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Abstract. In this paper, we introduce dual k-Leonardo quaternions which we call generalized
dual Leonardo quaternion numbers. Some algebraic properties of these quaternions such as
recurrence relation, generating function, Binet’s formula, Cassini identity, sum formulas will
also be obtained.
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1 Introduction

The quaternions are a number system that extends the complex numbers. They were first
described by Irish mathematician William Rowan Hamilton in 1843. Hamilton [6] introduced
the set of quaternions which can be represented as

H={q=q+ia+je+ka| g ¢, 4@ 3R}
where,
P=2=k=-1, ij=—ji=k, jk=—kj=i, ki=—ik=j.
Horadam [7] has defined complex Fibonacci and Lucas quaternions as follows
Fp=F,+1Fy1+J Fopo+kFoys

and
Ln = Ln +iLn+1 +] Ln+2 + kLn+3

*Corresponding author
Received: 07 August 2024/ Revised: 15 May 2025/ Accepted: 22 May 2025
DOI: 10.22124/JART.2025.28119.1698

© 2026 University of Guilan http://jart.guilan.ac.ir


https://doi.org/10.22124/JART.2025.28119.1698
http://jart.guilan.ac.ir

38 F. T. Aydin

where,

P=2=k=-1, ij=—ji=k, jk=—kj=i, ki=—ik=7.

In 2012, Hahei [5] gave generating functions and Binet’s formulas for Fibonacci and Lucas
quaternions.
In 2006, Majernik [10] defined dual quaternions as follows:

oo Q=a+bi+cj+dk| a,b,c,deR, i*=4>=k>=ijk=0,
v ij=—jizjk=-kj=ki=—ik=0 :

In 2009, Ata and Yayl [1], studied on dual quaternions and dual projective spaces.

In 2015, Nurkan and Giiven [12], identified dual Fibonacci and Lucas quaternions with dual
number coefficients.

In 2016, Yiice and Torunbalct Aydin [16] defined dual Fibonacci quaternions with real number
coefficients as follows:

Hp={Qn=F,+iF,41+j Fhyo+kF,y3 | F,is the n — th Fibonacci number},

where,

Recent developments on Leonardo nimbers, their generalizations and other intriguing properties
can be found in [4]. In 2019, Catarino and Borges [2], defined a new type of number related to
Fibonacci numbers, called Leonardo numbers.

In 2020, Catarino and Borges [3], defined incomplete Leonardo numbers.In 2021, Kiirtiz, Dagde-
viren and Catarino [9] worked on Leonardo pisano hybrinomials.

In 2021, Yasemin and Koger [15], were obtained some properties of Leonardo numbers.

In 2023, Nurkan and Giiven [11], introduced a new quadruple number sequence by means of
Leonardo numbers, which called ordered Leonardo quadruple numbers as follows

QL={Qn=Le,+iLent1+j Lepia+ k Leyys | Ley, is the n — th Leonardo number},
where,

==k =ijk=0, ij=—ji=jk=—-kj=ki=—ik=0.

In 2019, Shannon [13], worked on the generalization of Leonardo numbers.

In 2021, Soykan [14], studied on the generalized Leonardo numbers.

In 2022, Kuhapatanakul and Chobsorn [8], for a fixed positive integer k, define the generalized
Leonardo sequence Ly, ,,n > 0 as follows

Ek,n = ‘Ck,nfl + Ek,n72 + k7 n > 2. (1)

with the initial conditions Lo = L1 = 1 Also, there are many identities between generalized
Leonardo numbers and Fibonacci and Lucas numbers as follows
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Ek,n = (]f + 1) Foo—k, (2)

Ek,n = (k + 1)(Ln - Fn—l) - kv (3)

Z['k’i = [,karQ — k(n + 1) —1, (4)
=0

> Lrgi = Liant1 — kn, (5)
=0

Z Ly 2iv1 = Liont2 — k(n +2). (6)

=0

The following relations have been calculated by me for use in this article.

