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Abstract. In this paper the authors have defined Dedekind N-groups, prime N-groups, uniform
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1 Introduction

In this paper the word near ring N, means a commutative near ring with 1, and M is an unitary
N-group. It should be noted that all near rings are right near rings. A right (left) near-ring is
a non-empty set N together with two binary operations ”4” and " such that

(a) (IV,+) is a group (not necessarily abelian),
(b) (N,-) is a semigroup,
(¢) (n1 + ng2)ng = ning + nanz(ni(n2 + ng) = ning + ning), Vni,no,n3 € N [6].

Let (M,+) be a group with zero and N be a near ring. Consider the map p: N x M — M
such that p(n,m) =nm, Vn € N, Ym € M. Then M is called right (left) N-group if M satisfies
the following conditions:

(i) (n+n"ym =nm+n'm(m(n+n') = mn+mn'),

(i) (nn)m = n(n'm) (m(nn') = (mn’)n), Vn,n’ € N, Vm € M [3].
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If M is the left and right N-group, then M is N-group. It is written N for the N-group above.
Let M be a group. Then N9 = {NM|N is a near ring}.
NM ¢ N9 is called unitary, if Ym € M : 1-m = m.
A subgroup A of N-group M with, NA C A is said to be an N-subgroup of M (notation:
A<y M).
A normal subgroup I of (N, +) is called ideal of N (I < N) if

(i) IN C 1,
(ii) n(n'4+1i) —nn’ €I, Yn,n' € N, Vi € I.

The normal subgroup R of (N, +) with (i) is called the right ideal of N(R <, N), while normal
subgroup L of (N, +) with (ii) is said to be the left ideal (L <; [N).

A normal subgroup A of N-group M is called ideal of M (A <y M), if A satisfies in
nim+0) —nm € A; Vm € M, Vn € N. Let N be a near ring and I be an ideal of N. Then
in [4], authors defined addition and multiplication of these N/I as follows: (n+ 1)+ (n' +1) =
m+n)+I, n+1I)-(n"+1I)=n-n"+1, for each n,n’ € N.

An N-homomorphism is a mapping h of N-group M to N-group M’ such that:

(i) h(m1 + mz) = h(ml) + h(mg),
(ii) h(nmy) =nh(my), Ymi,me € M, ¥Yn € N [3].

Let N, N’ be near rings. We say that, NV is embedded in N, if there exists an monomorphism
N — N’, and write N — N'.

Let M be an N-group, N be a near ring and S be a closed subset of (IV,-). An N-group Mg
is called an N-group left (right) fraction of M if

(a) Mg € NY is unitary,

(b) M — Mg,

(c) s is invertible in (N, ), Vs € S,

(d) Vg € Mg 3s€ S, Im € M such that ¢ = h(m)s~(q = s"1h(m)) [3].

Let M be an N-group, N be a near ring and S be a closed subset of (IV,-). An N-group Mg
is called an N-group left (right) fraction of M if

(a) Mg € NY is unitary,
(b) M — Mg,
(c) sis invertible in (N,-), Vs € S,

(d) Vg € Mg 3s€ S, Im € M such that ¢ = h(m)s~ (¢ = s"1h(m)) [3].
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Let M be an N-group, N be a near ring and S be a closed subset of (V,-). In [3], authors
defined an equivalence relation ~ on M x S by (m,s) ~ (m/,s') < Js1, s2 € S such that ms; =
m’se and ss1 = s'sa. [m, s] denoted the equivalence relation class of (m, s) and Mg denoted the
set of equivalence relation class. Also, in [3] authors defined addition and multiplication of these
fractions as follows:

(m,s)+ (m,s") = (ms1 +m’'sg, 851), n-(m,s) = (nm,s);

m,m' € M, n€ N,s,s' €S, (3s1,s2 € 5).

Let N be a near-ring and S be a subsemigroup of (N, -). A near-ring Ny is called a quotient
left (right) of N if

a NSET]h

(
(a)
(b) N <= Ng,
(c) Vs € S: s is invertible in (Ng,-),
)

(d) Vg€ Ng 3s€ S, In € N such that ¢ = h(n)s (¢ = s"1h(n)) [4].

