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with symptomatic and asymptomatic individuals

Sanaz Lamei*

Faculty of Mathematical sciences , University of Guilan, P. O. Box 1914, Rasht, Iran
Email(s): lamei@guilan.ac.ir

Abstract. In this paper, a multigroup stochastic SEIR model dealing with both symptomatic and asymp-
tomatic cases is considered. First, we show there exists a unique global positive solution to the system
for any given positive initial value. Next, we provide sufficient criteria for the existence of a unique
stationary ergodic distribution of the positive solutions. Finally, sufficient criteria for disease extinction
are derived.

Keywords: Multi-group SEIR model, asymptomatic individuals, ergodic stationary distribution, extinction.
AMS Subject Classification 2010: 60H101, 92B05, 97K6.

1 Introduction

Multigroup stochastic epidemic models are commonly employed in mathematical epidemiology to an-
alyze how infectious diseases spread within diverse populations. Disease transmission can be affected
by multiple pathways, such as person-to-person contact, respiratory droplets, or contact with infected
bodily fluids. Due to the inherent uncertainty in disease dynamics, accurately predicting and controlling
its transmission remains a significant challenge. To address this complexity, numerous epidemic mod-
els have been developed to analyze infection dynamics. For example, Husniah et al. [7] proposed an
SEIR (susceptible, exposed, infected and recovered) model incorporating convalescent plasma transfu-
sion, demonstrating that this intervention reduces the peak of infection and improves epidemiological
outcomes. Additionally, researchers have increasingly integrated stochastic process into deterministic
models to account for the effects of random noise of environment on disease spread [2—4,9, 14, 16].
Incorporating a multi-group structure is a widely used approach to enhance the realism of epidemic
models. In such models, individual heterogeneity such as differences in age, geographic location, sex, or
social role can be systematically explained by indexing subgroups with distinct parameters [8, 12—14,16].
For instance, Zhong and Deng [ 1 9] developed a stochastic multi-group SEIR system and derived its basic
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reproduction number Rj). They established asymptotic stability for the disease-free equilibrium (DFE)
when Ry < 1, and persistence of disease when Ry > 1 where the system admits a globally asymptotically
stable stationary distribution. In a related work, Liu and Jiang [12] derived sufficient criteria for the

existence of a stationary ergodic distribution for the model’s positive solutions.

In this paper, we extend the stochastic SEIR-type model proposed in [ 1 1] to a multi-group framework,

formulated as follows:

dsSy = (Ak — " —1 BIS'S]CIC — ?:1 B,ﬁ‘jSkI}f‘ —[,tkSk) dt,

dE; = (Z] lﬁ,gSkIC +Z 1[3{‘]-51(1? - (,Uk + Gk)Ek) dt, .
d[ —( OLEr — ,LLk—l-OCk —i—’}'clc)dt (1)
dIA (( l—pk OcEr — (W + o + %) IA)dt

de_( + VI — R dt,  k=1,2,.

where Si(¢), Ex(t), IE (1), I2(t) and Ri(¢) denote the number of susceptible, exposed, undetected asymp-
tomatic infected, symptomatic infected and recovered individuals with heterogeneity k at time ¢, respec-

tively. For indices k and j, the parameters in system (1) are as follows:

e A;: The rate at which new individuals enter the population,

ﬁkcj, ﬁlfj: Transmission rate from Sy to ch and I}f‘ respectively,

Ui Natural mortality rate across all population groups,

e p;: Proportion of infected individuals who develop symptomatic illness,

1 — py: Proportion of infected individuals who remain asymptomatic,

6,: latency rate

(xkc, oc,f: Fatality rate due to infection in IjC and I;‘ respectively,

° y]f , ﬁ‘: recovery rate for ch and I;‘ respectively.

To consider environmental fluctuations we add type of white noises which are proportional to each vari-
able, respectively. Therefore, due to the deterministic model (1), the stochastic multi-group system takes

the following form:

as; = (Ak — rg_l BijSkIC . ;!:1 ﬁ,ijklj‘ - [JkSk> dt + SkSkdBk(t),

dE = (T3 BGSS + X)) LSt — (s + 0)Ex ) di + AExd By (1), ,
dIf = (pkekEk_ (M +of + Y0 )IE ) di + EIE dBy(t), @
d[?_ ((lfpk)QkEk*([Jk+OCk +7A )dl‘JrVkI dBk(l‘),

dRy = (YIF + I} — weRy) di - k= 1,2,...,n

Here, Bi(t), k = 1,...,n are standard Brownian motions that are mutually independent with B;(0) =0
which are defined on a complete probability space (Q,.%,{.% };>0,P) with a filtration {.% },>9. In
probability theory, an event happens almost surely (P-a.s.) if it happens with probability 1. Also, &2,
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A2, E2 and v?s denote the intensities of white noises By(t). All the parameters in (1) are assumed to be
nonnegative. Also, the groups S(t), Ex(t), I (1), I (t) and Ry (t) represent the number of individuals and
thus are nonnegative.

