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Abstract. Sierpinski gasket graphs have many applications and are studied in diverse areas
including fractal theory, topology, dynamic systems and chemistry. In this paper we study and
determine the girth of generalized Sierpinski gasket S[G,¢], in terms of the girth of arbitrary
simple graph G. Moreover, we determine the planarity of S[G,t] for some fames families of
graphs.
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1 Introduction

Decomposition into special substructures that inherit remarkable features is an important method
used for the investigation of some mathematical structures, specifically when the regarded struc-
tures have self-similarity features. In these cases, we usually only need to study the substructures
and the way that they are related to each other. Sierpinski type graphs appear naturally in di-
verse areas of mathematics and other scientific fields, see for example [4] and [9]. Sierpinski
gasket graphs introduced in 1944 by Scorer, Grundy and Smith [22], are one of the most im-
portant families of such graphs which are obtained after a finite number of iterations and have
a significant role in dynamic systems, random walks, Lipscomb’s space, probability and psy-
chology, see [8,10-13,16, 18,26, 27] and references there in for more details. Let G = (V, E)
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be a simple graph with vertex set V(G) and edge set E(G), then an embedding of G in the
plane is a function ¢ which assigns each vertex of G a distinct point in the plane and assigns
to each edge e with ends u, v a simple rectifiable curve with ends ¢(u) and ¢(v) so that this
curve minus its ends is disjoint from the image of V(G) U (E(G) \ {e}). Also, a plane graph is
a graph G together with an embedding of G in the plane. A graph is planar if there exists an
embedding of it in the plane. It is well known that if G is a planar graph with girth gr(G),
then, |[E(G)| < gf{é@Q (IV(G)| — 2). Motivated by topological studies of the Lipscomb’s space,
Klavzar et al. introduced the Sierpinski graph S(K,,t) in which the base graph is the complete
graph K, see [16] and [17]. More generally, see [6], the ¢-th generalized Sierpiniski of an arbi-
trary graph G = (V, E), denoted by S(G, 1), is the graph with vertex set V! (the set of all words
of length ¢ on the alphabet V') and two vertices u = ujug ... u; and v = vjvy. .. vy are adjacent
in it if and only if there exist ¢ € {1,...,t¢} such that

(Z) Uj = Vj if j<i,

(i1) w; #v; and uv; € E(G),

(i19) uj =v; and vj =wu; if j>1i.

In this case, uv is considered as a linking edge appeared at step 7. For convenient, we usually let
V ={1,2,...,n}, see Figure 1. In general, S(G,t) can be constructed recursively from the base

Figure 1: A graph G and its generalized Sierpiriski S(G,2).

graph G with the following process: S(G,1) = G and, for t > 2, we copy n times S(G,t—1) and
add the letter ¢ at the beginning of each label of the vertices belonging to the copy of S(G,t—1)
corresponding to vertex i. Then for each edge ij € F(G), we add an edge between two vertices
ijj...j and jii...t (a linking edge). Vertices of the form ii...i (where 1 < ¢ < n) are called ex-
treme vertices. For each i € {1,2,...,n} let S;(G,t) be the subgraph of S(G,t) induced by the
vertices of the form i... . Note that S;(G,t) is isomorphic to S(G,t — 1) and consequently,
S(G,t) contains n'~! copies of the graph S(G,1) = G. Also, if ij € E(G), then the vertex
ijj...j in the copy S;(G,t) is adjacent to the vertex jii...i in copy S;(G,t) and this is the unique
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edge between these two copies. It is shown in [20] that the order of generalized Sierpinski graph
S(G,t) is n' and its size is |E(G)| ’};:11 . Sierpinski graphs S(K,,t) are almost regular and pos-
sess many appealing properties, as for instance several coding and several metric properties [7].
The graph S(K3s,t) is isomorphic to the Tower of Hanoi game graph with ¢ disks, [1, 16, 21].
Polymer networks and WK-recursive networks can be modeled by generalized Sierpinski graphs,
see [19]. The degree sequence of generalized Sierpiniski graphs is completely determined in terms
of the degree sequence of G in [14]. As mentioned before, one of the most important families
of fractal like graphs is the the family of Sierpinski gasket graphs (Sierpinski fractals) which
appears frequently and has many applications in different areas. The Sierpinski gasket graph Sy
is just a step from the Sierpinski graph S(K3,t) and is constructed from the Sierpiriski graph
S(K3,t) by contracting every edge of S(K3,t) that lies in no triangle K3 (i.e. by contracting all
newly added edges, linking edges, during the iterations), see [15]. This connection (type) was
already observed back in 1970 and in a psychological literature by Sydow [23]. The Sierpiriski
and the Sierpinski gasket of G = K3 at step ¢ = 3 are shown in Figure 2. Sierpinski gasket is