Let N be an near ring, S be a closed subset of (IV,-). In [5], authors defined an equivalence
relation ~ on N x S by (n,s) ~ (n/,s') & 3I(ni,s1) € (N x S) such that ss; = s'n; and
ns1 = n'ny. The equivalence relation class of (n, s) is denoted by [n, s] and the set of equivalence
relation classes is denoted by Ng. Also, in [2], authors defined addition and multiplication of
these quotient as follows:

(n,s) + (n',s') = (ns1 +n'ny, ss1), (n,s)-(n',s") = (n'n, ss1);

n,n' € N, s, €S, (351,50 € S, ny € N).

Let N be a near-ring and S be sub-semigroup of (N, -). Then N is called the left ore condi-
tion, if V(s,s") € S x S then there exists (¢1,t2) € S x S such that sty = sty [4].
Let P be an N-subgroup of M. Then (P : M) = {x € N|zM C P}. (0 : M) is called the
annihilator of M if (0: M) ={z € N|lzm =0, Ym € M}.

Let P be an N-subgroup of M. Then (P : M) ={x € N|laM C P}. (0: M) is called the
annihilator of M if (0: M) ={z € N|lzm =0, Ym € M}.

A near ring N is called integral if N has no non-zero divisors of zero [1].

Let N be a near-ring. N is called prime near-ring if xt Ny = 0, for each x,y € N, then x = 0 or
y =0 [1].

Theorem 1. [3] Let M be an N-group. If P and P’ are N-subgroups of M. Then
(i) (P+P')s =Ps+ P,

(ZZ) (Pﬂ P/)S = Pg N Ps/
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2 Dedekind N-group in near-ring

In this section, the notions of Dedekind N-group, prime N-group and uniform N-group will be
introduced. Our purpose is to find the relation between Dedekind N-group, prime N-group,
uniform N-group in near ring. Also, we prove some theorems.

Definition 1. A non-zero N-subgroup K of M is called invertible if K'K = M, where K' =
{r e Mglx - K=K -z C M}.

Definition 2. Let M be a non-zero N-group. Then M 1is called Dedekind N-group if each
non-zero N -subgroup of M is invertible.

Lemma 1. Let N be a near-ring and S be a subsemigroup of (N, )., we define T = {t € S|tm #
0, VO#m e M}. Then T is a closed subset of (N,-).

Proof. Let t1,t2 € T such that tym # 0, tam # 0, for each m € M. (t1 - ta)m = t1(tam) #

0, Vm € M. Then T is a closed subset of (N, ). O
Example 1. Let N = { < % 2 > a,b,ce Zg} with addition and multiplication of Matrices

be a near-ring and M = NV be an N-group. We show that M is a Dedekind N-group. By
simple calculation we see that

wo(l8) (o) (15) (i5)
CDCEHEDEDY
(16) 61) Gi)y
GDGHGEY
a-{(80)-(1))
{001}
s={(00)(00)(10)(10)}
w {80000 )
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and M = N¥ are the only non-zero N-subgroups of M. By Definition 1, we have K| = {z €
Ms|zKy1 € M} and for each a € K1, x = § € Mg implies that there exists m, € M such that
ra = mgt. In the following we show that K| = Mg

GHGH-GHGY
(G- (ED(10)
COGD-GHEY
(98-8 (Y
TR
(-G

N
==
= QI
N~
VR
(a1
[en] N en]]
~_
|
VRS
==
[en] N en]]
~_
VR
[l
=]l
N~~~

Similarly, we get that K} = K} = K, = M’ = Mg.
Therefore, K, Ko, K3, K4 and M are invertible N-subgroups. Thus M is a Dedekind N-

group.

Proposition 1. Let M be a Dedekind N-group. Then every N-subgroup of M is a Dedekind
N-group.

Proof. Let P be an N-subgroup of M and K be an N-subgroup of P. It is enough to show
that K is an invertible N-subgroup. Consider K’ = {z € Pg| - K = K - & C P}. It is clear
that, K'K C P. We show that P C K'K. Since K is N-subgroup of M and M is a Dedekind
N-group, we have K'K = M, PP = M and therefore, K'K = P'P. Again have 1p, € P'.
Therefore, P C P'P = K'K. Hence P is a Dedekind N-group. O

Theorem 2. FEvery image homomorphism of a Dedekind N -group is a Dedekind N -group.

