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(GEERAF) method.

1. Introduction

Fractional differential calculus is of great importance in problems in engineering, mathematics,
and physics. In recent decades, researches have shown that these types of equations can be very
useful and efficient by modeling various phenomena in terms of fractional derivatives. They have
many applications in many fields such as nonlinear earthquake oscillations, quantum mechanics
[1,2], physics and plasma physics [3,4], and light propagation. Therefore, solving fractional
differential equations or NFPDDEs is one of the problems of the day. Several methods used to
find exact soliton wave solutions including: Extended tanh technique [5-7], Generalized and

Modified Kudryashov approach [8,9], Extended hyperbolic technique [10], g—;-expansion approach

[11], Double (%’%) -expansion technique [12], Generalized projective Riccati equation approach
[13], and etc. [14-17].
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The theory of the GEERAF method was first introduced by Ghanbari et al. for nonlinear partial
differential equations [18]. In recent years, this method has been used by scientists to solve
various partial differential equations [19-25].

Sometimes, the modeling of real-world phenomena using differential-difference equations (DDES)
will be described and introduced. Many of the fundamental concepts of partial differential
equations were also extended to DDEs after the introduction of Fermi's theory in the early 1960
[26].

Scientists apply nonlinear lattice equations for physical model development including applications
in electric current research along with electric and biological circuit pulse behavior [27-28]. After
Fermi and over the years, various lattices of differential equations have been introduced, such as
the Hybrid (Wadati) lattice, the Diederik Korteweg lattice, the Toda lattice, the Ablowitz Ladik
lattice, and the Generalized Volterra lattice [29,30].

After the emergence of soliton theory, in addition to solutions to partial differential equations,
discussions began about solutions to DDEs and FDDEs, including the Hirota's approach [31], the

4

(%)-expansion method [32,33], the Generalized differential transform approach [34,35], the

Extended Riccati Sub-ODE technique [36] which are the most common methods. This paper seeks
to explore FDDEs of the form

D[l; Wn = Q(Wn—lﬂ Wn, Wn+1)ﬂ 0 < :B =<1

where Df; represents the JMRL of order B, Q is a rational function and $ w,, = w(n, t) represents
how much the nth particle has shifted from its equilibrium position.

In the section ‘Description of the GEERAF technique ‘, we describe the basic steps of the
GEERAF method for FDDEs. In the section ‘Procedure of Solution °, the linearization process of
FDDEs and the results obtained by the method for solving an NFPDDEs are presented. The paper
concludes with a 3D graphical representation of the results in these sections and some concluding
remarks.

2. 2. Preliminaries of the JMRL derivative

In this section, we introduce The JMRL derivative. Let h: R - R represent a continuous function
(but it may not be differentiable). The JMRL derivative of order B is expressed as follows [37]:

_ 1
Y&
IDF h(z) = ;

! if(z — O (hQ) - h(@))dS, 0< B <1,

0
IDF ¥ DkR(z), k<B<k+1, k>1,

f (2 -0 (h() - h(O)) d, B <O,
0

r(1—p) dt

Some important properties of the JMRL derivative are as follows:
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A -ré(l’—i Pﬁ) ZH >0
Ipf (W(2)g(2)) = g(2) 'Df ™ h(2) + h(2) D g(2),

'Df (h(g(2)) = hy(9(2)) 'DL g(2) = "D h(g(2))(g2)",
3. Description of the GEERAF Technique

As mentioned, in recent years, many models have been solved using the GEERAF method. In this
section, we briefly present an application of this technique to determine solutions to NFPDDEs.
The general form of the NFPDDEs is as follows:

P (Wi, oes Witsgr oor DE Wiy s ooy DEWng s oo, DE Wi, o, DEW ) = 0, 0 < B <1 1)

Where wy,is the unknown function, and /wan is the IMRL derivative of order 0 < g < 1.