11 111

1{1,2), 1{1,3}

123 132

222 223 232 233 322 323 332 333 222 2{2,3} 23} 3{2.3} 333

The Sierpinski graph The Sierpinski gasket graph

Figure 2: The Sierpinski graph and the Sierpinski gasket graph at step 3.

a finite structure obtained by iteration in a finite number of times which is a self-similar object
and its (capacity) fractal dimension is igg;, [5]. Note that Sy consists of three attached copies
of S¢. In 2006 Teguia and Godbole investigated some properties of the Sierpinski gasket graphs
and proved that they are pancyclic (i.e have cycles of all possible sizes) and Hamiltonian with
diameter 2! and domination number 372 for n > 3, see [24]. Infinite Sierpiiski gaskets and
their spectra is considered in [25]. In [11] the same construction method is applied for any
Sierpiniski graph S(K,,t) by contracting edges that lie in no induced complete subgraphs K,
(i.e. by contracting all linking edges) and the resulting graph is called a generalized Sierpinski
gasket graph which is denoted by S[K,,t]. Also, Jakovac in [11] studied several properties of
graphs S[K,,t] including hamiltonicity and chromatic number. He generalized the results of
Tequia and Goshow and show that x(S[K,,t]) = n and that S[K,,t] is Hamiltonian.

2 Generalized Sierpinski Gasket S|G, t]

Since generalized Sierpinski gasket graphs S[K,, t] are important and are naturally derived from
Sierpinski graphs S(Kp,,t) by contracting the linking edges, we apply the same for each (base)
graph G to construct the (more) generalized Sierpiniski gasket graph S[G, t].
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Definition 1. Let t be a positive integer and G be a simple graph of order n > 2 with the vertex
set V(G) ={1,2,...n}. The (more) generalized Sierpiniski gasket graph S|G,t| is obtained by
contracting all of linking edges in the generalized Sierpiriski S(G,t) during the iteration processes.

Similar to the structures of Sierpinski gaskets and generalized Sierpiriski graph S(G,t), the
generalized Sierpinski gasket S[G, t| can be constructed by using all the vertices of G replaced by
the copies of S[G,t — 1] and then contracting all linking edges between these copies. Let S;[G, ]
be the copy of S[G,t — 1] in S[G,t] corresponding to the vertex i € V = {1,2,...n}. Note
that if ij € E(G), then the linking edge between two vertices ijj...j and jii...i in S(G,t) is
contracted in S[G,t]. This (newly contracted) vertex will be denoted by {i, j}; in S[G, ] (or, for
convenlent by {i,j} when ¢ = 2) and we say that the expanded forms of {i, j}; are ijj...j and
jii...1. Some times and for convenient, we identify a contracted vertex with its expanded form
representatlons. In fact {4, j}; is the unique common vertex of two copies S;[G,t] and S;[G, 1],
see Figure 3. Since |V (S[G,t])| = n|V(S[G,t—1])| — |E(G)| and |E(S|G,t])| = n|E(S[G,t—1])],
the order of S[G,1] is

nt~1 -1

nt — (' 2+ +n+1)|EG)| =n' —|EG)| —

and its size is |F(G)| n'~!, see [2]. Also, when ij € E(G), two vertices u = ujus ... upijj...J
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Figure 3: A graph G and its generalized Sierpiniski gasket S[G, 2].

and v = ujug...upjii...7 (in which 0 < r <t —2 and uw € V for each 1 <1 < r) are
adjacent in S(G,t) and the linking edge uv ( which is actually produced at step ¢ — r in the
iteration process of S(G,t)) is contracted in S[G, ¢] and this (contracted) vertex may be denoted
by uiuz ... up{i,j}—r (or, for convenient by wjus...u,{i,j} when t —r = 2) whose expanded
forms are wjug...upijj...7 and wjug...upjii...i . In [2], the degree sequence of S[G,t] is
determined in terms of the degree sequence of G and t. Moreover, the general first Zagreb index
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of S[G,t] is calculated and it is determined whether S[G,t] is Eulerian or Hamiltonian. Also,
in [3] chromatic and clique numbers of this graph are determined.

