i=1,...,m).
The following lemmas is an immediate consequence of [6, Theorems 3.3 and 4.3].

Lemma 1. The only nonabelian nilpotent 3-Lie algebras of dimension 6 are H(3,1)®F(2), Az 51®
F(1),A36,; (1<1i<5).

Lemma 2. The only 7-dimensional 2-step nilpotent 3-Lie algebras are H(3,1) & F(3), H(3,2),
Az @ F(1), A3z, and Azzs.

Now, we present the classification of the 7-dimensional nilpotent 3-Lie algebra with the
derived subalgebra of dimension 2. Let A be a 7-dimensional nilpotent 3-Lie algebra of class
three with the derived subalgebra of dimension t2 with basis {e1,...,e7}. Since 0 # A3 C Z(A),
we have A3 C A2 Z(A). Let e7 be a central element of A%2. Then A/(e;) is a nilpotent 3-Lie
algebra of dimension 6 with the derived algebra of dimension 1. By using Lemma 1, we have
Af{er) 2 H(3,1) ® F(2).

In this case, the multiplication table in A can be written as

le1,e2,e3] = eg + aer, [e;,ej,ex] = ayjrer,

where 1 <i < j <k <6, and {i,7,k} ¢ {{1,2,3}}.
Regarding a suitable change of basis, one can assume that a = 0, and the Jacobi identity
gives Us rap = (46 = (346 = (V156 = (256 = (356 = 456 = 0.
The above multiplication shows that the dimension of the center of A is at most 3. We
discuss on the dimension of the center of A.
Case 1: Let dim Z(A) = 3. Then, up to isomorphism, we have two possibilities for Z(A):
(i) Z(A) = (es, es, e7). In this case, the multiplication in A can be written as follows:

le1,€2,€e3) = €6, [e2,e3,e4] = qpzaer, [e1,e3,eq] = aqzaer, [e1,e2,eq] = ara4e7.

At least one of s34, 134, @124 IS not equal to zero. Without loss of generality, assume that
o34 # 0. Applying the transformations
/ 134 + 124 r_

. /

ey =e1— €2 e3, e;=¢ej, 2=<7<6, e;=aer,
j

Q234 Q234
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we obtain
A= (e1,...,e7: [e1,e2,e3] = es,[e2,€3,e4] = €7),

which is isomorphic to A3 & F(1).
(ii) Z(A) = (eq, €5, e7). In this case, the multiplication in A can be written as follows:

[61,62,63] = €6, [62763766] = Q236€7, [61763766] = Q136€7, [61762766] = (126€7-

At least one of aa3g, 136, @126 IS not equal to zero. Without loss of generality, assume that
aa3e # 0. Applying the transformations

Q136 126 .
/ / /
ep=e———e+——e3, € =¢;, 2<7<6, e;=aseer,
Q236 236
we obtain
A= (ey,...,e7: le1,e9,e3] = eg, [e2, €3, €6] = €7),

which is isomorphic to Ass1 & F(2).
Case 2: Let dim Z(A) = 2. Then, up to isomorphism, we have two possibilities for Z(A):
(i) Z(A) = (eg, e7). In this case, A2 = Z(A). Thus, by Theorem 3.2 of [8],

A= (e1,...,er:[e1,e2,e3] = ep, [e3,e4,€5] = €7).

This algebra is nilpotent of class two.
(ii) Z(A) = (es, e7). In this case, the multiplication in A can be written as follows:

le1,€e2,€e3) = €6,  [e2,e3,e4] = qozaer, [e1,e3,e4] = auzaer, [e1,e2,e4] = arer,
[e2, €3, e6] = aazeer, |e1,e3,€6) = aizger, [e1, ez, eq] = aizser.

Since dim(A/{e5))? = 2 and dim Z(A/{e5)) = 1, according to Lemma 1, A is isomorphic to
A37672 &) F(l)
Case 3: Let dim Z(A) = 1. Then, the multiplication table in A can be written as:

le1,e2,e3) = eg,  [ea,e3,e4] = agzser, le1,e3,e4] = aizaer, [e1,e2,e4] = arner,
[e2, €3, e5] = aasser, [e1,e3,e5] = aisser, [e1,ea,e5] = aiaser, [e2,e3,e6] = aaseer,
le1,e3,e6] = a136e7, [e1,e2,e6] = a126e7, [€3,€4,€5] = azaser, [e2,eq,e5] = auser,
le1, eq, e5] = aigser.

At least one of o3, 136, @126 is not equal to zero. Without loss of generality, assume that
aa3e # 0. Applying the transformations

Q136 Q126 )
/ / /
ep=e ———e+——e3, € =¢;, 2<7<6, e;=aseer,
Q236 Q236
we obtain
[61,62,63] = €¢, [62,63,66] = ey,

[e2, €3, e4] = qzaer, [e1,e3,€4] = aqzaer, [e1, ez, eq] = aoqer,
[627 €3, 65] = Qa3ser, [61, €3, 65] = o135€er7, [61, €2, 65] = (125€7,
[e3, €4, €5] = azaser, [e2,eq,€5) = anaser, [e1,eq,e5] = aiaser.
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Since e4 and ej are not belong to Z(A), we examine three cases:
(1) If augs = o5 = asgs = 0, then at least one of agsy, 134, 124 is not equal to zero. We
claim that a3y is zero. Let aoss # 0. Then by applying the transformations

0134 124 .
/ /
ep=e———e+ ——e3 € =¢;, 2<75<7,

we obtain
[61, €2, 63] = €6, [62, €3, 66] = er, [62, €3, 64] = (g34€7,
[62, €3, 65] = Qa35€7, [61, €3, 65] = o135€r7, [61, €2, 65] = Qg25€7.

In this case, eg — ﬁ&; is the central element, and this is a contradiction. Without loss of
generality, assume that ag34 # 0. Applying the transformations

Q124 ) .
/ !
€y =ey— ——e3, €;=¢j, 1<ji<7,5#2,
Q134
we obtain
le1, e2, €3] = eg, le2, €3,€6) = €7,  [e1,e3,eq] = ayzaer,

[627 €3, 65] = (235€7, [617 €3, 65] = 135€7, [617 €2, 65] = (125€7.

At least one of w35, ai135, 125 is not equal to zero. Similar to the previous case, aggs = 0. On
the other hand, if ay35 # 0, then we have a contradiction. Thus, the multiplication in A can be
written as

le1,e2,€e3) = €6, [e2,e3,e6] = €7, [e1,e3,eq] = arzaer, [e1,e€2,e5] = araser.