Lini1+ Lip-1=(k+1) Ly —2k, (7)
Lini2+ Lip—o=(k+1) Ly, (8)
Lin+Lip1=(k+1)Lron—2kLppi1 + k(k—1), (9)
Lipi1—Lipy=(k+1)Lronsr — 2kLiy — k(k—1). (10)

2 (Generalized dual Leonardo quaternion numbers
In this section, we define the generalized dual Leonardo numbers. Then, we obtain generating
function, Binet’s formula, summation formulas, Cassini’s identity and the other identities.
Definition 1. The n-th generalized dual Leonardo quaternion (Q,) as follows
Qn =Lrn+i1Lyns1 +JLint2 + KLings. (11)

with the initial conditions Qg = Q1 =1
where,

i2=j2=k%?=ijk =0, ij=—ji=jk=-kj=ki=—-ik=0 (12)

Let Q, and Q,, be two generalized dual Leonardo quaternion sequences (Q,,) and (Q,,)
respectively, as follows:

Qn = ‘Ck,n + iﬁk,n—i-l +.] £k7n+2 + k[/k,n—i—?)
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and
Qm =Lim +iLlime1 +iLimy2 F K Limis - (13)

Then, the addition and subtraction of the the generalized dual Leonardo quaternion sequences
is defined by

@n + Qm :(‘Ck,n + Ek,m) +i (Lk,n—‘rl + Lk,m—f—l) (14)
+.] (Lk,n—i—Q + £k,m+2) +k (*Ck,n-‘,-?) + Ek,m+3~
Multiplication of two the generalized dual Leonardo quaternion sequences is defined by
Qn@m :(Ek,n Ek,m) +i (Ek,n £k,m+1 + Ek,n+1 £k,m> (15)

+J (Lim Lims2 + Lint2 Lim)
+k (Ek,n £k,m+3 + Ek,n—&—S El@m)

The scaler and the vector part of @Q, which is the n — th term of the generalized dual
Leonardo quaternion (Q,,) are denoted by

S, = Liknand Vo, =iLyni1 +jLrns2 + K Lpngs. (16)

Thus, the generalized dual Leonardo quaternion Q, is given by Q,, = Sg,, + Vg, - Then, relation
Eq.(16) is defined by

The conjugate of generalized dual Leonardo quaternion Q,, is denoted by Q,, and it is
@n = ﬁk,n - iﬁk,n+1 - J £k,n+2 -k Ek,n+3- (18)

The norm of Q,, is defined as B
1Qnll® = Qn Q@ = (Lin)?. (19)

Then, we give the following theorems including the properties of generalized dual Leonardo
quaternion numbers.

Theorem 1. Let (Q,) generalized dual Leonardo quaternion number. For any integer n > 0,

Qn + Qni1 +£Q = Qnqo2 (20)
where, Q =1+i+j+ k.
Proof. (20): By using the n —th and (n+ 1) — th terms in Eq.(11) and Eq.(1), we have
Qn +Quy1 = (Lan + Lrns1) 1 (Lrpst + Ling2)
+3(Lrpnre + Lints) + kK (Lents + Linra)
=Lynre+iLlrnis +iLenta + kLinis —k(1+i+j+k)
=Qny2 -k Q.
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Theorem 2. Let (Q,,) generalized dual Leonardo quaternion number. For any integer n > 0,

Qn = Qanl - anS .

Proof. (21): In Eq.(20), if we replace n — n — 1, then we have

Qn—l—l = Qn—l +Qn +I€Q

By subtracting Eq.(20) from this equation, we get

Qrni2=2Qn11 — Qny

If we take n — n — 2 in last equality, we find recurrence relation as follows

@n = 2anl - @nfS .

(21)

O]

Theorem 3. Let Ly, and Q,, be the n — th terms of generalized Leonardo number (L) and

the generalized dual Leonardo quaternion sequence (Qy,), respectively.
Forn >0 and m > 1, the following hold:

Qn—iQni1 —jQui2 —kQuyz3 =Ly

Qn@m + Qn+1@m+1 = (k + 1) [2 Qn+m+2 + k] - k@n—i—? - k@m—i—?
—(k+ 1)Ly ntms2-
Proof. (22): By using Eq.(11), we get
Qn - iQn+1 - J Qn+2 - k@n+3 = 'Ck,n +1 Ek,n—f—l =+ ] 'Ck,n+2 +k Lk,n-‘rfﬂ
—1 (‘Ck,n-l-l + iﬁk,n—l—? + ] Lk,n+3 + k Ek,n+4 )
—J(Lrnyo +iLips3+ 7 Lipsa +ELynts)