This paper is organized as follows. In Section 2, we first establish fundamental properties of systems
(1) and (2), then prove that model (1) admits a unique global positive solution for any positive initial
value. In Section 3, under the persistence scenario, we derive sufficient criteria for the existence of
a unique ergodic stationary distribution by constructing an appropriate stochastic Lyapunov function.
Finally, Section 4 presents sufficient criteria for disease extinction.

2 Existence and uniqueness of the global positive solution

In this section, we first state some basic properties of systems (1) and (2). Then we show that unique
positive solution exists to system (1). Recall that the population size in distinct compartments of the
heterogeneity k are shown by Sy, Ex, Ikc I,? and Ry.

Remark 1. Systems (1) and (2) have the following properties:

e For S,? = %, k=1,...,n, the DFE point of the systems (1) and (2) is

Py=(59,0,0,0,0,59,0,...,52,0,0,0).

o Mno

o We take the infected compartments to be Ej, IkC and I,?. Then,

0 0 0 My + 6 — POk —(1 = pr) 6k
F= 0 YBSSe O), v=| 0 wmral+of 0 ,
X BlSk 0o 0 0 0 e+ ot +

and the next generation matrix for system (1) is

My =: FV_] = ( Akﬁk/pkek Akﬁk/(l Pi) 6k )
. e (nxn)

60 (tAof +15) T (e +60) (ot +17)

Therefore, the basic reproduction number Ry = p(My) for system (1) equals

i AeY—1 BGPi N ALy BE(1—pi) 6
S\ e+ 0) (e +of +9F) (e + 6k) (e + ot +74)

where p is the spectral radius of the matrix.
o Likewise, the stochastic reproduction number equals R} = p (M), where
( ArBy; i Bk

52 12 2
(bt %) b+ O+ ) (- of + 9 +%)
A (1= pr) 6r
5 A A Vi '

(i 3) (b O+ 5) (i + 0t + 1+ 5) /ey

S

0=

N 3)
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e Denote by B¢ = (B, i )nxn and B = (B, 4 )nxn the matrix of parameters in system (1). If both
matrices B¢ and B are irreducible and Ry < 1, then system (1) is globally asymptotically stable
(GAS) in the positive invariant set

A A
Q= {(Sl,El,IIC,If,...,Sn,En,If,If) eR¥: S, < u—k,Sk+Ek+IkC+I,f < “"}
k k

e [fRy > 1 and both matrices B€ and B are irreducible, then Py is unstable and there is an endemic
equilibrium
P = ( T?El*vlllq*vllc*v Ta Sy E, IA* IC* R*) € int Q

Wnr=nrtn otn YR

which is GAS in int Q (by int Q, we mean the interior of the set Q).

Lemma 1. For P-a.s. any initial value (Sx(0), E(0), IE (0), I(0), R¢(0)) € R3", system (1) has a unique
positive solution (S(t), Ex(t), I (1), 12 (1), Re(t)) for every t > 0, which remains positive a.s., i.e.

(Sk(r), Ex(1), I (1), I (1), Re(1)) € RY', P-as.,

for allt > 0. Moreover, by letting N, = S;. + Ex + IkC + I,’? + Ry,

A
limsup Ny (1) = —.
f—yo0 My

Proof. To prove the last statement, note that according to system (1),

Ny

o= Ar — Ny — af IE — o I, 4)

Therefore ,
N (0 Agetsd A
limsup (N (7)) < limsup K(0) + Jo Avettds — Tk

=300 =300 el Mk

&)

To prove the first statement, note that the last equation in (1) is independent from the others and it
suffices to prove the lemma for the first four equations. Since system (1) is locally Lipschitz continuous,
any (Sk(0),Ex(0),I£(0),12(0)) € R%" has a unique local solution on [0, ko) for some Ky > 0.