1
Q134

By replacing e4 by e4 and e by %2565, the algebra A is as follows:

A= (e1,...,e7:[e1,e2,e3] = eg, [e2, €3, 6] = [e1, €3, 4] = [e1, €2, €5] = €7),

which is denoted by A3 7 3.
(ii) Let aggs be not zero. Then applying the transformations

Q145 Q245 .
/ / /
€] =€e] — ——e3, €y =ey— €3, € =ej, 35T,
Q345 345
we obtain
le1, e2, €3] = eg, lea, e3,€6) = €7, [e3,eq,e5] = azyser,

[e2, €3, €4] = aagaer, [e1,e3,€4] = aqzaer, [e1,e2,eq] = aqer,
[e2, €3, €5] = qagser, [e1,e3,e5] = ausser, [er, e, e5] = aiaser.

Now, by replacing e; by e; + &135¢y — 3der ey by eg + 25, — %65 and eg by eg +

345 Q345 345
Q2340135 — (13404235 er, we obtain
Qas4s ’

le1, e2, e3] = e, le2,e3,e6] = er,  [es,eq,e5] = azser,
le1, €2, e4] = ajoae7, [e1,e2,€5) = aqaser.

Finally, by replacing e; by aasss(e1 — e3), ea by es + %64 - g;i: es, eg by assseg, and e7 by
ag45€e7, we obtain

A=(e1,...,er:[e1,e2,e3] = eq, [e2, €3,e6] = [e3,e4,€5] = €7),
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which is denoted by Az 7 4.
(iii) Let ai45 be not zero. Then by applying the transformations

Q245 Q345 . .
/ ! /
€g=ey— ——e€1, €3=e3— ——€1, €;=¢j, 1<5<7,5#2,3,
145 145
we obtain
le1, €2, €3] = eg, le2, €3,€6) = €7,  [e1,eq,e5] = anuser,

[e2, €3, 4] = qazaer, [e1,e3,€4] = aqzaer, [e1,ez,eq] = aoger,
[62763765] = Qg35€7, [61763765] = o135€r7, [61,62765] = (125€7.

Similar to part (ii), by replacing es by eg — 2125¢y 4 2ies g by ey — A3y + %65, and eg

145 @145 145
b Q134¢125 — Q124135 b 3
Yy €6 + o1 er7, we obtain

le1, e2, €3] = eg, [e2,e3,e6] = €7, [e1,eq,e5] = aiser,
[e2, €3, €4] = qazae7, [e2, €3, e5] = azser.

Finally, by replacing €9 by 04145(—61 + 62), €3 by es+ %fii €4 — %Ti: €5, €5 by (145€5, €6 by 145€6,

and e7 by a?,-e7, we obtain

A= (e,...,er:[e1,e2,e3] = eq, [e2, €3, e6] = [e1, eq, 5] = €7),

which is denoted by A3 7 5.
The following theorem is an immediate consequence of the above results and Lemma 2.

Theorem 2. Let A be a 7-dimensional nilpotent 3-Lie algebra with the derived subalgebra of
dimension 2. Then A is isomorphic to Az 51 @& F(2), Aze1 @ F(1), A3e2@® F(1), Az71, A373,
A4, or A3qs.

3 T7-dimensional nilpotent 3-Lie algebras with the derived sub-
algebra of dimension 3

In this section, we classify 7-dimensional nilpotent 3-Lie algebras with the derived subalgebra
of dimension 3. Let A be a 7-dimensional nilpotent 3-Lie algebra with the derived subalgebra
of dimension 3 with basis {e1,...,er}. Let e; be a central element of A%2. Then A/{e7) is
a nilpotent 3-Lie algebra of dimension 6 with the derived algebra of dimension 2. By using
Lemma 1, A/(e7) is isomorphic to Ass1 @ F(1), Aze,1, or Aze2.

Lemma 3. Let A/(e7) = A351 @ F(1). Then A is isomorphic to Ases ® F(1), Agea ® F(1),
Aszes ® F(1), Asre, Asrr, Asrg , Asre, Asrio, or Agzii.

Proof. Let A/(e7) = Az 51 @ F(1). In this case, the multiplication table in A can be written as
le1,e2,e3] = e4 + aer, [ea,e3,e4] = €6 + Ber, [ei, e, ex] = aujrer,

where 1 <i < j < k <6, and {7,7,k} ¢ {{1,2,3},{2,3,4}}. Regarding a suitable change of
basis, one can assume that &« = § = 0, and the Jacobi identity gives us a4 = o4 = 346 =
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Q156 — Q956 — (356 — (X456 — (X145 — Q945 — (X345 — (X136 — (X126 — 0. Thus the multiplication in
A can be written as
le1, e2,e3] = ey, le,e3,e4] = €6,  [e1,e3,e4] = ey,
le1, €2, e4] = a1oge7, [e2,e3,e5] = anzser, [e1,e3,e5] = aisser,
le1, e2,e5] = araser, [ez, e3, e6] = ansger.
We discuss on the dimension of the center of A. The above multiplication shows that the
dimension of the center of A is at most 3.

(i) Let dim Z(A) = 3. In this case, Z(A) = (es,eq,e7) and the multiplication in A can be
written as follows:

le1,e2,e3] = eq, [e2,e3,e4] = €6, [e1,e3,e4] = a1zser, [e1,e2,e4] = 12467
Since the dimension of derived subalgebra is 3,

A= (e1,...,er: [e1,e,e3] = ey, [e2, e3,e4] = €6, [e1, €3, €4] = €7).

This algebra is isomorphic to Az g3 & F(1).
(ii) Let dim Z(A) = 2. In this case, we have two possibilities for Z(A):
(a): Z(A) = (eg, e7). In this case, the multiplication in A can be written as follows:

le1, €2, e3] = eu, le2, €3, e4] = €6,  [e1,€3,€4] = rzaer,
[e1, €2, €4] = ar2ae7, [e2, €3, €3] = qasser, [e1, €3, e5] = ausser,
le1, e2, 5] = azse7.
Now, A/(eg) is a 6-dimensional nilpotent 3-Lie algebra with derived subalgebra of dimension 2

and center of dimension 2 or 1. If the dimension of center is 1, then A/(es) = A3 2. Thus, up
to isomorphism,

A= (e1,...,er:[e1,e,e3] = eq, e, €3,e4] = €5, [e1, €3, 4] = [e2, €3,€5] = e7).

This algebra is nilpotent of class three and denoted by A3 7.
If the dimension of center is 2, then A/(eg) = Ase,1. Thus, up to isomorphism, we have the
following algebras:

A= (e1,...,er: [e1,e2,e3] = ey, [e2, e3,e4] = €6, [e2, €3, €5] = €7).

A= (e1,...,er:[e1,e,e3] = ey, [e2, e3,e4] = €6, [e1, €3, €5] = e7).

These algebras are nilpotent of class three. The first algebra denoted by As 77 and the second
algebra denoted by A3 7s.
(b): Z(A) = (es, e7). In this case, the multiplication in A can be written as follows:

le1, €2, e3] = ey, le2,e3,e4] = €6,  [e1,e3,e4] = arzaer,
[e1, €2, €4] = aioae7, [e2, €3, e6] = aozger.