3 Main results
Theorem 1. For every graph G, we have
gr(G) = gr(S[G.1]).

Proof. Since G is a subgraph of S[G,t], we have gr(S[G,t]) < gr(G). Now we use induction on
t to show that, if there exists a cycle C of length |E(C)| in S[G, ], then, there exists a cycle of
length at most |E(C)| in G (note that E(C) is the edge set of the cycle C). Then, this implies
that gr(G) < gr(S[G,t]), which complets the proof. Let C be a cycle in S[G,t]. If t = 1, then
C is a cycle in G. Thus, we assume that ¢t > 2. If C is in S;[G,t], (1 < i < n), then C is in
S[G,t— 1], hence, complets the proof. Now, let C' has passed through the copies of i1, 12, .., s,
respectively. Since both copies share at most one point and C' is a closed cycle, hence S > 3

(11 < iy < -+ < ig). Since {i1,ia} is the unique common vertex between two copies i; and
i2, hence i1i9 € E(G). Similarly, we have iyis € E(G),...,isi; € E(G). Thus, we have cycle
C' =iyiy...is in G. Therefore, gr(G) < |C'| =S <|C|. O

Theorem 2. Let T be a tree. For any positive integer t, S[Tt] is also a tree.
Proposition 1. Let T be a tree, then S[T,t]| is planar.
Proof. By Theorem 2, since every tree is planar, hence S[T', ] is planar. O

Proposition 2. For each n > 3, there exists an embedding of S[Cy,t] in the plane such that all
of extreme vertices appear on the boundary of external face. Specially, S[Cp,t] is planar.

Proof. We use induction on t. For t = 1, we have S[C),, 1] = C,, and the usual drawing of C),
is planar embedding in which all of its (extreme) vertices appear on the boundary of external
face. Assume that there exists an embedding of S[C),, ¢ — 1] in the plane such that all of extreme
vertices appear on the boundary of external face. According to the structure of this graph, we
put n copies of S[C),,t — 1] clockwise in the plane. We know that for each i € {1,2,...n} two
vertices i and ¢ 4 1 in C,, are adjacent (¢ + 1 is considered in modul n). Since extreme vertices
appear on the boundary of external face in S[C,,, t — 1], hence the vertex i(i +1)(¢+1)...(i+1)
in i-th copy amalgamates with the vertex (i 4+ 1)éi...7 in (i + 1)-th copy. Therefore, two copies
corresponding to vertices ¢ and i + 1 share the vertex {i,i 4+ 1}; in S[C,,t]. Hence, their edges
do not intersect in S[Cy,t], See Figure 4. O

Recall that a subdivision of a graph is a graph obtained by inserting some new vertices on
some edges. Kuratowski’s theorem states that a (finite) graph is planar if and only if it contains
no subgraph isomorphic to a subdivision of K5 or K3 3.

Theorem 3. S[K,,t]| is planar if and only if n <3 or (n =4 and t < 2).
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Figure 4: Cy, S[C4,2] and S[Cy, 3].

Proof. If n < 2, then K, is a path and by Theorem 1, S[K,,,t] is a tree, hence it is planar. For
n = 3, K3 is a cycle and by Proposition 2, S[K3,t] is planar for each t > 1. For n = 4, we
have S[K4, 1] = K4 which is planar, and S[Ky4, 2| is also planar as shown in Figure 5. Now we
prove that S[K4,3] contains a subdivision of K33 and hence is not planar. Let x; = 1{3,4},
o = {1,4}3, 3 = {1,2}3, y1 = 1{2,4}, yo = 1{1,4} and y3 = 3{1,2}2. Then we have the
following nine paths in S[Ky4, 3], see Figure 6.