To prove the globality of solution, it suffices to show ky = +oo for P-a.s. Choose a large enough
value mg > 1 such that Sx(0), E(0),I£ (0),12(0) € [mio,mo]. For any m > mg and 1 < k < n, define

K = inf{z € [0, ko) : min{Sy(¢), Ex (1), IC (1), 12 (1)} < % or max{Sy(t), Ex(t),I (¢), 12 (t)} > m}. (6)

Since K, increases, let K. = limy_. K. Thus, K. < Ky P-a.s. We aim to prove that K, = +oo. If
Keo 7 oo, then there exist 7 > 0 and € € (0, 1) such that P(k.. < T') > €. Thus there exists m; > mg with
P(ky, < T) > & for all m > my. Let %, = {k,, < T}. Define a Lyapunov function V : R%" — R, U {0}
as

V = V(S o, S Etyee  En IF oIS 1T

‘rtno

Sk “
Syx—a—aln—)+ E,—1—InE;
[ %)+ 3 )

n

=~
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n n
+Y (I —1-nI{)+ Zlk—l—lnlk
k=1 k=1

where a is a positive constant to be chosen later. Since x — 1 —Inx > 0 for x > 0, the function V is
nonnegative. By applying 1t6’s formula to V, the following upper bound is obtained for LV:

n n 52
(- s~ £ ptst-ms) -af (- Lo~ Loty T)
j=

<
I
1=

~
Il
—_

_|_
(ngE

<Xn: BkjSkIC—i- Z ﬁkJSkI — (W + 6, )E, )

J Jj=

S, 2\, ¢ :
k; E, ZB}(] — (M +6k) — > Z PrOEr — (M + 0 —H/CI)

E n 2 n
(Pkeklck—(llk‘f'akc+7kc)>22k Y (1= pi) 6kEx — (i + 0! + 1Y)
k =1 =1
( oy

~
I

—_
-

™=
M=

~

_
~.
Il

—_

™=

>~
—_

n E n Ig
Y (1—pi)B— = (et o ) 27
k=1 Ik k=1
Therefore
n n n A A
<) Z (Bii(a+Sk) =y — Z Bejla+Si) — i —of =) I}
=1 = k=1
abf +AF+ &+ V¢
+ Y (Ak+ OEr +ape+ 31+ O+ af + 9 + ot + 4+ —= k2 5 k),
k=1
Choose c c | A
4= min Hj+ o ‘H/jc_zzzlﬁkj Hj+ o +V;\—ZZ:13kj
I<jsn Yio1 BG ’ i1 B ’

then Y Bf;(a+S) — w;—af — 5 and i, B (a+Sk) — pj — ot — v} would be negative terms and

= N.

) adf + A+ &+ V¢
Z<Ak+ (a+3) ,uk+9k—|-OCk +7’C+0‘k+7’4+9ku k k2 & k)

Here N is positive and independent of the variables Sy, Ej, IkC and I,’f. The expectation of V for random
time (x,, A T), has the property

E[V((16x AT), (ki AT))] < E[V(Sk(0), Ex(0), ¢ (0),£¢ (0))] + TN,

where (K, AT) = min{x,,T}. For any kK € J,, at least one of Sy, Ej, I,f or I,’: does not belong to the
set (6). Let

JV:min{m—l—ln(m),;—1+ln(m)}.
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Therefore
V<Sk(Km)7 Ek(Km)7 I/S(K'm), II?(KWZ)) >N,
and also
Thus, if # — oo, then oo > E[V((Sk(0), Ex(0), I€(0), I2(0))] + TN = o, which is a contradiction. O

The following remark determines the bounded set which contains the global solution to system (1).
Remark 2. Let N, = S+ E; +Ikc —i—I,’(4 + Ry fork=1,...,n. According to system (1),

ANy = (A — N — o If — o' I ).

Therefore,
(Ak— (M + af + o )N )dt < dNy < (Ay — Ny )dt
Thus,
A A A A
% e—(uk+ocf+a?)t(Nk(0) — %) <N(1) < 2k + e M (N (0) — 7k)
Hic + 04 + 04 W+ oy + oy Jin L

Ifuﬁd,%d,ﬁ‘ < Ni(0) < o then ol Tl < Ni(1) < o Jor P-a.s. which means the set

A A
F*:{(Sla---an)ERin:CkA<Nk<k,k:1,...,N}
e+ 0y + 0oy Uk

is a positively invariant set of system (1).

3 Existence of ergodic stationary distribution

Here, we determine the required criteria that guarantees an ergodic stationary distribution exists and is
unique for the positive solutions to system (1).

Lemma 2. ( [/]) If A is nonnegative irreducible weight matrix, then p(A) is a simple eigenvalue and A
has a positive eigenvector ® = (@i, ..., ®,) corresponding to p(A).

Lemma 3. ( [5]) If for Markov process X (t), there exists a bounded domain % C R? with a regular
boundary T, such that:

(i) 3 >0 with ¥ Ajj(x) ;> M ||, x € U, ® €RY,

(ii) there exists a nonnegative C*-function V such that LV is negative for R\ %,

then X (t) has a unique ergodic stationary distribution 1(.), and for all x € % and f € L' (1)

IP’{ fim ;/OTf(X(t))dt _ A/ f(x)u(dx)} —1.