Proof. Consider ¢ : M — M'. We show that if M is a Dedekind N-group, then p(M) is a
Dedekind N-group. Let M be a Dedekind N-group. If K is a non-zero N-subgroup of M, by
Definition 1, there exists N-subgroup K’ of M, such that K'- K = M. Thus, o(K'-K) = ¢(M),
ie., o(K"o(K) = p(M) = M. Therefore, (M) = M’ is a Dedekind N-group. O

Lemma 2. Let P be an N-subgroup of Mg. Then there exists an N -subgroup K of M, such
that P = Kg.
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Proof. Let K = {x € M|3t € S, such that § € P}. Then the proof is clear. O
Theorem 3. Let K, K" be N-subgroups of M. Then (K'-K)s = K§ - Kg.
Proof. By [3], ~ is an equivalent relation. We define the multiplication of this fraction as follows:

. :M5XM5—>M5,

m m' m m m'sy
— ) — — - — = ds1,80 € 9).
(s’s’) s & ssl( Loz )
We show that this multiplication is well-define. If
m m a b m m a b
) =\ ) V*77,*,*€M )
(G5 =G Voo 75 € Ms
then
m a
— = n = ds1, 89 € S such that ms; = ass, ss1 = ts9,
s
m/ b / / /
V=7 = ds3, 84 € 5 such that m's3 = bsy, s's3 =1t sy,
s

therefore, we have the followings:
ms1 = asg = m = a3231_1,
551 =189 = s = tszsl_l,
m'ss = bsy = m' = b54s§1,
s's3 =tsy = s = t’34s§1.
Consider (s',s) € S x S be the left ore condition, so there exists (t1,t2) € S x S such that
Sth = Stl.
Then, by considering ((z = s957 '), (2 = 84s§1t2)),

m'ty B (654551)@ B b(84s§1t2) bz

s s sti (tspsy )t t(spsy'ty) i

m m
o o
Now, we show that

Consider (tx,tz) € S x S. Since S is the left ore condition, there exists (r1,72) € S x S such
that txry = tzry = xry = 2zrq, therefore,

a b B bro
t ot try
Now, we show that
bz b?"2

a_trl'
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1

=), we get that

{(bz)r’ = (bro)r”,

By considering (' =y, r

ter' =trir” = xr’ =rir’.

Therefore,
bz _ bry
te  tr;
Then,

s s t t
So the above multiplication is well-defined. Now, we show that (K’ - K)g = K¢ - Kg.
Let x € (K'K)g then there exists y; € K', t; € S, i € N such that z = Z?:l(ylt—fl)
Without loss of generality, consider n = 2. let x = % + % € (K'-K)g. Since y1,y2 € K',

by Definition 1, there exists m,m’ € M, t,t" € S such that y; = 3, yo = T—,/ Thus,

m m a b
—.—

k Ik
gk ypke  FF GF
t1 to tq to

Also, consider (1,t) € S x S. Since S is the left ore condition, there exists (s1,s2) € S x S such
that so = ts;. Put (1-¢') € S x S. Since S is the left ore condition, there exists (s3,s4) € S x S
such that sy = ts3. Thus,

k ok k k k1t kotss
IR TR EY S AL Sk S s e i O
t to ty to t ty t ty ty  to

Consider (tg,t1) € S x S. Since S is the left ore condition, there exists (r1,72) € S x S such

that tore = t171. Thus, ’Z—ll + % = % It is enough to show that

kiry + kora  1p ‘ k11 + koro k11 + kore
t17m1 1 1711 t1m ’

Consider (t;7r1,1) € S x S. Since S is the left ore condition, there exists (r3,74) € S x S such

1 kiri+k
that t1r1r4 = r3. We have %/ : W;;?m ={ 1T1t32r2)”. ‘We show that

kir1 + kors _ (k17'1 + kQTQ)T‘4

t1m r3

By choosing (7" =%, ' = 1), we get that

(k17“1 + kz?“g)?“' = ((klﬁ + k27“2)7“4)7“”
tirir’ = r3r” = tyryrar” = ' =1 ryr”.

