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Portfolio optimization under regime-switching with market
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Abstract. Asset prices typically follow significant trends influenced by the economic environment or
overall investor sentiment. Regime-switching is commonly employed to capture asset price dynamics,
as it effectively describes significant trends and reflects the changing correlations of asset returns over
various periods. This paper explores multi-period mean-variance portfolio optimization under regime-
switching with path-dependent returns. Unlike conventional models, this paper assumes that asset returns
depend on the entire path of market states rather than just the current one. Consequently, investors base
their decisions on all observed states up to the current moment. Utilizing dynamic programming tech-
niques, we derive the path-dependent optimal portfolio strategy and the mean-variance efficient frontier
in closed form. Furthermore, we demonstrate that the results from the traditional regime-switching
model, can be viewed as specific cases of our proposed model.
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1 Introduction

The mean-variance (M-V) portfolio selection problem was first formulated by Markowitz [21], who in-
troduced a static model aimed at minimizing the portfolio return variance for a specified level of expected
return. Alternatively, this problem can also be approached by maximizing the portfolio’s expected re-
turn for a fixed level of return variance. Merton [22] provided the first analytical solution for the static
version when negative weights are allowed. However, dynamic versions faced challenges due to the
non-separability of variance in dynamic programming. Li and Ng [18] and Zhou and Li [32] overcame
this with an embedding technique, providing closed-form solutions for multi-period and continuous-
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time settings. Later works expanded on this, exploring various constraints, such as no-shorting [11, 19],
bankruptcy prevention [4, 34], and asset-liability management [9, 1 7].

The studies mentioned above assume that risky asset returns are independent across time periods.
However, numerous empirical analyses suggest that returns often exhibit intertemporal dependency.
Therefore, it is reasonable to consider M-V portfolio models with correlated returns. General correlation
structures have been explored in the portfolio selection models, see [12, 14, 15,27,28,30].

A practical approach to capture return correlations is through Markov chains. In Markov regime-
switching models, asset returns depend on the market regime, which is modeled as a finite-state Markov
chain. These regimes represent underlying economic conditions, investor sentiment, and other factors.
Many portfolio selection models incorporate regime-switching, such as M-V portfolio selection [5, 33],
expected utility maximization [1], and M-V asset-liability management [7, 8]. Other studies include
no bankruptcy restriction [10], time-consistent M-V portfolio selection [23], and the optimal R&D
investment problem [24]. Models with uncertain exit-times under regime-switching were explored
in [6,13,16,26,29]. Hidden Markov regime-switching models were also studied in [3,25,31].

In the traditional regime-switching model, asset returns and investor decisions depend on the current
market state. We extend this assumption by considering that asset returns in each period depend on
all market states from the beginning to the present, making returns path-dependent. This means that
past market conditions influence the current performance of assets. For instance, one of the primary
indicators of a bull market is the sustained increase in asset prices. This price growth typically results
from high investor demand, driven by confidence in the market’s upward trend and a stronger inclination
to purchase assets. To illustrate this trend, we can analyze the path of market states over time. Recently,
Keykhaei [16] applied the concept of path-dependency to model the random exit-time from the market.
He assumed that the investor makes a definitive decision to exit and end investment period based on
information about the market state up to the current moment, meaning that the exit-time is a stopping
time with respect to the market filtration. This model effectively examines the impact of the market path
on the investment duration and the decision-making process of investors.

To the best of our knowledge, the multi-period portfolio optimization problem in the M-V framework
under path-dependency for asset returns has not been studied. To address this gap, we model key market
parameters as path-dependent variables, capturing richer market dynamics compared to the traditional
state-dependent approaches. Using a path-dependent value function technique via dynamic program-
ming, we introduce a generalized Bellman equation that incorporates path-dependent state variables.
Furthermore, we employ Lagrange multipliers and duality theory to derive the optimal portfolio strategy
analytically. These developments allow us to compute the M-V efficient frontier explicitly and to de-
termine optimal strategies and risks by modeling key parameters recursively and providing their explicit
forms. Our results demonstrate that the optimal portfolio strategy is inherently dependent on the market
path rather than solely on the current state. As expected, the results from Cakmak and Ozekici [5] for
the traditional model are recovered as special cases of our model.

The rest of the paper is organized as follows: Section 2 introduces the basic notations, model assump-
tions, and M-V portfolio formulation. Section 3 provides the analytical solutions and the M-V efficient
frontier. In Section 4, we examine portfolio selection with state-dependent returns. An illustrative exam-
ple is presented in Section 5, and Section 6 discusses an empirical study. Finally, conclusions are drawn
in Section 7.
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2 Problem formulation

Consider an investor entering a financial market at time O with initial wealth wy and planning investments
over T periods. Let the market state at time n (n = 0,1,...,T) be denoted by X,,. The market consists
of N + 1 risky assets, where the returns over period n (n = 0,1,...,7 — 1) depend on the market path
(Xo,X1,...,X,). Fork=0,1,...,N, denote the return of the k-th asset over period n by RX(Xy,...,X,).
We assume {X,;; n=0,1,...,T} is a Markov chain with state space S= {1,2,...,L} and time-dependent
transition matrices Q, such that Q, (i, j) = Pr(X, = j|X,—1 = i), where i, j € S.