P
Py
Py
Py
P

cxy = 13,4}, y1 = 1{2,4}

X1 = 1{3,4}, Yo = 1{1,4}

cxp = 1{3,4}, {1,3}s, y3 = 3{1,2}

X2 = {174}37 y1 = 1{2’4}

X2 = {174}37 Y2 = 1{174}

cwo = {1,4}s, 4{1,4}, 4{3,4}, {3,4}s, 3{2,4}, y3 = 3{1,2}
cx3 = {1,2}3, y1 = 1{2,4}

cwg = {1,2}3, 1{1,2}, yo = 1{1,4}

LT3 = {172}3, 2{173}7 {2?3}37 Y3 = 3{172}

Since these paths are internally disjoint, we have a subdivision of K33 in S[Ky4, 3] with partite
sets {x1,z2,23} and {y1,y2,ys}. Therefore, S[K4,3] is not planar. Now since S[K4,3] is a
subgraph of S[Ky,t], thus S[Ky,t] is not planar for each t > 3. Also, if n > 5, obviously
K5 < S[K,,t] and since K3 is not planar, thus S[K,,t] is not planar. O]
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Figure 5: A planar embeding of S[Ky,?2].

1'1:1{3,4} 1'2:{174}3 :1?3:{1,2}3
Nd1,3}3
2{1,3}
{273}3
y1=1{24} y2=1{14} ys=3{1,2}

Figure 6: A subdivision of K33 in the generalized Sierpiriski gasket S[Kjy, 3].

Theorem 4. Consider the complete bipartite graph Ky, . Then, S[Kp pn,t] is planar if and
only if min{m,n} =1 orn=m = 2.

Proof. If m,n > 3, then K,, ,, contains K33 and hence S[K,,,t] is not planar. Thus, assume
that min{m,n} = m and m € {1,2}.

If m =1, then K, is a star and hence, it is a tree. Now Theorem 1 implies that S[Kp, ,,t] is
planar for each ¢t > 1.

If m =2 and n =2, then K39 = C4 and Proposition 2 implies that S[Kj 9, ] is planar for each
t>1.

For n = 3 we prove that S[K3 3, 2| contains a subdivision of K33 and hence, is not planar. Let
x1 ={1,3}, za = {1,4}, 3 = {1,5}, y1 = 11, y2 = 12 and y3 = 22. Then we have the following
nine paths in S[K» 3, 2], see Figure 7.

P1 T = {1,3}, Y1 = 11

PQ X1 = {1,3}7 Y2 = 12

Ps:xy ={1,3}, 33, {2,3}, y3 =22
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Py:xo={1,4}, 11 =11
Ps:xo={1,4}, yo =12
P6 Xy = {1,4}, 44, {2,4}, Ys = 22
Pr x5 ={1,5}, y1 =11
Pg:x3={1,5}, yo =12
Py :x3={1,5}, 55, {2,5}, y3 =22

Since S[K33,2| is a subgraph of S[Kj3,t] for each t > 2, thus S[K3 3, ] is not planar. O]
11
1,5}
1,3
{13} 4 o
44
33 34 35 55
(24
2.3
{23} o
12,5}
1
3@5
2

22

Figure 7: K>3 and S[K2,3,2]

Recall that the hypercube @, is a geometric figure that develops the concept of a cube into
higher dimensions. Since cube is a three-dimensional object composed of squares, a hypercube
is an n-dimensional object composed of cubes. It is often depicted as a set of cubes connected
at their corresponding vertices. The number of vertices, edges and faces of a hypercube growths
exponentially with each additional dimension. A 1-dimensional hypercube, also known as a line
segment, has 2 vertices and 1 edge. A 2-dimensional hypercube, a square, has 4 vertices, 4
edges, and 1 face. Similarly, a 3-dimensional hypercube has 8 vertices, 12 edges, 6 faces. Also, a
4-dimensional hypercube has 24 = 16 vertices, 4.2*1 = 32 edges, 24 faces. Figure 8 shows four
hypercubes @1, Q2, @3, and Q4. Also, Q3 cube is sometimes drawn as shown in Figure 9.
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Figure 8: Hypercube structures for n = 1,2, 3,4.

1 2

4 3

Figure 9: Hypercube Q3.

Theorem 5. For the hypercube Qn, S[Qn,t] is planar if and only if n <2 or (n =3 and t = 1).