—k(Lynis +iLipta+ 7 Linss + 5 Lints)
=Ly

(23): By using Eq.(15)

@n@m = ('Ck,n ['k,m) +i (*Ck,n [’k,m—‘rl + ('Ck,n—‘rl *Ck,m)
+ 3 (L Lrmyo + Lint2 Lim)
+k (Lin Lrymts + L3 Lim)-

and

Qn+1@m+1 = (Ek,n—i—l ‘Ck,m-‘rl) +i (‘Ck,n-l—l [*k,m—&—Q + ([*k,n—i—Z £k,m+1)

(22)

(23)
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+.] (ﬁk,nJrl Ek,m+3 + Ek,nJrS Ek,erl)
+k (Lrnt1 Limta + Linta Lim1)-

Finally, adding equations Eq.(24) and Eq.(25) side by side, we obtain

QnQm + Qn+1Qm+1 = (k + 1)(£k,n+m+2 + k) - kﬁk,n+2 - kﬁk,m-ﬁ-Z
+1[2(k +1)(Lrpsmes + k) = ELpny2 — ELkn3
— kL ms2 — kL 3]
+3 20k + 1)(Lensma + k) = kLgntz — kLikpnva
— kL my2 — kL m4]

FR[20k + 1) (Lronsmes + k) — KLz — kLpnis
— kLk 2 — KLk mys |
= (k+ D[2Lkntm+2 + 2Lk ntm+3 + 21 L% ntm4
+ 2kLk ptmts5 ] + k(k+ 1)(1 4 2i + 2j + 2k)
— k[ Lrnro +i(Lrnrs + Linr2) + 3 (Linra + Lrnts)
+ k(Lint2 + Linys)]
— k[ Lrmre +iLlemia +§(Lrme2 + Limia)
+ K(Lkmt2 + Lrmss) ]
=2(k+ 1) Quimr2 + k(k+1)(2Q - 1)
+ (k4 1)1+ 2 + 2§ + 2K) — (k + 1) Lonimio,

or

= (k + 1) [2 Qn+m+2 + k] —kQni2 — kQmi2
—k(i+j+k)[Lrnte+ Lims2 —2(k +1)]
— (k+ 1)Lk ntmt2-

O

Theorem 4. Let the n—th terms of the dual Lucas quaternion sequence (T,,) and the generalized
dual Leonardo quaternion number sequence Q,, be T,, and Q,, ,respectively.

The following relations are satisfied

Qn—l + Qn+1 = (k + 1) Tn+1 — 2k Q7 (26)
Qni2 = Qu2=(k+1)Tny1. (27)

Proof. (26):From equations Eq.(11), Eq.(7), it follows that

anl + QnJrl = (‘Ck,n—l + Ek,n—l—l) +i (Ek,n + Lk,n+2) +.] ([*k,n—i—l + Ek,n+3)
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+k (£k7n+2 + Ek,n+4)
= (k+1)Lpt1 +iLns2+ 5 Lot +k Lppa — 2k(1 +i+j+ k)
=(k+1D)Tp1 — 2k Q.

(27): From equations Eq.(11), Eq.(8), it follows that

Qnt2 — Qu—2 = (Lint2 — Lin—2) +i(Lintsz — Lrn-1) +J (Linta — Lin)
+k(Linss — Lrnt1)
— (k4 1) Lns1 + i Lngo +j Lnss + k Lna
=(k+1)Thy1-

O

Theorem 5. Let Q,, be the generalized dual Leonardo quaternion and Q,, be conjugate of Q.
Then, we can give the following relations between these quaternions

Qn+Q,=2Lyn,
QnQn =2Qn Liy — L3,
QuQy+Quo1 Qg = (B + 1)Ly 2n — 2k L1 — k(k+ 1),
QnQp +Qny1 Qi1 = (k+1)Liont2 — 2k Lypyo + k(k + 1), (28)
Qut1 Quy1 = Qu1 Qg = (B + 1) Lr2nt1 — 2k Ly — k(k — 1),
Q + @y = 2(k + 1)Qop — 2kQnp1 + Q (2k(k + 1) — 2kL n11)
—(k+1)(Lron+1)+2kLspni1-