T—yo0
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Let

2 2

87 A} 5?2 A
%), = (g~ ) 0t 2 o o+

C = (b=~ ) (b O+ =0 (e + o+ +

Theorem 1. Suppose that 1 — p > 0, and the matrices B¢ = (ﬁk J) wxn and BA = (ﬁk Ynxn are irreducible.
IfRy > 1 and

i . o, OBy
mlnlgkdgn Wi+0 0 +6; n uk

min {,uk—i—Gk}(RS —1) > —2n

1<k< o Ar
maXISkSH { T‘fek } 142k
B ohipeBe B oxAc(1—pi) 6
maXlSk,an ’ 4 ) ’ o 1 n
+n - +3 Y A2, (7
1 %k —
ming<x<p { 0 } k=1

then there exists a positive solution (S (t),...,R,(t)) to system (2) which is an ergodic stationary Markov
process, where M is as in (3) and

RY = p(M). ®)

Proof. To prove an ergodic stationary process exists, it suffices to show that the conditions of Lemma 2
are fulfilled. The first condition holds since for any compact subset of R*", the diffusion matrix of system
(2) is positive definite. To verify the second condition, we should construct a nonnegative C2-function
V: Ri” — R, and a bounded open set Z C I'™* C Ri” such that LV < —1 for any (S,...,R,) € T*\ % .
It is assumed that 1 — p > 0, and the matrices B¢ = (ﬁkcj)nx,, and By = (B,S)nx” are irreducible.
Therefore, the matrix Ry is nonnegative and irreducible. Thus according to Lemma 2, p (M) is a simple
eigenvalue and M) has a positive eigenvector ® = (@, ..., ®,) corresponding to p (M) such that

(@1, @) (M) = (@1,...., 0,) M. ©)
Note that S; > 1. Define a C2-Lyapunov function V : I'* — R as

V=MVi+Vo4+V34+Vs+Vs+V5+ Vg
max; <g<n{ Mk + O , Wi+ 0} +nmaxi < j<a{BG, By}

+ . Va,
min; <<, {%, % }
WhGI‘GVl h’IZk 1 # Ek+R1,V2 ZZ:IN/C’ V3:—ZZ:11nSk, V4:—ZZ:1R]< V5:—ZZ:11nEk,
—Yi 1ln Zk llnIk , Ve = =Y InR, and M > 0 is a sufficiently large number such

that

e By

| | minlgk,jén{;wek’ uk+9k} L
ot (g (a0 s 1) 420 o] En
me, max; <k<n {u,Tfek} =

B ocAepi6e B oi(1-pi) 6
maxi<k,j<n A ’ o

: [0
mmlgkgn {7Hk+kek }

—n

+-Y 4
2,; k
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L]
(‘Sk*’lk &+ W) +Z Stk + o + 9 + o + 1+ 6)
=1

5

max1<k<n{ﬂk+06k M+ ot nmaxi<x j<n{BGs B} maxi<pcn{ite} n

+——— —1 ) xY A< 2.
mlnlgkén{,)/kc7},k4} mlnlgkgn{‘u,k}

HM:

(10)
Let (SI,E’I,ffjf‘,Rl, ,Sp,En, IS I R,) be the lower bound of the function V. Define V : I'* —
R, U{0} as
V(SlaElalchf‘aRla-"7Sn>En7]1 n,I,/f‘, ) V(SlaEhIleIIlqub S Emlr??Ir??R )
—V(Sl,El,i]C,if,Rl, S Enallfvlr/?>R )

Applying 1td’s formula to V} = —In}Y}_, # Ek + Ry, we have

1 n
th = BESUS + Y. BiSel? — (1 + 6k) Ex
Zk luk+ekEkkzl.uk+9 (Z kj Z J
Y, %
k= 1 9
uk+k ;Lszk"'(YCIC‘f‘}Ah — IkR))
(Zk I#H-Qk )
1 n

— Z l»lk+9 (Z ﬁ/SSkIC+ Zﬁk]SkIA (e + 60 Ex

e 1.uk+9kEkk 1

n [ =1 ﬁijkPka(#k—i—ek)E j:]/}kj/\kpkgk(uk+9k)

€ k— [ k
+ Zl}zlﬁ/@Ak(l_pk)ek(“k+9k)E Y5 B Ak(l—Pk)ek(Hk+6k)E
i 1( Mk+9k 2 c
+ (I + N1 — Ry
2k 1.Uk+9A )
k Cc
3 i—1 B Ok Akpi oA (1—
< ;Z 7wkEk+ZJflﬁk] Ak Pk kEk+ i1 Bl oeAk (1 — pr) 6 Z/lk
Zk 1/J—k+9k kk (g %
1 n 1 ; o