We make the following assumption about the Markov chain:

(A1) Qn(i,j)>0foralli,j€S.

For the given market path (X, ...,X,) = (io,..., i), let

/

Rulios .- yin) = (R2ios .- in) Ry (i0s- - sin)s - o, RY (i - 10n))

and
R:(io,- . in) = (Ry(i0s-- - yin) — RO(i0s .- yin),- - RY (i0, .. ,in) —Rg(io,...,in))’,

be the vectors of asset returns and excess returns, respectively, where A’ denotes the transpose of a matrix
or vector A.

LetE [ } represent the expectation operator. We make the following assumptions about asset returns
for all m,n=0,1,...,T — 1 and market paths (io, ...,i,) and (jo,..., jm):

(A2) E[R:(io, ..., in)] #0;
(A3) E[Ry(io,- .. ,in)Ru(i0, .-, in)] is positive definite;
(A4) R,(iy,...,i,) is independent of R,,(jo, .., jm) for all n # m;
(AS5) R,(ig,...,in) is independent of the market state X, | = i1.
Forn=0,1,...,T — 1 and a given market path (io, ...,i,), we define
Ba(io, - in) = 1(i0s - -5 in) V(i - - - i) "7 (0, - - i),

gnlioy .- sin) = ralio, ... i) — r(io, .., in) Va(io, - .. ,in) " Upn(io, - - - »in),
Fulios -+ sin) = 12(i0s - - sin) — Unlio, - . ,in) Vilio, . . in) " Ui, . . . i),

where

Vialios -+ vin) = E[RE(i0y - -y in)RE (0 - - yin)' ], Unlios - - i) = B[RO (i0s - -, in) RS (0 - - - yin) ]+
r (o . vin) = B[RS (0, .. in) | alivs - - in) = E[RY(i0,- . yin) |, 72 (i0s - -y in) = E[(RO(i0, .. . in))?]-

We use the following lemma to ensure the existence of an optimal solution. The proof is similar to [26,
Lemmas 2 and 3] and is omitted here for brevity.

Lemma 1. V,(iy,...,i,) is positive definite, and h,(iy, ... ,in), fn(io, ..., in) > 0.
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1 n2,...,m)) € RN as the investor’s
portfolio at time n. The investor’s portfolio strategy is the investment sequence @ = {7, Ty, ..., Tr_1 }.
Additionally, W signifies the investor’s wealth level at time n given the portfolio strategy 7. The invest-
ment in asset 0 at time 7 is 70 = W — ZQ/:] k. Consequently, within the self-financing framework, the
wealth evolution under 7 can be described as:

Let ¥ represent the capital allocated to asset k, and 7, = (&}, 72

T =WIRY X, ..., Xy) + TR (X0, .., Xn), n=0,1,....,T —1.
In this context, we make the following assumptions:

(A6) The investor’s current wealth W = w, is assumed not to influence the vector return R, (o, ... ,i,)
and the market state X, 1;

(A7) Short selling is permitted, and there are no associated transaction costs.

Let B[] = E[- | Xo = io; W] = wyo] and V[-] = Eo[-]*> — E3[] represent the conditional expectation
and variance under initial conditions iy and wy. Using the M-V criterion, the multi-period portfolio
selection problem is formulated through the following three optimization problems:

( T
meiXIEo[WT]
MV1:q st Vo[Wf] =02
T =WIRYXo, ..., X,) + TR, (X0, -, Xn), n=0,1,....,T—1,
. T
m;nVo[WT]
MV2:Q st.Eo[WF| =u,
T =WIRY X, ..., Xy) + TR (Xo, -, Xn), n=0,1,....,T—1,

{max Eo [Wf] — @V, [WF] (0 > 0)
MV3:

T

s.t. W = WIRY(Xo, ..., X,) + TR (Xo, ..., Xy), n=0,1,....,T —1.

In problem MV 1, an investor seeks the optimal investment strategy to maximize the expected terminal
wealth while maintaining the variance of the terminal wealth at a preselected risk level 6. In problem
MV?2, the investor aims to minimize the variance of the terminal wealth, ensuring that the expected
terminal wealth equals a preselected level . In problem MV 3, the focus is on the investor’s risk aversion,
represented by the parameter @. The larger the value of w, the more risk-averse the investor is, reflecting
their preference for safer investments with lower variance.

Remark 1. It is worth noting that the problem MV 1 (or equivalently MV?2 and MV3) can be inter-
preted as a specific case of the Bolza form commonly used in investment-consumption problems. Here,
the absence of consumption simplifies the model to the Mayer form, focusing only on terminal wealth
optimization.