Therefore,
k k 1 k k
1r1+ Rare  lgr Rir1 A Raro € Kl Ks.
i1 1 t1r1
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Hence, (K'K)s C Kg - Kg. Conversely, let © € K¢ - Kg then there exists K] € K', k; € K,

ti,t. € S,4 € N such that x = Z?Zl(% . %) € Kg-Kg, without loss of generality, consider n = 2.

Kk ky k ! - Il Kk ky kay _
(ﬁ )+ (i ) € K- Kg thus, there exists s1, s2, 51, 55 € S such that (ﬁ )+ (i “2) =

kisy | kasy _ (Kusa)sst(kasy)sa _ Lgr((kas2)sst(kasy)se) (K'K)g. Then, (K'-K)s =K' - Kg. O

ths1 ths! (ths1) (t}s1)s3

Theorem 4. Let M be a Dedekind N -subgroup. Then Mg is a Dedekind N -group.

Proof. Let P be a non-zero N-subgroup of Mg. Therefore, by Lemma 2, there exists N-subgroup
K of M, such that P = Kg. Since M is a Dedekind N-group, K is an invertible N-subgroup of
M. Therefore, there exists K’ such that KK’ = M. By Theorem 3, (KK')s = Kg- Kg = Mg.
Thus, Mg is a Dedekind N-group. O

Definition 3. The N-group M 1is called prime, if for every mon-zero N -subgroup K of M,
anny(K) = anny(M).

Example 2. [2] Consider the near ring (N, +, ) where (NN, +) is kleins, four group {0, a,b, c}
and ” -7 defined as the following:

o o O

o O O OO
QO Q O
o O O OoOlc
o OO0 O

By simple calculation we see that I = {0,a}, J = {0,2}, K = {0,c}, and M = N" are the only
non-zero N-subgroups of M. We see that

anny(I) ={zx € N|zi =0, Vi € I} = {0,b},

anny(J) ={x € N|zj =0, Vj € J} ={0,b}.
anny(K) ={z € N|zk =0, Vk € K} ={0,b},
anny(M)={x € Nlam =0, Vm € M} = {0,b}.
Since anny(I) = anny(J) = anny(K) = anny (M), M is a prime N-group.

Theorem 5. Let M be a Dedekind N-group. Then M is a prime N -group.

Proof. Let a € (0: M)) = aM = {0}. Let K is N-sub-group of M, so aK =0=-a € (0: K).
Therefore, anny (M) C anny(K). Now we show that anny(K) C anny(M). Since M is
a Dedekind N-group, then K - K/ = M, for every non-zero N-subgroup K of M. Let a €
anny (K). It means aK = 0, this implies that aM = o(KK') = (aK)K' = 0K’ = 0. Therefore,
a € anny(M). So anny(K) C anny(M). Consequently, anny(K) = anny (M). O
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Remark 1. If N is not a commutative near ring, then the above theorem may not be true.
Considering Example 1, we see that M is a Dedekind N-group and N is not commutative, but

M is not a prime N -group, because,

el iNenl]
el enl]
=1 =
e enl]

Ol =
(] Nesl]
~_
N
=1 Ol
(] Nesl]

anny(Ky) = anny(Ks2) = { <

and,

anny(K3) = anny (M) = { <

So, anny (K1) = anny(K2) # anny(K3) = anny(M).
Theorem 6. Let M be a Dedekind N-group. Then Mg is an N -simple Ng-group.

Proof. Let P be an N-subgroup of Mg such that P # NO, by Lemma 2, there exists N-subgroup
K of M such that P = Kg. Since M is a Dedekind N-group, by Theorem 8, Mg is a Dedekind
N-group. We know Kg C Mg, it is enough to show that Mg C Kg. Let z € Mg = Kg- Kg then

there exists k, € K', k; € K, t;,t; € S, i € N such that z = Z?Zl(% . %) € Kg - Kg. Without
loss of generality, consider n = 2. Let x = (I;—} by (k—? k2y € K. . Kg. Thus, there exists
1 1 ty t2 5

ro (kM K kY koy _ kisp | kosy _ (kis2)sst(k2sh)sa
S1, S2, 87, 85 € S such that z = (t,1 )+ (t,2 ) = e N AT Kg. Hence,

Mg C Kg. Consequently, P = Kg = Mg. So, Mg is an N-simple N-group. Now, we show that
Mg is a Dedekind Ng-group.