CqC C A A
Zuk+9 (Zﬁkflj +j;ﬁkj1j> T

Zk luk+ek Ex ;=
. C.A 9 +6 ¢ A-A 1— 0 +9
x( J—1ﬁkj kD Ok (Lk k)+ ,71/3/” (1 — i) Ok (x + 6%) Bt (I + o)

.Uk+91\ E =1 i+ 0:

v o

1 1 n
= £ (OMGE =) +3 Y A+ (FIf +11)
Zk 1 Hk+9k k=1
n mln1<k7j<n{#f+kéia #:+kéi} max1<k,j<n{ kj k%k k k’ i j Ok kb% k) Ok
Y| - IS +1H)+ E,

. ® : p
k=1j=1 mamgkgn{m}ZZ:lEk mmlSkSn{Tfek}ZZ:lEk
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min ) wkﬁ/fj wkﬁ/éj
1 1SkJ<n Y e+ wt6

((P(MS)—l)wE)— =0+ 1)

XnX

< - n
Zk 1 uk+6k maxi<k<n {ﬁ} Lioi B
ﬁkcl.a)k/\kkak ﬁf\/wk/\k(lfpk)ek
maxi<k,j<n | — v T o 1 &
2 C A
i xn—l-*zlk‘*‘(?’lcll""ﬁll)
min 2 =
1<k<n I~lk+9k

< —lr<nk1n {t+ 6 HRy—1)+ = Z?Lk + max{y", y Y IE + 1)

wkﬁk OPe i wkﬂk j

. ' _ BE oAk Bl (1-pi) B
MIN <k, j<n\ 410 Wi [ » maxi<k,j<n Z ) 7
2 3 u

. )
maxlgkgn {7ﬂk+9k } mlnlgkgn {rﬂrkek }

Recall that Vo = — Y/ | Ni. Let u + o =: maxj<g<,{t + Otkc,uk + Oc,?}. Then

>“:

LV, = (Ak — W (Sk + Ex +IE + I} +Ry) — of I — o 1)

M=

~
Il
—_

(IF+ 1Y)

I/\
M:
(ngE

Ak—i— max {,uk Z Sk +Ec+Ry) + (u+ o)

bl
Il
—
=~
I

1

=

1<k<

< — A+max{uk}zu—+ B+ o) Zlk+1,?).
1 k k=1

~
I

Let B;; =: maxlgkdgn{ﬁfj, ﬁ,ﬁ‘l} By applying It6’s formula to V3 = — Y/ _; In Sy, we have

s = — +ZZﬁ;§j +ZZl3k, +Zﬂk+ Z5k
k= k=1j=
< — Z +ﬁzJX”XZIC+IA+ZIJk+ ZSk

J=1 2=
For V4 = — Y/ _| Ri, we have
n n n
= = ¥ OIS+ - ) < = min GF.20) RE 41+
Now
K+ o+ np;;

miﬂ1<k<n{7/c YA}

< -Y A+ max{uk}Z—Jr u+a) Y (IF+17) ZA +nl3UZ(IC+IA +Zuk
k=1 Isksn 1 Mk k=1 i=1 Sk =1

L(Va+Vs+ Vi)

. ) nto+nf; &
];5,{ —((u+a)+npij) (ch_{—l?) + rnln]<1<<n{7’C ;’A} Z Hult
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< < Ak < Ak < au—i_a—’_nﬁlj <
< =) A A
B Z k+1r£1?én{uk}1; Mie = + Z'uk—'— z:: e min <<, {75, B} 2 Z v

For Vs = — Y _ | InEy, LVs is as follows:

n n

Al
S T IR LU IRTARR S
=1 k=1 j=1 Ek k 2

=1

C pAIV V IJC
< — min {ﬁkja ﬁkj}z Z
k=1j=1

1<k, j<n

Z uk+6k -l- Zﬁ,k
k=1

For Vo = — Y7_, InIC, 1td’s formula gives

9 n n
LVs = — kak+2ﬂwﬂh+f W
k=1 k=1 k:l

VAN

— min {p6;} Z

n 1 n
+ ) (et o +9) +5 Y &
k=1 k=1

1<k<n - 1]
If Vo = —Y}_,InI}, then
"= p)Er 1
P NEAL LI TS
k=1 h k=1 2=
) n Ek n 1 n
< — min {(1 - pg) 6} Z - T Z(Mk+051?+71?)+* Z"f
l<ksn s | 2&
Recall that Vs = — Y} InRy. Then
If B . IC+1A 4

k=1 "k =1 Tk k=1 k=1
Therefore
L(V)
+o+n
= LMVi+Vo+V34+Vs+ Ve + Vo + Vs + H Bl]} Vi)
m1n1<k<n{yc YA}
. oBE; oy
mimcs oo 0 0 |
< —M(min {tx+ 6} (Ry—1) +2n Z—
1<k<n o ~ Ax
maxj<i<np {IJH‘Qk } =1
max;<i {B}S‘wk/\kpkek ﬁkAjkak(l_pk)ek}
<k,j<n € ) o 12
- LY | s S )
minlgkgn {ﬁ} k=1