Since eg is not belong to Z(A), so aase # 0. By putting e/, = assger and relabeling, we have

le1, e2, e3] = ey, lea, €3,€e4] = €6,  [e2,e3,e6] = €7,
le1, €3, e4] = aizaer, [e1, e, €4] = aqoaer.
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If a134 = 194 = 0, then
A — <615 cee, €670 [61762763] = €4, [62763764] = €6, [62763766] = 67>.

This algebra is isomorphic to Asg4 @ F(1). Otherwise, without loss of generality, assume that

: ! 1 ! @124 ! ;. 1 /A | !/
a134 # 0. By putting €] = o135, €1y €2 = €2 — [ 21€3,€3 = €3,€4 = 1€4,€5 = o€5,65 =
1 ;o 1 :
T2 60 €7 = G T and relabeling, we have
A= (e1,...,e7: [e1,e2,e3] = ey, [ea, €3, 4] = €6, [e2, €3, €6] = [e1, €3, €4] = €7).

This algebra is isomorphic to Az e s @ F(1).
(iii) Let dim Z(A) = 1. In this case, Z(A) = (e7) and the multiplication in A can be written
as follows:
le1, e2, €3] = ey, le2, €3, e4] = e, le1, €3, e4] = ay34e7,
le1, €2, e4] = a1oger, [e2,e3,e5] = anzser, [e1,e3,e5] = aizser,
le1,e2,e5] = aaser, [e2, e3,e6] = aasger.
Since eg is not belong to Z(A), so aa3s # 0. On the other hand, at least one of aass, a135, A125

is not equal to zero. We claim that aoss is zero. Let awss # 0. Then by applying the transfor-
mations

Q135 Q125 .
/ /
61261—7624—763, Cjze_j, 2§]§77
Q235 Q235
we obtain
le1, €2, €3] = eu, [e2, €3, €4] = eg, le2, e3, e6] = qsper

le1, €3, e4] = aizaer, [e1,e2,€4] = ar2a€7, [e2,€3,e5] = qagser.

In this case, a2136 eg — a2135 es is the central element, and this is a contradiction. Without loss of

generality, assume that ajss # 0. By applying th transformations

Q125 ) .
6’2:(32——63, egzej, 1<j<7,5+#2,

we obtain
le1, €2, €3] = e, le2,€3,€e4] = €6,  [e2,e3,e6] = aazger,
[e1, €3, e4] = aizaer, [e1,e2,€4] = anoae7, [e1,€3,e5] = aisser.

If 134 = ai124 = 0, then by suitable change of basis,
A= {(e1,...,e7:[e1,e2,e3] = ey, [e2,e3,e4] = eq, [e2, €3, 6] = [e1, €3, 5] = e7).

This algebra is nilpotent of class four and denoted by A3 7.
If ay34 # 0, then by replacing es by eg — %63, the multiplication in A can be written as
follows:
le1, e2,e3] = ey, le2,e3,e4] = €6,  [ea,e3,e6] = qazger,
le1, €3, 4] = au3qer, [e1,e3,e5] = aisser.

This algebra is isomorphic to

A= (e1,...,er:[e1,e2,e3] = e4, €2, €3, e4] = €5, [€2, €3, €6] = [€1,€3,€5] = [e1, €3, €4] = €7).
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This algebra is nilpotent of class four and denoted by A3 7 10.

Similarly, if 124 # 0, then by suitable change of basis,

A= <ela ceey€7 0 [617 €2, 63] = €4, [627 €3, 64] = €¢, [627 €3, 66] = [817 €3, 65] = [ela €2, 64] = €7>'

This algebra is nilpotent of class four and denoted by A3z 7 11. O
Lemma 4. Let A/<€7> = A3,671. Then A is z’somorphz’c to A37772, A37777, A37778, A377,12, A377713,
A3z 714, A3715, or Az 716.

Proof. Let A/(e7) = A3 1. In this case, the multiplication in A can be written as

e1, €2, €3] = ea + ey, [e2,e3,e5] = e + Ber, |es, €5, ex] = ayjper,
where 1 <i < j <k <6, and {i,5,k} ¢ {{1,2,3},{2,3,5}}.
Regarding a suitable change of basis, one can assume that o = § = 0, and the Jacobi identity
gives Us a6 = a4 = Q346 = Q156 = Q456 = 145 = 0,345 = 136, 245 = Q126. Lhus, the
multiplication table in A can be written as

[elv €2, 63] = €4, [627 €3, 65] = €g, [627 €3, 64] = (v234€7,
e1, €3, e4] = azaer, [e1,e2,eq] = araer, [e1,e3,e5] = auzser,
€1,€2,€5 = (¥236€7, [61, €3, 66] = (136€7,

[ | =a

[ [
le1 ] = aizser, [e2,e3,¢e6
le1, e2,e6] = aro6e7, |
[ ] [

2 ]
e3, e4, €3] = a36€7,
es, es, €6] = a356€7, ]

€2, €5, 6] = (X256CT.

We discuss on the dimension of the center of A. The above multiplication shows that the
dimension of the center of A is at most 3.

(i) Let dim Z(A) = 3. In this case, Z(A) = (e4, €6, e7) and the multiplication in A can be
written as follows:

[61762,63] = €4, [62763765] = €6, [61763765] = Qq35€7, [61762765] = (125€7.

Since dim A? = 3, at least one of a135, a125 is not equal to zero. Regarding a suitable change of
basis, this algebra is isomorphic to A3 7.
(ii) Let dim Z(A) = 2. In this case, we have two possibilities for Z(A):
(a): Z(A) = (e, e7). In this case, the multiplication in A can be written as follows:

le1, €2, e3] = ey, [e2,€e3,e5] = €6, ez, e3,e4] = aazaer,
[e1, €3, e4] = aizaer, [e1,e2,€4] = ar2ae7, [e1,€3,e5] = aisser,
le1, €2, €5] = aiaser, [es,eq,e5] = auseer, ez, eq, 5] = arager.

Now, A/(eg) is a 6-dimensional nilpotent 3-Lie algebra with derived subalgebra of dimension 2,
and the center of dimension 2 or 1. If the dimension of center is 1, then A/(es) = A3 2. Thus,
up to isomorphism

A= (e1,...,er:[e1,e,e3] = eq, e, €3,e5] = eg, [e2, €3, e4] = [€1,€3,€5] = e7).

This algebra is nilpotent of class three and denoted by As 7 12.
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If the dimension of the center is 2 and equal to the derived subalgebra, then A/(es) = Az ¢1.
Thus, up to isomorphism, we have the following algebra:

A= (e1,...,er: [e1,e2,e3] = ey, [e2,€3,€5] = €6, [€2, €3, €4] = €7).

This algebra is A3 79. Finally, if the dimension of the center is 2 and not equal to the derived
subalgebra, then A/(eg) = Aszs1 @ F(1). Thus, up to isomorphism, we have the following
algebra:

A= (61, ce.y€7 0 [61, €9, 63] = €4, [62, €3, 65] = €6, [62, €3, 64] = 67>.