Step 1. According to the following fractional complex transformation

Q N kﬁtﬁ“
Wn+sp(t) = Xn+sp &n) &= Z dim; + Z r(1+y) +¢, p=12,..c (2)
=1 =1

Then, Eq. (1) becomes a system of ODDEs of integer order, as shown below:

P(Xn+sl' o Xn+ser ---'Xr,1+sl» ---»X1,1+sc' --"Xr(:i-)sl' s 1(1T-i-ns)c) =0 0<p<l 3)

Step 2. We seek solutions of Eq. (3) that can be expressed as a finite series in Q(¢,,) as follows:

M M
XD =00+ Y 0, (aE) + Y A (aE0)”, @
i=1 =1

Where

_ 0, exp(a; ) + 0, exp(ay )
0; exp(as £0) + 0, exp(@, £)

Q) ()

In the assumed structures Eq. (4) and Eq. (5), the values of the constants 6}, a;'s (where 1 < j <
4), 04, 05", and Aj's} (where 1 < j < 4) are ascertained by substituting the solution Eg. (4) into
Eqg. (3). In addition, the positive number of M can be ascertained by using balance rules.

Step 3. Substituting Eq. (4) into Eq. (3), collecting all powers of exp(aj fn) for j=1,..,4 and
equating the coefficients to zero results in a system of nonlinear equations.

Step 4. Eventually, solutions to Eq. (1) are acquired after solving the obtained system and inserting
the obtained values into Eq. (4).
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4. Procedure of solution

We will obtain analytical solutions of the following NFPDDEs equation, given by [38]

B Wpo1 = Wny1 + 2Wn — Wy gWyiq + 2W Wiy
D wy, =
t n -

—2w2
1+w, 4

, 0 < p<1,
—Wni1

(6)

To find new analytical solutions of Eq. (6), the following transformations in Eq. (2) are utilized
where Q = N = 1, and we assume d, = d, k;

=kand t; = t. we get
k)(rll(l + Xn-1—

Xnt1) = Xn-1 = Xnt1 F 2Xn-1Xn + 2XnXnt1 — 2Xn-1Xns1 — 2X5 = 0, @)
Then, by balancing y2 and y;, in Eq. (7), M = 1. Substituting M = 1 into Eq. (4) yields the form
X(E) = 05 + 0, (2(E)) + A1 () (®)
After implementing the GEERAF method, we obtain the following various solutions of Eq. (6)
Family I. By assuming 8 = [—-1,1,1,1], « = [1,—1,1,—1] in Eq. (5),
—efn 4 p—én
__ef‘n_l_e_f‘n_%_ 9
‘Q(fn) - efn + e_fn - efn + e_fn - _tanh(fn)' ( )
2

By substituting Eq. (9) into Eq. (8), the following values can be obtained

1—€8d 1_eSd
Q=% O =i Mg kT

1
__,-4d__ 8d
didesar K= Tge (14,

Taking the above values and substituting them into Eq. (4) gives the following result

X(En) = O + 7 coth(2%,) tanh(4d),

(10)
Thus, an analytical solution to Eq. (6) is obtained as follows
— 0, + = coth2(d tsinh(d)) o nhad 11
w(n,t) = 0+§cot (n+()—m tanh(4d), (12)

— P
—
———————

Figure 1. 3D, contour and 2D plots of the solution w; (n,t) for, = 2.5,d = 1,y = 4and{ = 0
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Family 1. By assuming 6 = [1,—1,2,0], « = [1,—1,—1,0] in Eq. (5),

(&) = cosh($y) sinh(§,) + sinh(§n)?, (12)

By substituting Eq. (12) into Eq. (8), the following values can be obtained

1
@0 = @0, @1 = 0, Al = E tanh(Zd), k = —Sinh(Zd),

Taking the above values and substituting them into Eq. (4) gives the following result

tanh(2d)

x(&n) =00 + EERnpTTY (13)

Thus, an analytical solution to Eq. (6) is obtained as follows:
(6) = 0, + tanh(2d)
win,t) = Yo sin ’ 14
1+ ez+2dn—t F(li_l'_(;)d) ( )
;?1| -
-/
I'i;‘_.A*‘TLLL'_:f"' "TL'-'—Ll_;-g ’ /‘/ : |
Figure 2. 3D, contour and 2D plots of the solution w,(n,t) for @, = —1,d = 2.4,y =3 and (= 1.
Family I11. By assuming 6 = [1,—1,2,0], « = [1,—1,—1,0] in Eq. (5),
2 2 sinh(&,)?