n n n 1 & “+a+nﬁl n
-V A i ~y s2 j A
kg’l k+1r£/?§n{uk},§1 Z Sk ,{;“"Jr 2,; i T m1n1<k<n{yc }/A} Z k
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n IC_|_[A 10 noF n
B Y Y s +Z Wi+ O) + 5 Z)’kz_mm{pkek Z%+Z(Hk+a1<c+71§)
i—=1 Ex 2 P I P
= j _ —
12 ) n E; n 12
+- Y & - min {(1-p)6} Y. —+ Y (m+ot +%)+5 Y vi
25 Isksn P 25
P
— min {7 Y“}Z oot L
< M (gggg {1+ 0} (R — 1)+D> +Mmax{y, NHIT+1)+G Y A
SESn k=1
n 1 n
+ Y S+ af +9f + ot +yA+6k)+fZ(6,3+)L,3+§,3+v,3)
k=1
C pALY Y I
- Z < 1<r211n< {Bkja ﬁkj} ; ; Sk — 1f<nkl£1 {Pi 6k} Z
IC—i—I
- min (1 -p0a 1 0 —lzl,zwc L
where

: ) wkﬁ]fj wkﬁlléj
MINi<kj<n | Gr 6,0 fte,

[0
maX1§kSn { ﬂkaek }

BEoeApib Bl o (1-pi)
maxlﬁk,jﬁn 4 ’ o

: [©)
mlnlékgn { m }

D =2n

)

NM—‘

gng

G — n—+ OH—nﬁij n maXlgkgn{Nk} _1.

ming <<, {70, %} mini<e<n{th}

For small € > 0 and 1 < j < n, define a set as follows

Ue = {(S1,ELI IRy, .. Sy, En IS IV Ry) €T S; > €,8; < € E; > € E; < €°,
IC>81C<£ IA>8 IA<82R >el Rj<e}.

Take p =3 Y0 (8 + A2 +EF+VE) + G A+ X0 (St + af + 7 + ot + 1 + 6¢). Choose € be such
that the following conditions hold in T™* \ %:

i) 2Mmax{y,yl}e <1,
i) — 4+ 2 max{yf, B} +P < -1,

iii) — Y, 8’+2MA1 max{y*, ¥} +P < —1,

iv) =Y 1m1n1<k<n{ﬁk] Bkl} +2MA1 max{}/c ’)/A}—i—P<—1

V) =X X 2m1n1<k1<n{/3k]’ ﬁk]}z ZMAI max{¥, 7'} +P < 1,
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vi) —22 L oMemax{yC, '} +P < 1,

vit) — ¥, mini<jn{p;0;}g +2Memax{y[, 0} +P < —1,
viii) —{(1—p1)61}1 +2Memax{yF, '} +P < -1,

ix) —Yjpmini<j<u{(1-p;)6;}¢ +2Mmax{yf, 0} +P < -1,
x) —min{),y'}2 + ZMA‘ max{y", v} +P < -1,

xi) =Y pminicj<n {95, 71} 2 + 2 max{yf, '} +P < -1,

Divide I'* \ % into the following subsets:

o % ={(S1,....R,) €T I <&, [ <&},

o % ={(S1,...,R,) €T : §; < ¢},

o U={(S1,....R)) €T*:§;<¢, j=2,....n},

o U=A{(S1,....Ry) €T : S1 > E <& If >e* I} >€e* k=1,...,n},

o Us={(S1,.. Ra) ET": Sy 2 € E <&, 07 > & [} > €%, j=2,...,n, k=1,....n},
o U ={(S1,....R,) €T IF <, I <g},

o U =A{(S1,....,R)) €T : [ <g, I} <&, j=2,....n},

o U ={(S1,....Ry) €T*: I > ¢, I > ¢ R <&},

o U=A{(S1,....,R)) €T IS > ¢, I! > e,R; <€ j=2,...,n},

Now we determine the sign of LV on each of these subsets.