This algebra is isomorphic to Az 7.7.
(b): Z(A) = (e4, e7). In this case, the multiplication in A can be written as follows:

le1, €2, €3] = e, le2,€3,€5) = eg,  [e1,e3,e5] = ausser,
[e1, €2, e5] = araser, [e2,e3,e6) = anzger, [e1,e3,eq] = auzser,
[e1, €2, €6) = ai26e7, [e3,€5,e6] = asseer, [ea, €5, e6] = aaseer.

Now, A/(e4) is a 6-dimensional nilpotent 3-Lie algebra with derived subalgebra of dimension 2
and the center of dimension 2 or 1. If the dimension of the center is 1, then A/(e4) = A3z¢3.
Thus, up to isomorphism

A= <€1, ceey €70 [61762763] = €4, [62763765] = €6, [62763736] = [61,63765] = €7>-

This algebra is isomorphic to Az 7 12.
If the dimension of center is 2 and equal to the derived subalgebra, then A/(es) = Az¢.1.
Thus, up to isomorphism, we have the following algebra:

A= (e1,...,er: [e1,e2,e3] = e, [e2,€3,€5] = €6, [e1, €3, €5] = €7).

This algebra is A3 79. Finally, if the dimension of the center is 2 and not equal to the derived
subalgebra, then A/(es) = Azs1 @ F(1). Thus, up to isomorphism, we have the following
algebras:
A= (e1,...,e7: [e1,e2,e3] = eq, [e2, €3, 5] = €6, [e2, €3, 6] = e7),
A= (e1,...,e7:[e1,e2,e3] = eq,[e2, €3, e5] = e, [e3, €5, ¢6] = 7).
These algebras are isomorphic to A3 77 and Ajs 7 s, respectively.
(iii) Let dim Z(A) = 1. In this case, Z(A) = (e7). Since eg is not belong to Z(A), at least one

of aosg, 136, 126, (a56, 356 is not equal to zero. Up to isomorphism, we have three possibilities.
(a): Let aase # 0. By applying the transformations

Q136 126 )
/ /
ep=e———e+——e€3, € =¢;, 2<j<7T,
Q236 236
we obtain
le1, e2, e3] = ey, le2,e3,e5] = eq,  [e2, €3, e4] = aazser,

le1, €3, e4] = aizaer, [e1,e2,e4] = aroae7, [e1,e€3,e5] = aisser,
[617 €2, 65] = (25€ér7, [62, €3, 66] = (g36€7, [637 €5, 66] = (356€7,
[62, €5, 66] = (256€7.
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Now, by applying the transformations

Q356 Q256 . .
! !
eg=es+ ——ey— ——e3, €;=¢€;, 1<j<T,5#5,
we obtain
le1, €2, e3] = ey, le2,€e3,e5] = €6, €2, e3,e4] = aamaer,
[e1, €3, e4] = aizaer, [e1,e2,e4] = ar2a€7, [e1,€3,e5] = aisser,
le1, €2, e5] = aiaser, [e2, €3, e6] = aasger.

Since e4 is not belong to Z(A), at least one of agsy, 134, 124 is not equal to zero. We claim
that aogy is zero. Let aogq # 0. Then by applying the transformations

134 0124 .
/ /
e =e — —ea+ e3, €;=¢5, 2<j<T,
Q234 Q234
SO ﬁe;l — %3666 is the central element, and this is a contradiction. Without loss of generality,

assume that o134 # 0. By applying the transformations

124 . .
/ /
€y = ey — es, €;=¢;, 1<j<T7,j#2,
134
we obtain
[617 €2, 63] = €4, [627 €3, 65] = €6, [617 €3, 64] = (134€r7,

[617 €3, 65] = (135€7, [617 €2, 65] = (125€7, [627 €3, 66] = (236€7-

By replacing e5 by e5 — gigi e4, the multiplication in A can be written as follows:

le1, €2, €3] = e, le2,e3,€5] = €6,  [e1,e3,eq] = ayzaer,
le1, €2, e5] = aiaser, [e2, €3, e5] = anzger.

By applying the transformations

/ / /
ey =6y — ——e3, €5=——(e5+eq), e5=——e5, €= qi34€7,
134 236 Q236
this algebra is isomorphic to
A= (e1,...,e7: [e1,e2,e3] = ey, [ea, €3, 5] = eg, [e2, €3, €6] = [e1, €3, 4] = 7).

This algebra is nilpotent of class three and denoted by A3 7 13.
(b): Let a3 # 0. Then by replacing es by es — %61 — %63 and eg by eg — %67,
the multiplication in A can be written as follows:

[617 €2, 63] = €4, [627 €3, 65] = €6, [62, €3, 64] = Qg34€7,
le1,e3,e4] = ayzger, [e1, ez, eq] = ajoger, [e1,e3,e5] = azser,
le1, e2,e5] = araser, [e1,e3,e6] = auzger, [e3,eq,e5] = aizeer,
le3, e5,e6] = agseer, [e2, es5,e6] = qasper.
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Again, by replacing e5 by e5 + 0‘356 2ey and eg by es + 0‘356 €4, the multiplication in A can be
written as follows:

le1, €2, e3] = ey, le2,e3,e5] = e, [e2,e3,e4] = agzqer,
[61, €3, 64] = (134€7, [61, €2, 64] = Q124€7, [61, €3, 65] = (¥135€7,
le1,e2,e5] = aaser, [e1,e3,e6] = ai36er, €3, e4,€5] = ai36€7,
le2, €5, €6] = aasper.

Now, by replacing e; by e5+% 0‘155 Seq, €2 with eg— 0‘254 tes and ey4 by eﬁ—me% the multiplication
in A can be written as follows.

le1, €2, e3] = ey, le2,e3,e5] = €6,  [e1,e3,e4] = arzaer,
[e1, €2, €4] = aio4e7, [e1,e2,e5] = aqaser, [er, €3, eq] = aizger,
les, e4, €5] = aizeer, [e2,es,e6] = aosper.