0E,) = —2cosh(E,) sinh(g,) + i) (15)

By substituting Eq. (12) into Eq. (8), the following values can be obtained
1—4e*d 1

®0=®0, ®1=0, A1=m, k=—Ee 2d(-1+€4d),

Taking the above values and substituting them into Eq. (4) gives the following result
eBn(—1+ e*)
= 16

X(fn) ®0 + (1 _ e4_d)(_1 + ezfn)' ( )

Thus, an analytical solution to Eq. (6) is obtained as follows:
0 = 0, + coth(dn +¢ — MDY L h2d 17
w(n,t) = 0y + co n+¢ T +7) anh(2d), 17)
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Figure 3. 3D, contour and 2D plots of the solution w3(n,t) for®, = —1,d = 2.4,y = 3and{ = 1.

Family IV. By assuming 8 = [-3,—1,1,1], « = [1,—1,1,—1] in Eq. (5),

Q(fn) =-2- tanh(fn)' (18)

By substituting Eqg. (18) into Eq. (8), the following values can be obtained

3
0, = 0,, 0, =0, A= 3 tanh(2d), k = =2 cosh(d)sinh(2d),

Taking the above values and substituting them into Eq. (4) gives the following result

3(1 + e?n)tanh(2d)

= 19
X(Ea) = 0 + (19)
Thus, an analytical solution to Eq. (6) is obtained as follows:
ez(dn+()(_1 + e4d)
w(n,t) =0, + ) LG (20)
(1 + e4d)e T(1+y)
Figure 4. 3D, contour and 2D plots of the solution wy(n,t) for@y = 2,d = 1,y = 3and{ = 2.5.
Family V. By assuming 6 = [2 +i,2 —1i,1,1], a = [—i,1,—1,i] in Eq. (5),
Q&) = 2 + tan(§y), (21)

By substituting Eg. (21) into Eqg. (8), the following values can be obtained
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5i (=1 + e*4) 1, . ,
0 = 0y, 0, =0, A= _W' k= E [e2ud -1+ 94“1),

Taking the above values and substituting them into Eq. (4) gives the following result

€)= 0, + 5 cos(&,)tan(2d) -
A3n) = o 2 (ZCOS(fn) + sin(fn))' (22)
Thus, an analytical solution to Eq. (6) is obtained as follows:
ie—zid _ e4id
2(dn+§)+$ (<14 )
wn,t) = 0y + i e—2d(_11eMd) ¢\’ (23)
(1 + e*d) (—1 + em"”“F(l—W)
I al
1 1 150
\.‘ ]
| 1 100
Figure 5. 3D, contour and 2D plots of the solution wg(n,t) for®g = 8,d = 2,y = 4and{ = 1.
Family VI. By assuming 0 = [i,—i,1,1], @ = [—i, i, —i,i] in Eq. (5),
Q(En) = tan(En), (24)
By substituting Eq. (24) into Eq. (8), the following values can be obtained
0 -0 o - i (_1 + eZid)(l + ezid + e4id)2 A= i (_1 + eZid)(l + eZid + e4id)2
o 1T 4(1 4 32 + 381 4 gl0id) 1T 4(1 + 3e?id + 3eBid 4 e10id)
1 . .
k=-=ie % (=14 8%,
4
Taking the above values and substituting them into Eq. (4) gives the following result
2 ,
26 = 0, + (1 +2 cos(Zd)) cot(&,) sm(Zd), (25)

2 (3 cos(3d) + cos(Sd))

Thus, an analytical solution to Eq. (6) is obtained as follows:

B 1 t sin(4d)
w(n,t) =0, + > 1+ cot <dn +{— m) tan(2d), (26)
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Figure 6. 3D, contour and 2D plots of the solution wg(n, t) for@yg = 1,d = 2.5,y = 6and{ = 2.

5. Conclusion

The advances that have been made in various analytical methods are due to years of effort by
scientists. In this paper, we analyze and investigate NFPDDESs using the GEERAF method. It is
worth noting that the basic idea of this technique is to convert FDDEs into ODEs. The notable
point in this method is the search for soliton-type solutions of ODEs derived from the given
FDDEs. This method is more general than other methods because it produces a variety of exact
soliton solutions, such as rotations, gaps, compactons, and so on. In addition, graphical diagrams
related to the solutions presented in the article are provided, and these diagrams provide
significant assistance in predicting the dynamic behaviors of the phenomenon under study. The
results obtained can be very useful in advancements related to quantum mechanics, physics, and
beyond.
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