Proof. The first four properties in Eq.(28) can be easily proved by using Eq.(11) and Eq.(18).
Now, let’s calculate the last relation using the second relation in Eq.(28) and Eq.(9)

Q+Qr1=C2QuLin—LE,)+(2Qu 1 Lin1—LE 1)
= (2Qn Lip +2Qn-1 Lin-1) — (L p + Li 1)
=2(L3 0+ Lip1) + 2 (LenLintt + Lin—1Lin)
+2j (L nLrnt2 + Lin—1Lxnt1)
+ 2k (LinLint3 + Len—1Lrnt2) — ('Cin + L 1)
— (k+ 1) [Cron — kLpnst — kLpnst + k(k + 1)]
+ 2i[(k + 1)['k,2n+1 — kL pt1 — kLppyo + k(k+ 1)]
4 23[(k + 1) Lronre — kLrnrs — kLpnss + k(k + 1)]
+2K[(k+ 1) Liomts — kLint1 — ELpnssh(hi)
=2(k+1)[Lron +iLr2nt1 +iLronr2 + k(b + 1) Ly 204 3]
— BLppin (2 + 2 + 2§ + 2K)
—2k(Lip+1 +1Lknr2 + JLknts + KLpnta)
+2k(k+1)(14+i+j+k)
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—(k+1)Lyon +2kLypi1 — k(k+1)
=2(k +1)Q2n + Q(2k(k + 1) — 2Ly ny1) — 2kQp41
—(k+1)(Lrzn +1) +2kLins1) .-

Thus, the proof is completed. O

Theorem 6. Let Ly, be the generalized dual Leonardo quaternion number. For any integer
n > 0, summation formulas as follows:

> Q= Quia = (B(n+1) = 1)Q+ (—k — 1) (i + 2j + 4k), (29)
s=0
Qgs:@2n+1—an—k;(2i—|—j+2k), (30)
s=0
Z Qant1 = Qantz —nQ — (24 2i + 4j + 6k), (31)
p
O Quts) + Quit = Quipr2 —k(p+1)Q. (32)

s=0

Proof. (29): From Eq.(11) and Y " ( L = Ly ni2 — k(n+1) — 1 [7], we get

Z Qs = Z (Lis +ilks1 + 3Lk s+2 + KLk s43)

s=0
—Zﬁks i(Lent1— £k0+zﬁks
s=0
+3(Lrnte + Ling1 — Lo — Lig + Z Ly.s)

5=0
+k(Lint3 + Lipns2 + Lipyr — Lro — Lry — Lr2 + Z Lk.s)
5=0

=(Lyrpt2—k(n+1)=1)+i(Lrpnt1 + Lins2 —k(n+1) —1— L)

+J(2Lknt2 + Lrp+1 —k(n+1) =1 = Lyo— Li1)

+ Kk (Lrpgs +2Lgpyo+ Lypngr —k(n+1) =1 = Lyo— Lr1 — Li2)
= (Lipt2 +iLlpniz + i Linga + KLy nis)

+[=k(n+1) = 1A +i+j+k) = Lro(i+j+k) — Lp1(j+k)

— Ly2(k) —k(i+2j+3k)
=Qni2+ (k(n+1)— 1)+ (—k—-1)(i+2j+4k).
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(32): Using Eq.(29), we obtain
P n—+p n—1
ZQn—i—s :ZQT‘ - ZQT
s=0 r=0 r=0
=Qnipr2 = Qo —k(@p+ DA +i+j+k).
Where,

n+p
> Q@ =Quipra+ (~k(n+p+1)—1)Q+ (=k—1)(i+2j+4Kk),
r=0

n—1
D Q= Qui + (=k(n) = 1) Q+ (=k — 1) (i+2j + 4k).
r=0

Proof of other equalities can easily be done using Eq.(4) and Eq.(5) and Eq.(6). O

Theorem 7 (Binet’s Formula). Let Q, be the generalized dual Leonardo quaternion number.
For any integer n > 0, the Binet’s formula for these quaternions is as follows:

& antl — B BH—H

Qn = (k + 1)( — ) —kQ. (33)

Where,

a=1+ia+jo?+ka?, a=1%

B=1+if+jf*+kp p=15
Proof. Using Eq.(2) and the Binet’s formula of Fibonacci number we obtain that,
Qn = Ek,n + iﬁk,nJrl + .] [:k,n+2 + kﬁk,n+3

— ((kﬁ-‘rl) an+;:ék+1)ﬁn+1 B k) + i ((kH-l) an+a2:/ék+1)5n+2 B k)

+j ((k+1)a"+j:ék+1)ﬂn+3 k)4 k((k+1)an+::ék+1)ﬂn+4 o

= DO fia +jo? + ko)

BT L8487+ k) — k(1 +i+j+ k)

(k+1) & a1 —(k+1) B gnH!
- el ~kQ.
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Theorem 8 (Generating function). Let 1, be generalized dual Leonardo quaternion numbers.
For the generating function for these numbers is as follows:

[e.°]

-2 —2 2
g.(t) = 3 Qutr = SRRt -~
(—t+kt2)+i (1+kt—t2)+j [ (2+k) —t—t2 | +k [ (3+2k)—t—(2+K) t? ]
- 1—2t+13 ‘

Where, Qo = 1+i+ 2+ k)j+ B+2k)k, Q =1+1i(2+ k) +j3+ 2k) + k(5 + 4k) and
Qo = (2+ k) +i(3+ 2k) +j(5 + 4k) + k(8 + k).

Proof. (34):Using the definition of generating function, we obtain
90, (1) = Qo+ Qui 4+ +Quit" +---. (35)

Multiplying (1 — 2¢ + ¢3) both sides of Eq.(35) and using recurrence relation Eq.(21), we have

(1—2t+t%) gg,(t) = Qo+ (Q1 —2Qo) ¢
+(Qy—2Qy) ¢
+(Qs—2Q2+ Qo) > + -

+ (Qrg1 — 2Qp + Qpoo) tF T 4+ -

where,
Q—-2Qy=-1+ki—-j—k
Q—-2Q1=k—-i-j+(-2-k)k,
and,
Q3—-2Q2+Q=0---=0.
Thus, the proof is completed. O

Theorem 9 (Cassini’s Identity). Let Q,, be the generalized dual Leonardo quaternion number.
Forn > 1, the following equality holds:

Qu1Quit — Q2 =(k+1*(-D)"" (1 +i+3j+4k) (36)
+ k(1 +i+j+k)(Lrn2)
+3(k Lo+ k) + k(b Lpp + k) =k Quor.

Proof. (36): Using Eq.(11) and Eq.(3), we obtain that
Qn—l Qn—l—l - Qn Qn = (‘Ck’,nfl Ek,nJrl - ﬁk,n Ek,n)
+i(Lrn-1Lenr2 — LrnLlinit)

+ 3 [(Lrn—1 Lrnts — Lin Lint2
+ Ek,n—l—l Ek’,n—&—l - £k,n+2 Ek,n)]
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+ Kk [(Lrnt2 Lipr1 — Lin+s Lin
+ Lin—1 Lint+a — Lin Lint3s))

= [(k+1)*(—1)"™ — kLy 1 + kL o]
+i[(k4+ 12 (=) — ELy, + kLp o]
+ilB(k+ 1) (=1)" M = kLypy1 + KLy 2
+ k(Lym — kL))
+k[4(k+1)? (—1)"" — kLipiro + kLino
+Ek(Lknt1 — Lin—1)]

= (k+1D*(-1)"" Q1 +i+3j+4k)
+k(1+i+j+k)(Lrn2)
+ ik Lo+ k) +k(k Ly + ) —kQpy.

Where using Eq.(3), the following relations are obtained
k (Lk,n - ['k,n—l) - (k Lk,n—Q + k2)

k(Lknit — Lin-1) = (k Lin +K%).

3 Conclusion

In this paper, we define the generalized dual Leonardo quaternion numbers and give some of
their properties. Moreover, we investigate the relations between the dual quaternions and the
generalized Leonardo numbers. Furthermore, we give the Binet formula and Cassini’s identity
for these quaternions.
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