Let pu: Ng x Mg — Mg such that pu(2,5t) = % for each % € Ng, € Mg. We show that
this p is well-defined.

Let (2,2) = (%, %),

A EAN

%= Z—,’ = J(s1,n1) € S X N s.t ss; = s'ny, ns; =n'ng
B=1 = Jty,ty € T st mty = m'ty, tty = t'ts.

Since S is invertible in IV, we have

551 =8N = s= s’nlsfl
nsy =n'ng =>n= n’nlsfl
mty = m'ty = m = m'tat]!

tty =ty =t = t'tat] .

'=lg Now we show that

(nm)_n’m’
s t/) \s )

Since ss; = s'ny we have nlsfl =5
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Consider (2. 7) = (M'nasy ) (m/taty ") n/m/(masy Moty ") n/m/(s"Ustaty ) i (&’ ) ﬂ')
t (s'nisy ) (ttatTh) s't (n1sy ttatTh) s't(s'Lstot 1) s't st

n, m)

s t

= ("—,/ . 7?—,/) thus p is well-defined. Now, we show that Mg is an

s

Consequently, (
Ng-subgroup.
(i) (Mg,+) is a group.
(ii) We show that Ng - Mg C Mg.

i (g ) = 200 () € M, for every 4% € Ny, it € Mg. Then Mg is Ng-group.
O

Definition 4. An N-group M is called a uniform N-group if for every non-zero N -subgroups
of M, PpN Py #£ 0.

0
Example 3. Let N = 0B

a near-ring and M = N be an N-group. Then M is a uniform N-group. Because,

w={ED(D-0D0D)

and by simple calculation, we see that I = ( 8 0 ) ) ( g > }7 and M = N* are the
only non-zero N-subgroups of M. Then I N M =1 # 0.
Proposition 2. Let M be a Dedekind N-group and T satisfies in Lemma 2.3 . Then M is a
uniform N -group.

Il

a,be Zg} with addition and multiplication of Matrices be

[en] N en]]
jen] N en]]
==

)
I

(en]]

Proof. Let P, P’ be two non-zero N-subgroups of M. We will show that P N P" # 0. Let
PNP =0and0# m € P be such that m ¢ P’. Now we show that, there exists s € T' such that
sm € P’. Since M is Dedekind N-group hence, P’ is invertible N-group of M, i.e. P"P' = M,
where P = {x € Mp|zP' C M}.

Since m € M there exists p! € P”, p; € P’ such that « = Y , p/ - p,. Without loss of
generality, consider n = 2. Suppose that m = p{ - pj + p§ - p,. Since p/,py € P” there exists

mi1 mo /1 my /1 m2
ot © M such that p] = Th Py =2 therefore,

/ /
T ooy mp Py, M2 Po
D1 D1 T D2 P2 1 ty 1
So, (there existssy, so, 83, 84, 7,7 € T') such that
mi Py ma Py pisy | phsa _ pisar +phsar’
tl 1 t2 1 t131 t253 t1817“

By choosing (s = t1s17) we have
sm = plsor + pysyr’ € P’

Since P is an N-subgroup, sm € P. Thus, sm = 0 and m = 0 is a contradiction. Hence for each
non-zero N-subgroup P, P’ of M, PN P" # 0. O



Dedekind N-group and uniform N-group in near-rings 71

Proposition 3. If anny,(m) = Pg, for each non-zero m € M, then anny(m) = P.

Proof. Let x € anny(m), then § € annyg(m) = Ps. Therefore, § € Ps. Then there exists
%1 € Pr such that § = %1. So, there exists s1,s9 € S such that xs; = p1s2, so = t1s9. Thus
T = p18281_1 € P. then x € P. So anny(m) C P.

Let € P, then { € Ps. Therefore, 7 € annyg(m), then for each m € M, (7)m = 0 So,

% =am = 0. Hence,x € anny(m). Consequently, P C anny(m). O

Theorem 7. Let every N-subgroup of M be an ideal of M and M be a Dedekind N-group.
Then for each non-zero m € M, anny(m) = anny (M) and anny (M) is a prime ideal of N.