By replacing e; by e; + %65, and ey by eg + %66, the multiplication in A can be written as
follows:
[e1, €2, €3] = eq, le2,e3,e5] = €6,  [e1,e2,e4] = a1a4e7,
le1, €2, e5] = aioser, [e1,e3,e6] = auzger, [es,eq,e5] = aizeer,
[e2, €5, €6] = aas6€7.
By replacing ez by ea + e3, and e5 by e5 + gf—gzel, the multiplication in A can be written as
follows:
le1, €2, €3] = eq, [e2,e3,e5] = €6,  [e1,e2,e4] = araaer,
le1, €2, e5] = a1aser, [e1,e3,e6] = auzger, [e3,eq,e5] = aizeer.
Now, by replacing e; by e; + e4, and e by es + %63, the multiplication in A can be written
as follows:
[e1, €2, €3] = eq, le2,e3,e5] = €6,  [e1,e2,e4] = a1a4e7,
le1, €3, e6] = auseer, [e3,eq, e5] = aizger.
Finally, by replacing e; by e; +e3, e2 by es + %65 and e7 by aisger, this algebra is isomorphic
to

A= <€1, ceey €70 [61762763] = €4, [62763765] = €6, [61763766] = [63,64,65] = €7>-

This algebra is nilpotent of class three and denoted by A3 7 14.
(c): Let agse # 0. Then by replacing es by eg — gigg es + g§36 es and eg by eg — %67,
the multiplication in A can be written as follows:

le1, €2, e3] = ey, le2,e3,e5] = es, e, e3,e4] =
le1,e3,e4] = aizger, [e1, ez, eq] = ajoger, [e1,e3,e5] = azser,
le1,e2,e5] = aioser, [e1,e3,eq] = aizeer, [e1,e2,e6] =
[e3, €4, €5) = a136er, [e2, €4, e5) = a1o6er, [e3,e5,¢e6] =

Again, by replacing e; by e; + %65 and ey4 by eq + %66, the multiplication in A can be
written as follows:

[617 €2, 63] = €4, [627 €3, 65] = €6, [62, €3, 64] = (¥234€7,
le1,e3,e4] = azger, [e1,e2,e4] = ajoger, [e1,e3,e5] = azser,
[61, €2, 65] = (125€7, [617 €2, 66] = Q126€7, [62, €4, 65] = (¥126€7,
le3, e5, e6] = azsper.
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Now, by replacing e; by e1 + e3, e by e — 3;?2 es, and eq by eq + %67, the multiplication
in A can be written as follows:

le1, €2, e3] = ey, [e2,€e3,e5] = €6, €2, e3,e4] = aamaer,
[e1, €3, e4] = aizaer, [e1,e2,e4] = aqoae7, [e1,e€3,e5] = aisser,
le1, €2, e5] = aiaser, [e3,es,e6) = asseer.

By replacing e; by e; — %66, the multiplication in A can be written as follows:

le1, e2, e3] = ey, [e2,e3,e5] = es, [z, €3, e4] = aazaer,
[e1, €3, e4] = aizaer, [e1,e2,e4] = ar2ae7, [e1,e€2,e5] = aser,
[63, €5, 66] = (356€7.-

By replacing es by ez + e3 and e; by e; — %66, the multiplication in A can be written as
follows:
[617 €2, 63] = €4, [627 €3, 65] = €p, [627 €3, 64] = (x234€7,
le1, €3, e4] = a13aer, [e1, €2, e4] = Q124€7, [e3, €5, 6] = asseer.

Since ey is not belong to Z(A), at least one of ag3q, 134, 124 is not equal to zero. Regarding a
suitable change of basis, up to isomorphism, the following algebras are estimated:

(e1,...,e7: [e1,e2,e3] = ey, [e2, €3, e5] = €6, [e3, €5, €6] = [€2, €3, €4] = €7),
(e1,...,e7: [e1,e2,e3] = e, [e2,e3,€e5] = eg, [€3, €5, 6] = [e1, €3, 4] = €7),
(61, ceey 670 [61762,63] = €4, [62,€3>€5] = €g, [63,65,66] = [61762,64] = 67)-

These algebras are nilpotent of class three. The first algebra is isomorphic to A3 7 13. The second
and third algebras are denoted by A3z 715 and A3 716, respectively. O

Lemma 5. Let A/(e7) = Asze2. Then A is isomorphic to A3z or Asq17.
Proof. Let A/(e7) = A3 2. In this case, the multiplication in A can be written as

[e1, €2, €3] = e4 + aver, [e2, €3, e4] = €6 + Ber,
e1, €3, e5] = €6 + ver, leis €5, ex] = aijrer,
where 1 <i< j<k<6,and {i,j,k} ¢ {{1,2,3},{2,3,4},{1,3,5}}.
Regarding a suitable change of basis, one can assume that o = § = 0, and the Jacobi
identity gives us a146 = Q216 = Q346 = Q156 = Q256 = Q356 = QU456 = Q145 = Q245 = 136 =

196 = 0, 345 = —ao3g. Thus, the multiplication table in A can be written as
le1, €2, e3] = ey, le2,e3,e4] = €6,  [e1,e3,e5] = eg + ver,
le1, e3,e4] = agzger, [e1, ez, eq] = ajoger, [e2, e3,e5] = aasser,
[e1, €2, 5] = aizser, [e2,e3,e6] = aasger, [es, e, e5] = —asger.

We discuss on the dimension of the center of A. The above multiplication shows that the
dimension of the center of A is at most 2.
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(i) Let dim Z(A) = 2. In this case, Z(A) = (eq, e7) and the multiplication in A can be written
as follows:
[e1, €2, €3] = ey, [e2,e3,e4] = €6,  [e1,e3,e5] = eg + ver,
[61,63,64] = (134€7, [61,62,64] = (124€7, [62,63765] = Qg35€7,
le1, €2, e5] = aase7.

Since dim(A/{eg))? = 2 and dim Z(A/(eg)) = 1, according to Lemma 1, A/{eg) is isomorphic to
Az 2. Thus, up to isomorphism,

A= (e1,...,er:[e1,e2,e3) = ey, [e2,e3,e4] = €, [e1, €3, €4] = [€2, €3, €5] = €7).

This algebra is A3 76.
(ii) Let dim Z(A) = 1. In this case, Z(A) = (e7).
Since eg is not central element, ag36 is not equal to zero. Regarding a suitable change of
basis, the multiplication in A can be written as follows:

le1, €2, e3] = ey, le2,€3,e4] = €6,  [e1,e3,e5] = e + ver,
[e1, €3, e4] = aizaer, [e1,e2,e4] = ar21€7, [e2,€3,€5] = qasser,
le1,€2,e5] = aigser,  [e2, e3,e6) = er, les, €4, 5] = —er.

By applying the transformations e} = e; —veg, €] = ea—aa3seq and €] = e; —aqzqes, respectively,
v, a3s, and 134 are removed. Thus, the multiplication in A can be written as follows:

le1, €2, €3] = e, le2,e3,e4] = €6,  le1,e3,e5] = eq,
le1, €2, e4] = avioae7, [e1,e2,e5] = anaser, e, es,eq] = e,
les, €4, 5] = —er.

Now, by replacing e; by e + e5 and eg by e + a1o4€3, the multiplication in A can be written as
follows:

le1,e2,e3] = eq,  [e2,e3,e4] = €6, [e1,e€3,e5] = eg,
le1, e2,e5] = auiaser, [ea,e3,e6] = e7, [e3,eq,e5] = —er.
Finally, by replacing e; by e1 + e3, and es by e5 + a125€6, we have
A={ey,...,e7: [e1,e2,e3] = ey, |ea, €3,e4] = [e1, €3, €5] = eq,
[62, €3, 66] = —[63, €4, 65] = 67).
This algebra is nilpotent of class four and denoted by A3 7 17. O

The following theorem is an immediate consequence of Lemmas 3, 4, and 5.