Proof. If n =1, then @ is a tree and by Theorem 1, S[Q1,t] is planar for each ¢t > 1. If n = 2,
then Q2 is the cycle Cy, and by Proposition 2, S[Q2, t] is planar for each t > 1. Now assume that
n = 3. As shown in Figure 9, Q3 = S[Q3,1] is planar. In the following we show that S[Qs3, 2]
contains a subdivision of K33 and hence, S[Q3,2] is not planar. Let x; = {1,2}, zo = {1,4},
xs ={1,5}, y1 = 11, yo = 13 and y3 = 44. Then we have the following nine paths in S[Qs, 2].

Py
P
Ps
Py

Py

cxp = {1,2},
X1 = {1,2},
cxp = {1,2},
LTy = {1,4},
cxg = {1,4},
Xy = {1,4},
cx3 = {1,5},
X3 = {1,5},
X3 = {1,5},

Y1 = 11

y2 =13

22, {2,3}, 33, {3,4}, y3 = 44
y1 =11

y2 =13

Y3 = 44

Y1 = 11

16, 17, yo =13

55, {5,8}, 88, {4,8}, y3 =44

Since these paths are internally disjoint, we have a subdivision of K33 in S[Q3,2] with partite
sets {z1,z2,x3} and {y1,y2,y3} as shown in Figure 10. Therefore, S[Q3,2] is not planar. Since
S[Qs,2] is a subgraph of S[Q@s,t] for each t > 3, S[Qs3,t] is not planar. Also, we know that the
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girth of Q4 is 4, |V(Q4)| = 16 and |E(Q4)| = 32. Since |E(Q4)| = 32 £ 125(16 — 2), Q4 is not
planar. Hence, @, is not planar for each n > 5, because Q4 is a subgraph of @,,. Therefore, for

each n > 4 and for each t > 1, the graph S[Qy, ] is not planar. O
33‘1:{1,2} $2:{1,4} 1'3:{1,5}
22
{23}
55
{58}
88
48
» {4,8}
{3.4}
[
y1=11 yo=13 y3=44

Figure 10: A subdivision of K33 in S[Qs, 2].

Recall that a wheel W,, consists of a cycle C,, whose vertices are joined to a new vertex.
Hence, W, is a graph of order n + 1, see Figure 11.

Theorem 6. The generalized Sierpiniski Gasket wheel of (n+ 1)-vertex graph Wy, i.e., S[Wp,t],
is planar if and only if t =1 or (n,t) = (3,2).

Proof. For t = 1, we have S[W,,, 1] = W,, which is obviously planar. Hence, assume that t > 2.
If n =3 and ¢t = 2, then W3 is isomorphic to K4 and S[W3,2] is planar by Theorem 3. Also,
when n = 3 and ¢ > 3, Theorem 3 implies that S[W3,¢] is not planar. Now assume that n > 4
and consider the structure of W, as illustrated in Figure 11 for W5. Let z1 = {1,2}, 22 = {1, n},
x3 = {1,0}, y1 = 11, yo = 13 and y3 = 00. Then we have the following nine paths in S[W,, 2],
see Figure 12.

P1 T = {1,2}, Y1 = 11

PQ X1 = {1,2}, Y2 = 13

P3 LT = {1,2}, {2,0}, Yys = 00

P4 L X9 = {l,n}, Y1 = 11

Ps:xzo={1l,n}, In—1, In—2, ..., 14, yo =13

Ps:x9 ={1,n}, {n,0}, y3 =00

P;:x3={1,0}, y1 =11

Pg LT3 = {1,0}, Y2 = 13

Pg X3 = {1,0}, Yy = 00

Since these paths are internally disjoint, we have a subdivision of K33 in S[W,, 2] with partite
sets {x1, 9, 3} and {y1,y2,ys}. Therefore, S[W,, 2] is not planar. Since S[W,, 2] is a subgraph
of S[W,t] for each t > 3, S[W,,,t] is not planar. O
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4 3

Figure 11: The wheel graph Wj.

x1={1,2} xo={1,n} x3={1,0}

y1=11 y2=13 y3=00

Figure 12: A subdivision of K33 in the S[W,,2].
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