Case 1. For %, condition (i) and (10), gives
v < - (min (0085~ 1)+ D) + P Mmax o )5 + 1)

< —M <1r<nki£ {w+ 6 (RS —1) +D> +P4+2Mmax{y-, 7 le < —241< —1.
SKsn

Case 2. Using condition (ii) for points in %5, gives

A A A A
LV < —?1+2Mu—lmax{yf,7f}+P§—?1+2Ml71max{?’1cy7’f‘}+P§ -1
1 1 1

Case 3. For points in %4, condition (iii) gives

A A —LiaA A
w<-Y S—"+2Mu—lmax{yf,yf}+P§ %JrzMu—lmax{yf,y{‘}JrPg ~1.
1= Sk 1 1



Stochastic SEIR system with asymptomatic individuals 739

Case 4. Applying condition (iv) for points in %4, gives

C
in (5, Bt} ”1 St +2Mﬁ max {1 7'} + P

~
<
IN
|
ugk
@5
I/\:s

g{ﬁkla ﬁkl} +2M maX{?’C NH+P<—1.

o~
Il
—_

I/\
M=
\/\E

Case 5. For region %5, condition (v) gives

n

n + 4
v<-Y Z min {5, B} 5 yaL Sk +2M“ max{y, %'} + P
k=1 j=

IN

2 A
C pA 1
—kZ L  in B ﬁkf}g“MEmax{%c,ﬁHPg 1.

Case 6. For region %, from condition (vi) and the fact that E; > 1, we have

E 0
LV < —p191]—é+2M8max{y1C,yf}+P§ —m+2M8max{yc Y 4pP<—1.
1

Case 7. For region %/, condition (vii) and the fact that E; > 1, gives

n
Ey
vV < — min {p6} Y ~5 +2Memax{s, '} +P
< — min {pc k}kg,zllgj +2Memax {7y, 7'} +

L 1
Z r<n£1 {kak}E +2Memax{y*, 1 +P < —1.

Case 8. For points in %, from condition (viii) we have

1—
(SPI)OI—FZMemaX{VIC,}/f}—FPS —1.

E
v <—(1 —pl)elrj+2Msmax{yf,y;‘}+Pg -
1

Case 9. Applying (ix) on points in %4, we have

n
. E;
LV < —m 1— 0 — +2Mem W,Y +P
= 2<k1£n{( Pk) k}k;l I}? aX{ 15 l}

n
1
Z r<n£1 l—pk)Gk}E +2Memax{¥, ¥} +P < —1.

Case 10. The condition (x) on the set %3 gives

IC+I

LV < —min{yF, 7}~ +2M/;imax{ylc,ﬁ}+P

A
< —min{ylc,yf‘}g+2Mu—:max{ylc,yf‘}+P§ —1.
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Case 11. Condition (ix) on %% yields

IA
|
(ngE

LV

glg{f 7/‘}

+2Mu—max{yc 7}+P

~
I|
l\)

IN
|
M:

rgnil{yc y*‘} +2M max{yC Wi+P<—1.

~
I

Thus, for any point (Sy,...,R,) € I\ %, one gets LV < —1. ]

4 Extinction of the disease

In this section, we give sufficient criteria which proves extinction of the disease.

Theorem 2. Let B = (Bij)uxn be irreducible and (Si(t),11(t),...,Ru(t)) be the solution of system (1)
with an initial condition in T'*. Set

4 (X BG + X By ) A= 44
(A NEEAVE)

R{, = max
k

If Ry < 1, then both I; and Qy, k = 1,...,n extinct with probability one. It means fork =1,--- ,n,

limE; =0, imIf =0, limI{ =0a.s.
{—ro0 [—roo [—ro0

Proof. Consider the first equation of model (2). Integrating both sides from O to ¢ and deviding by ¢, we
have

Si(t) = Si(0 fSkICdt no o JoSfdt ! Sedt ' SedBy(s
k(1) — Sk (0) _Ak_ZBk] 0 g do ukfo k +5kfo kdBi(s)
t = t t t
Therefore
JoSidt 1 [ _Sk() Z pe oot fosklcdf : B foSkIAdf féSkdBk(S)
t w \F = K t '
Let [‘)S"dl =< S; >. Then we have
Ar ¢ [ SkdBy(
lim < § > = lim J—ZB"J < SulSdr > — Zﬁ"f < Selidr > + & JoSidBils)
1—oo t—o0 \ U = iy My t
< lim <A"+6"f° SkdBk(s)) .
= \ M Hi t

Take )
My = / SedBy(s),
0
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and applying the strong law of large numbers for local martingales [15], we obtain lim;_,c 4

limy oo < Sg >< 3 as. Let Zi(1) = Ex(1) + I (1) + I (¢). Then

1 - C C . A A C A
dinZ; = m (}; ﬁkjSkIj +j;ﬁkj5k1j _.uk(Ek +Ij +Ij)
)LZE2+§2(IC)2+V2(IA)2
C C A A k ~k k \"k k \k
—(ay +v) Iy — (o +y.) I — dt
(of o M — et it~ EEE R )
L MR )LkEk B ékllg VkI;?
EcA I+ B B IC T B 1S 1A
< (B ats Bpis - BAEDE L P,
= kj kjPk — -
= / 4(E}+ (I + (11)?)
ME, Vi I2
+ kck A ékck 1Bk kck 14Bk
E +IC+ I E +IC+ I Ep+IC+ 1
= (Zﬁk}sk+ZBk]Sk_ "_W dt
L M Elf Vil
Ec+IC+ 1A E+IC+10 B IC+ TR

Therefore

_ nooBCayn  BA 2 A £2 A2
0

M (! E; & [ I
+2 [ —dB +—/¥————43
@+F+ﬁ )+ 5 0 Ex+IC+10 K(s)

B
/ By +IC+1A (s).