Theorem 3. Let A be a 7-dimensional nilpotent 3-Lie algebra with the derived subalgebra of
dimension 3. Then A is isomorphic to Az 3@ F(1), A364 @ F(1), A365@® F(1), A372, A376,
A7, Asrs, Azrg, A3r10, A3z, Aszi2, As713, Az 714, Az71s, A3 716, or A3 717,

4 7-dimensional nilpotent 3-Lie algebras with the derived sub-
algebra of dimension 4

In this section, we classify 7-dimensional nilpotent 3-Lie algebras with the derived subalgebra
of dimension 4. Let A be a 7-dimensional nilpotent 3-Lie algebra with the derived subalgebra
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of dimension 4 with basis {ej,...,er}. Let e; be a central element of A%2. Then A/{e;) is
a nilpotent 3-Lie algebra of dimension 6 with the derived algebra of dimension 3. By using
Lemma 1, A/(e7) is isomorphic to Asg3, A3a or A3 5.

Lemma 6. Let A/<67> = A37673. Then A is iSOTnOT’ph’L'C to A377718, A377719, A3,7720, A377721, or
As 7,92

Proof. Let A/(e7) = Az 3. In this case, the multiplication in A can be written as

[e1, €2, €3] = e4 + aer, [ea,e3,e4] = €5+ Ber, [e1,e3,e4] = €6 + ey,
lei, e, ex] = aijrer,
where 1 <1i < j<k<6,and {i,7,k} ¢ {{1,2,3},{2,3,4},{1,3,4}}.
Regarding a suitable change of basis, one can assume that « = § = v = 0, and the Jacobi
identity gives us a146 = Q246 = Q346 = Q156 = Q256 = 356 = Q456 = Q1145 = Q245 = (U345 =
126 = 195 = 0, ar135 = agg. Thus, the multiplication table in A can be written as

le1, €2, e3] = eq, [e2, €3, e4] = e5, le1, €3, e4] = ep,
[e1, €2, €4] = aioae7, [e2,e€3,e5] = aosser, [e1, es,es] = aasger,
[e2, €3, 6] = aazeer, [e1,e3,€6) = arzper.

We discuss on the dimension of the center of A. The above multiplication shows that the
dimension of the center of A is at most 3.

(i) Let dim Z(A) = 3. In this case, Z(A) = (es,eq,e7) and the multiplication in A can be
written as follows:

le1,e2,e3] =eq, [e2,e3,e4] =e5, [e1,e3,e4] =e6, [e1,€2,e4] = ara€7.

If o124 = 0, then the algebra is isomorphic to Az 3@ F(1), and otherwise, we have the following
algebra:

A= (e1,...,e7:[e1,ez,e3] =eq,[ea,€3,e4] = €5, [e1, €3, e4] = €g, [€1, €2, €4] = €7).

This algebra is nilpotent of class three and denoted by As3 7 15.
(ii) Let dim Z(A) = 2. In this case, without loss of generality assume that Z(A) = (eg, e7) and
the multiplication in A can be written as follows:

le1, €2, e3] = ey, [e2,e3,e4] = €5,  [e1,e3,e4] = ep,
[e1, €2, €4] = aioae7, [e2,e3,e5] = aozser.

Since e5 is not central element, aogs is not equal to zero. Regarding a suitable change of basis,
the multiplication in A can be written as follows:

le1,e2,e3] = eq,  [ea,e3,e4] = €5, [e1,e3,e4] = e,
[e1, €2, €4] = aio4€7, [e2,€3,e5] = e7.

If @194 = 0, then

A= (e1,...,er:[e1,e,e3] = ey, [ea, e3,e4] = €5, €1, €3, €4] = €6, [€2,€3,€5] = €7).
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This algebra is nilpotent of class four and denoted by Az 7 19.
If aja4 # 0, then regarding a suitable change of basis,
A= <€1, cees€7 0 [61, €9, 63] = €4, [62, €3, 64] = €5, [61, €3, 64] = €g,
[e1, €2, eq4] = [ea,€3,€5] = e7).
This algebra is nilpotent of class four and denoted by As 7 2.
(iii) Let dim Z(A) = 1. In this case, Z(A) = (e7).
Since eg is not belong to Z(A), at least one of aa36, a136 is not equal to zero.
(a): If age # 0, then by replacing eg by eg — %65 and e by e; — %62, the multiplication
in A can be written as follows:

le1, e2, e3] = ey, le2, €3, e4] = es, le1, e3, e] = e,
le1, €2, 4] = aioae7, [e2,e3,e5] = aasser, [e1,es, es] = aasser,
[e2, €3, €6] = agser.

Now, by replacing e5 by e5 — 3§§Z eg, the multiplication in A can be written as follows:

le1, e2, e3] = ey, le2, e3, e4] = es, [e1, e3, e4] = e,
[e1, €2, e4] = ajoae7, [e1,e3,€5) = anzeer, [e2, €3, €] = qazser.

Depending on whether aijo4 is zero or not, we have the following two algebras:

A= {ey,...,e7:[e1,e2,e3] = ey, |e2, €3, 4] = €5, €1, €3, €4] = €5,
[61,63,65] = [62,63,66] = 67>.
A= (e1,...,e7:[e1,e2,e3] = ey, [ea, €3, 4] = €5, [e1, €3, €4] = €6,
[61,63,65] = [62,63,66] = [61,62,64] = 67>.

These algebras are nilpotent of class four and denoted by A3 721 and As 7922, respectively.
(b): If anse # 0, by replacing ey by ey — %61, then the multiplication in A can be written
as follows:
le1, e2, €3] = eq, le2, €3, €4] = e5, le1, 3, e4] = e,
le1, €2, e4] = a124e7, [e2,€3,€5] = qogser, [e1,es3, e6] = aizeer.

Depending on whether aijo4 is zero or not, we have the following two algebras:

A= (e1,...,e7:[e1,e2,e3] = ey, [e2, €3, €4] = €5, [e1, €3, €4] = €5,
[62, €3, 65] = [61, €3, 66] = e7>.
A= {ey,...,e7: [e1,e9,e3] = ey, |ea, €3,e4] = €5, [e1, €3, €4] = €6,
[62, €3, 65] = [61, €3, 66] = [61, €9, 64] = 67).
These algebras are isomorphic to A3 721 and Az 722, respectively. O

Lemma 7. Let A/<67> = A37674. Then A is isomorphic to A3,7719, A377,23 ) A377,24 or A3’7,25.