Proof. 1t is clear that for each non-zero m € M, anny(m) = anny(M). We show that anny (M)
is a prime ideal of N. Let 0 # m € M, by Theorem 6, since M is Dedekind N-group. Then Mg is
a N-simple Ng-group. Therefore, there exists a maximal ideal K of Ng such that annyg(m) =
K. We know that K = Pg for some prime ideal P. Thus annys(m) = Ps. Consequently,
by Proposition 3, anny(m) = P. Since for each m € M, anny(m) = P, Then anny(m) =
anny(M) = P. O

Theorem 8. Let every N-subgroup of M be an ideal of M and M be a Dedekind N -group.
Then N/anny(M) is a prime near-ring.

Proof. Since M is a Dedekind N-group, therefore by Theorem 5, M is a prime N-group. We show
that N/anny (M) is a prime near-ring. Let (z + anny(M)) - (N/anny(M)) - (y +anny(M)) =
anny (M) for each z + anny(M), y + anny(M) € N/anny(M).

For all n + anny(M) € N/anny(M) we have (z + anny(M)) - (n + anny(M)) - (y +
anny(M)) = anny(M)). So, (zny + anny(M)) = anny(M). Therefore, zny € anny(M). By
Theorem 7, anny (M) is a prime ideal of N.

Thus, z € anny(M) or y € anny(M). Therefore, (z + anny(M)) = anny(M) or (y +
anny(M)) = anny(M). Hence, N/anny (M) is a prime near-ring. O

Lemma 3. FEvery prime near-ring is an integral domain.
Proof. 1t is clear. O

Corollary 1. Let every N-subgroup of M be ideal of M and M be a Dedekind N- group. Then
N/annN (M) is an integral domain.

Proof. The proof is clear by Lemma 3 and Theorem 8. UJ
Theorem 9. Let M and M’ be Dedekind N -groups. Then M N M’ is a Dedekind N -group.

Proof. Suppose P is a non-zero N-subgroup of M N M’. Now we show that P is invertible.
Consider P/ = {zx € (M NM')s|zP C (M N M')}. It is clear that PP" C M N M’. It is enough
to show that M N M’ C P'P. Suppose x € M N M'. So, x € M and x € M'. Since M, M’ are
Dedekind N-groups, there exist P’, P” such that PP = M, P"P = M'. Therefore, x € P'P,
x € P"P. So,x € PPN P'P C P'P. Consequently, M N M’ C P'P is a Dedekind N-group.

O
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Proposition 4. Every uniform N-group is a Dedekind N -group.

Proof. Let M be a uniform N-group and P be a non-zero N-subgroup of M. Then we show that
P is an invertible N-subgroup. Consider P’ = {x € Mg|xP C M}, it is clear that PP C M.
Let 0 # x € M, since M is a uniform N-group, there exists an N-subgroup P of M such that
x € PNM, since 1pr € P’ therefore, x = 1-x € P'(PNM). Therefore, P’P C M. Consequently,
M is a Dedekind N-group. O

Corollary 2. Every uniform N-group is a prime N-group.

Proof. The proof is clear by Proposition 4 and Theorem 5. O

Acknowledgments

The authors would like to thank the referee for careful reading.

References

[1] E. Khodadadpour and T. Roodbarylor, Valuation near rings, Journal of algebra and related
topics, (2) 9 (2021), 95-100.

[2] M. Khoramdel and S. Dolati Pish Hesari, Some notes on dedekind modules, Hacettepe Journal
of Mathematics and Statistics, 5 (2011), 627-634.

[3] G. Pilz, Near-Rings, North Holland, Amsterdam, (1983).

[4] M. G. Rinaldi, On the near rings whose proper ideas are prime, San Benedetto del toronto,
( 1981), 197-200.

[5] M. Sadeghi gougheri and T. Roodbarylor, The construction of fraction N-subgroups in near
rings, Italean Journal of pure and applied mathematics, 46 (2021), 272-282.

[6] S. Yamamuro, A note on near rings of mapping, J. Austral. Math. soc., 16 (1973).



	1 Introduction
	2 Dedekind N-group in near-ring