Again by applying the strong law of large numbers for local martingales,

imsup 22U y S ooa | A MENEENVE
fimsup t() = <Zﬁ/gj+zﬁ1§>k—uk—w
o =1 = Lk
_(%A&A@)Z(ﬂﬂ%HELmQAr4¢_
R 4 We(AZNEEAVE)
_ REAEEAVY)

4 (RG—1)<0a.s.,

4(X0_) BGHEI B ) Av—4u?
where RS = max = e
0 = max { NGV

} . Therefore

limE, =0, limIF =0, lim =0.
t—o0 t—>o0

t—roo

741

=0 and
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Table 1: List of parameters

Parameter  Units Range References
A1, A day*1 0.05812 www.statista.com
Hi, 12 day™" 3530000 503363 1]
=Bl day™! 0.4417 [18]

2 =2 day ! 0.6532 [18]
=12 day! 0.3533 [18]
2l =22 day"!  0.2650x0.75 [18]
pr=p> day’! 0.5 Assumed
0,=6, day! 0.5 [10]

Oic = O day_l 0.05 Estimated

Oig = 0y day! 0.04 Estimated

Yic = Yc day_1 0.24 Assumed

Yc=Yc day”! 03 [17]

S Numerical examples

In this section, we present numerical simulations to validate our theoretical findings. We implement the
stochastic system (2) for the case of two subpopulations (n = 2) using Milstein’s higher-order method [6],
which yields the following discretization scheme:

(501 = st 4 (A —SEX2 (BYE+BYI]) — St ) Ar £ SE£(81,1),
Skl = sk + Az—Sk (B A B — 1S ) At 4S5 £(82,2),
EM =gy S’;zjzl(ﬁc‘fngrBA’I") — (W1 +60)EY ) At +Ef f(41,3),
EXT' = E5+ (S5X2 (B IL+ BYT]) — (1 + 6,)ES ) At + EX f(2,4),
LB =Ko+ [p1OEf — (1 + auc + 1io)lic] At + I f(61,5),

B =B+ [p20ES — (1 + aoc + o) 1| At + B f (2,6),
I =15+ [(1— p1)OEf — (1 + aua + 11a) IA] At+llAf(V177)
i =15+ [(1— p2)OES — (1o + oa + 1oa) 15, | At + I, f(v2,8),

where f(x,m) =: (xV/At@y,x + %((Dﬁhk —1)At), and the time increment Ar > 0, &, A;, & and v; are
mutually independent Gaussian random variables whith the distribution .47(0,1) for k,i = 1,2. The
parameters are read from Table 1.

Example 1. In this example, we confirm the existence of an ergodic stationary distribution numerically
under the conditions of Theorem 1. The quasi-endemic equilibrium is the point

P* = (T>ET71?*31F*3 TaElall | )
= (0.2669,0.11622,0.10018,0.21481,0.2669,0.11622,0.10018,0.21481).


https://www.statista.com/statistics/
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Figure 1: The simulation of solution (S17E1,I’14,11C) for deterministic and stochastic systems (1) and (2) when
Ry = 18.66060438 > 1.

By taking §; = A; = & = v; = 0.15, we obtain

Rj) = 18.66060438 > 1.

A direct calculation shows that (7) holds where the eigenvector is @ = (@, @) = (0.6627,0.7504).
Therefore, by Theorem 1, system (2) has a unique ergodic stationary distribution which shows that the
disease is persistent in the mean. This fact is depicted in Figures 1 and 2.

Example 2. For i, j € {1,2}, we consider the following parameter changes in system (2):
i =0.002 A; =001, & =4 =& =v; =09, B =:0.01, B/ =:0.005.

Then

4 (X0 BG+ X BY) A —4uf

=0.7308 < 1.
(A NEEAVE)

5 = max

Theorem 2 guarantees that when R < 1, the disease will extinct exponentially which is illastrated in

Figure 3.
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Figure 2: The simulation of solution (S27E2,I’24,12C ) for deterministic and stochastic systems (1) and (2) when
% = 18.66060438 > 1.
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Figure 3: When Rjj < 1, the disease will extinct exponentially.
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