Proof. Let A/(e7) = A3 4. In this case, the multiplication in A can be written as

le1,e2,e3] = es + ey, [e2,e3,e4] = €5+ Ber, [e2,e3,e5] = e + ver,
lei, e, ex] = ayjrer,

where 1 <i< j<k<6,and {i,j,k} ¢ {{1,2,3},{2,3,4},{2,3,5}}.
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Regarding a suitable change of basis, one can assume that & = § = v = 0, and the Jacobi
identity gives us a4 = Q246 = Q346 = (156 = Q256 = Q356 = QU456 = 145 = Q135 = Q125 =
0, aizgs = 136, Qiags5 = r126. Thus, the multiplication in A can be written as

le1, e2, €3] = ey, le2, €3, e4] = e, le2, €3, e5] = e,
[61, €3, 64] = (134€7, [61, €2, 64] = Q124€7, [62, €3, 66] = (¥236€7,
le1, e3,e6) = a136er, [e1,e2,e6] = a1o6er, [e3, €4, e5] = azeer,
le2, e4, e5] = aj6€7.

We discuss on the dimension of the center of A. The above multiplication shows that the
dimension of the center of A is at most 2.
(i) Let dim Z(A) = 2. In this case, Z(A) = (eg, e7) and the multiplication in A can be written
as follows:
[e1, €2, €3] = eq, [e2,e3,e4] = €5,  [ea, e3,e5] = eg,
[e1, €3, €4] = auzaer, [e1, €2, 4] = araqe7.

Since dim A? = 4, at least one of a34, (124 is not equal to zero. Regarding a suitable change
of basis,

A= (e1,...,er: [e1,e2,e3] = eq,[ea,e3,e4] = €5, €2, €3, €5] = €6, [e1, €3, €4] = €7).

This algebra is A3 7 19.
(ii) Let dim Z(A) = 1. In this case, Z(A) = (e7).
Since eg is not belong to Z(A), at least one of agsg, (136, 126 is not equal to zero.
Up to isomorphism, we have two possibilities:
(a): If aage # 0, then by replacing eq by e — 313%ey + J126¢e5, the multiplication in A can be
written as follows:

[61762763] = €4, [62763764] = €5, [62763765] = €6,
[e1, €3, e4] = aizaer, [e1,e2,€4] = an2ae7, [e2,€3,e6] = qasger.

If o34 = 134 = 0, then we have the following algebra:
A= (e1,...,e7:[e1,e2,e3] = ey, [e2,e3,e4] = e5, [e2, €3, 5] = €6, [e2, €3, €6] = €7).

This algebra is nilpotent of class five and denoted by A3 7 23. Otherwise, without loss of generality
assume that a134 # 0. Applying the transformations

2
! _ o236 I — . _ Q124 I ! _ o236 I _ o936 ! _ 236 ! _ Q336
6.1 = a13a €10 €2 T €2 T 55, 68,63 T 63,64 T 15,04, 65 T 513,656 T 13, €60 67 T 515, 67 WE
obtain
A= (e1,...,e7: [e1,e2,e3] = ey, [e2,e3,e4] = e5,[e2, €3, e5] = eq,

[e2, €3, 6] = [e1, €3, €4] = €7).
This algebra is nilpotent of class five and denoted by As 7 24.
(b): If ayse # 0, then by replacing es by es — %63 — %el, the multiplication in A can be
written as follows:

le1, €2, e3] = ey, [e2, €3, e4] = e5, le2, €3, €5] = eg,
[e1, €3, e4] = aizaer, [e1,e2,€4] = ar2ae7, [e1,€3,e6] = ai36€7,
[es, €4, e5] = ai36€7.
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Now, by replacing e; by e; — 34¢e5 and eq by eg — %66 the multiplication in A can be written

@136 (¢4
as follows:
le1, e2, €3] = ey, [e2, €3, 4] = €5, [e2, 3, €5] = e,
le1,e2,e4] = aroge7, [e1,e3,e6] = aizeer, [e3,e4,e5] = aizper.

Finally, by replacing e; by e; — #2%ez. e9 by es + e3 and e7 by aisger, the following algebra is

136
estimated:
A= (e1,...,e7:[e1,ea,e3] = ey, [e2, €3, 4] = €5, [e2, €3, e5] = eg,
[e1, €3, e6] = [e3, €4, €5] = e7).
This algebra is nilpotent of class five and denoted by A3 7 25. O

Lemma 8. Let A/(e7) = Asze5. Then A is isomorphic to As 719, As 726, or As o7

Proof. Let A/(e7) = A3 5. In this case, the multiplication in A can be written as

le1,e2,e3] = es + aer, [ea,e3,e4] = €5+ Per, [ea,e3,e5) = e + ver,
le1,e3,e4] = €6 + Aer, e, e, ex] = ayjrer,

where 1 <i< j<k<6,and {i,j,k} ¢ {{1,2,3},{2,3,4},{2,3,5},{1,3,4}}.

Regarding a suitable change of basis, one can assume that a« = § = v = 0, and the Jacobi
identity gives us a4 = Q46 = Q346 = Q156 = Q256 = Q356 = QU456 = Q245 = Q145 = Q125 =
126 = 0, 135 = Qa3g, (rza5 = a13g. Thus, the multiplication in A can be written as

le1, €2, e3] = ey, le2, €3, e4] = €5, le2, €3, €5] = eq,
[e1,€3,e4] = es + Ner, [e1,e2,eq] = aoaer, [e1,e3,e5] = aggser,
le2, €3, e6] = qageer, [e1,e3,e6] = ausper, [e3,eu,es] = aizeer.

We discuss on the dimension of the center of A. The above multiplication shows that the
dimension of the center of A is at most 2.
(i) Let dim Z(A) = 2. In this case, Z(A) = (e, e7) and the multiplication in A can be written
as follows:
e1, €2, €3] = eq, [e2,e3,e4] = €5,  [e2,e3,e5] = €6
le1,€e3,e4] = eg + ez, [e1,e2,eq] = ajage7.

Now, A/(eg) is a 6-dimensional nilpotent 3-Lie algebra with derived subalgebra of dimension 2 or
3. If the dimension of the derived subalgebra is 2, then the algebra is isomorphic to A3 5® F'(1),
and otherwise, we have the following algebra:

A= (e1,...,er:[e1,e,e3] = eq,[ea, e3,e4] = €5, €2, €3, €5] = €6, [e1, €3, €4] = €7).

This algebra is isomorphic to A3 7 19.
(ii) Let dim Z(A) = 1. In this case, Z(A) = (e7).
Since eg is not belong to Z(A), at least one of aass, a136 is not equal to zero.
If ay36 # 0, then by replacing e; by e; — ﬁeg,, the multiplication in A can be written as
follows:
le1, €2, €3] = eq, [e2, €3, e4] = €5, [e2, €3, e5] = e,
le1, €3, e4] = e, le1, €2, e4] = a124e7, [e1, €3, €5] = aaseer,
[e2, €3, €6] = qaseer, [e1,e3,e6] = auzger, [es3,eq,e5] = aizeer.
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Similar to the previous episodes, regarding a suitable change of basis,
A= {(e1,...,e7: [e1,ea,e3] = ey, [e2, €3, €4] = €5, [e2, €3, €5] = [e1, €3, €4] = e,
le1, €3, e6] = [e3, eq,€5] = e7).
This algebra is nilpotent of class five and is denoted by A3 7 26.
Finally, if s34 # 0, then we have the following algebra:

A= {e1,...,e7: [e1,ea,e3] = ey, [e2, €3, e4] = €5, [e2, €3, €5] = [e1, €3, €4] = e,
[ela €3, 65] = [62a €3, 66] = 67>-
This algebra is nilpotent of class five and is denoted by A3 7 27. O

The following theorem is an immediate consequence of Lemmas 6, 7, and 8.

Theorem 4. Let A be a 7-dimensional nilpotent 3-Lie algebra with the derived subalgebra of
dimension 4. Then A 8 isomorphic to A3,7718, A3’77197 A377’20, A3,7721, A3’7’22, A377’23, A3’7724,
As 705, A 726, o A3 707

Finally, we present the following final theorem about our results.

Theorem 5. Let A be a 7-dimensional nilpotent 3-Lie algebra. Then A is isomorphic to one of
the following algebras:

H(3,1) @ F(3), H(3,2), A35.1 © F(2), A3 ® F(1)(1 < i <5), Az7.(1 < i < 27).

Proof. Let A be a 7-dimensional nilpotent 3-Lie algebra. If dim A? = 1, then by [7, Lemma 3.1],
A is isomorphic to H(3,1) @ F(3) or H(3,2). If dim A% > 2, then by Theorems 2, 3, and 4,
algebras are obtained. The algebras in this theorem, have been obtained according to the process
mentioned in the article. At each stage, after obtaining each algebra, its structure is compared
with other previously obtained algebras, and if it is similar to them, then it is removed, and if
it is new, then it is named. Therefore, the obtained algebras are not isomorphic. O

We have listed the obtained n-Lie algebras in this article in Table 1.

Table 1: All algebras obtained in this article.

Name Non-zero multiplication

A3z 51 le1,e2,e3] = eq,[e2,e3,e4] =e5
A3z 6,1 le1,e2,e3] = ey, [e2,e3,e5] = eg
A3.6,2 le1,e2,e3] = eq,[e2,e3,e4] = [e1,€3,e5] = €5
A3.6,3 le1,e2,e3] = eq,[e2,e3,e4] = e5,[e1,€3,e4] = €6
A3,6,4 le1, e2,e3] = eu, [e2, €3, e4] = €5, [e2,€3,€e5] = €6
A3.6,5 [e1,e2,e3] = ea, [e2,e3,e4] = e5,[e2, e3,e5] = [e1, €3, 4] = €6
Az 71 [e1, e2,e3] = es, [e3, €4, €5] =
A37,2 le1,e2,e3] = eq, [e2,e3,e5] = e, [61763,65] =er
A3,7.3 le1,e2,e3] = eq, [e2,e3,e6] = [e1,€3,e4] = [e1,e2,e5] = €7
A3z 7.4 le1, e2,e3] = eg, [e2, €3, e6] = [e3,€4,€5] = €7
A3z 75 le1, e2,e3] = eg, [e2,e3,e6] = [e1,€4,€5) = €7
1=

Az 76 [e1,e2,e3] = ea, [e2,e3,e4] = €6, [e1, €3, €e4] = [e2,€3,e5] = e7
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VER X [e1,e2,e3] = eq, [e2, e3,e4] = ep, [e2,€3,e5] = e7

A3 78 [e1,e2,e3] = eq, [e2, e3,e4] = e, [e1,e3,e5] = e7

Az 7.9 [e1,e2,e3] = eq, [e2, e3,e4] = eq, [e2,e3,e6] = [e1,e3,e5] = e7

As.7,10 le1, e2,e3] = eu, [e2, €3, e4] = €6, [e2,€3,e6] = [e1,€3,e5] = [e1,€3,e4] = €7

Az711 le1, e2, e3] = eu, [e2, €3, e4] = €6, [e2,€3,€e6] = [e1,€3,e5] = [e1,e2,e4] = €7

A3z,7,12 [e1,e2,e3] = eq, [e2,e3,e5] = €6, [e2, €3, ea] = [e1, €3, e5] = e7

As,7,13 [e1,e2,e3] = ea, [e2,e3,e5] = e, [e2, e3,e6] = [e1,e3,e4] = e7

A3.7,14 le1,e2,e3] = e, [e2,e3,e5] = eq, [e1,e3,e6] = [e3,e4,e5] = e7

A3 7,15 le1,e2,e3] = eq,[e2,e3,e5] = €6, [e3,€5,¢e6] = [e1,€3,e4] = €7

As.7,16 [e1,e2,e3] = eq, [e2, e3,e5] = ep, [e3, €5, 6] = [e1,e2,e4] = €7

Az 717 le1,e2,e3] = e4, [e2,e3,e4] = [e1, €3, e5] = e, [e2,€3,e6] = —[e3,e4,€5] = €7

Az 718 [e1,e2,e3] = eq, [e2, e3,e4] = e5,[e1,e3,e4] = e, [e1,e2,e4] = €7

Az7,19 le1, e2,e3] = eu, [e2,€3,e4] = €5, [e1, €3, e4] = €6, [e2,€3,e5] = €7

Asz.7.20 [e1,e2,e3] = eq, [e2,e3,e4] = e5,[e1,e3,e4] = e, [e1,e2,e4] = [e2,e3,e5] = e7

Az 721 [e1,e2,e3] = ea, [e2,e3,e4] = es5,[e1, €3, ea] = €6, [e1, €3, 5] = [e2,e3,¢e6] = €7

Az 7,22 le1,e2,e3] = e4,[e2,e3,e4] = e5,[e1,€3,e4] = €6, [e1,e2,e4] = [e1,€3,e5] = [e2, €3,¢e6] = e7

As,7,23 [e1,e2,e3] = ea, [e2,e3,e4] = es5,[e2, €3, e5] = €6, [e2, €3, 6] = €7

A3.7.24 le1,e2,e3] = eq, [e2, e3,e4] = e5,[e2,€3,e5] = €6, [e2,€3,¢e6] = [e1,€3,e4] = €7

Asz.7,25 [e1,e2,e3] = eq, [e2, e3,e4] = e5, [e2,e3,e5] = €6, [e3,e4,e5] = [e1,e3,e6] = e7

Asz.7,26 [e1,e2,e3] = eq, [e2, e3,e4] = e5,[e2,e3,e5] = [e1, e3,e4] = eg, [e3, €4, 5] = [e1,€3,e6] = €7

Az 707 [e1, e, e3] = ea, [e2, e3,e4] = e5, [e2,e3,e5] = [e1, e3,e4] = eg, [e1, €3, e5] = [e2, €3, €6] = €7
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