Remark 2. It is well known that the three optimization problems above are equivalent in the sense that
they yield the same optimal solution for some specific values of the parameters 1, 62, and ®. More
precisely, if the efficient strategy m* (to be defined later) is the optimal solution of MV 2, then it also is
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the optimal solution of MV 1 with 6> =V, [WT”*]. Similarly, if ©* is the optimal solution of MV 1, it also
is the optimal solution of MV?2 with u = Ey [WT”*] On the other hand, if &* is the optimal solution of
MV 3, it also is the optimal solution of MV 2 with u = Ey [W}’*] and the optimal solution of MV 1 with
c’=Y, [Wf*] Furthermore, at the optimal solution of MV 3, the following relation holds:

dVo[WF] 1 )
dE() [WTT[] o

3 Analytical solutions

Initially, we will tackle the optimization problem MV 2 by employing the Lagrangian dual method along-
side a dynamic programming framework. Subsequently, the optimal solutions for the problems MV 1 and
MV 3 will be derived from the interrelations outlined in Remark 2.

Now, let us examine the optimization scenario MV?2. By considering the constraint £ [WT”] = and
the variance definition, we can reformulate the problem as follows:

min Eo [(Wf' —p)’]
MV2:q st.Eo[Wf—u] =0,
W =WIRYXo, ..., Xy) + TR (X0, ., Xy), n=0,1,....,T —1.

MV?2 is identified as a convex problem. To solve it, we employ a Lagrange multiplier 2A € R and
reformulate MV2 into an unconstrained auxiliary problem, expressed as follows:

min Eo [(WfF — 1)?] +2AEo [WF — ]
MV4:.¢ "
s.t. W = WIRY(Xo, ..., X,) + TR (X0, .., Xy), n=0,1,....,T —1.
By letting d = A — u and dy = > — 2A 11, we can recast the problem as:

min Eo [(WF)? +2dWF + do]
MV4:.¢ ®

s.t. W = WIRY(Xo, ..., X,) + TR (X, .., Xy), n=0,1,....,T —1.

By disregarding the constant term dy in the objective function of MV4, we formulate the following
equivalent optimization problem:

min Eo[(W])? +2dWy]
MV5:¢ *
s.t. W, =WTRY(Xo, ..., X,) + TR (Xo, ..., X,), n=0,1,....,T —1.
Prior to solving this problem, we will introduce some definitions and notations, along with auxiliary
results that will be referenced throughout the paper.
3.1 Matrix expressions overview

In the subsequent section, we will perform intricate matrix computations to derive the explicit optimal
solution. To facilitate these calculations, we will use some notations introduced in [16], which will
simplify the forthcoming expressions.
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Let k,m, and n be non-negative integers. For 2 < m < n we define matrices A and B as follows: A
isan L X L X --- x L matrix, and B is an L X L X --- X L matrix. We denote (AeB) asan LxX L X --- X L
~—_—— —_—— ~—_——

m times n times n times
matrix and B as an L X L X --- X L matrix defined by the equations:
~—_——

(n—1) times

(AoB)(i1,. .. in) = Alinemits - in)Blit,-. . in),
B(i,... in1) =Y B(it,- . in—1,in)-

in€S

For 1 <n<k,letAs_,,...,A; represent a sequence of L x L matrices, while B;_; (j=1,...,n) and oy de-
note an L X L X --- X L matrix and an L X L X --- X L matrix, respectively. Using the notation established
— —

(k—j+1) times (k+1) times
earlier, we define

>~

ﬁ AkO(Xk) ((Akfn.kan).<--~.((Ak71.kal).(Ak.ak))---)) )
j=k—

n

J

asan L x L x --- x L matrix. To facilitate our calculations, we define [Jy(A; @ B;) ® (A ® 0x) = (Ax ® 0%).
Additionally, we have Yy(.) = 0 and []y(.) = I where I denotes the identity matrix.

The subsequent lemma provides a more detailed characterization of the structure represented in (2).
The proofs of Lemmas 2 and 3 are similar to those presented in [16] and have therefore been omitted.

Lemma 2. Forn >0,

=~

—1

H Ak.ak)(i()?"'aik—n—]) =
j=k—

J n

Y o Y Y Aalieen-tik—n)Bionlio - yik—n) - - - A1 (ik—2,ik—1)Bi—1(i0, - - - ik—1)

ir—n€S i1 €S eS

X Ak (i1, i) 04 (los - - -, i)

Lemma 3. Let {A,}!_, represent a sequence of L x L matrices, while {B,}!_, and {6,}'— denote se-
quences of L X L X --- x L matrices. Define {Otn} _o as a recursive sequence of L X L X --- X L matrices
%,_/ %,_/

(n+1) times (n+1) times
with backward-defined components given by

Oy (l()a Y ) Bn(l()? o n)+9n(i07-"7in)(An+1 .an—i-])(i();---ain)?

with the terminal condition oy = Br. Then, explicitly we have

=
—_

0 (i0s- - in) = Bulios- - in) 4 On(ios---in) Y, ® (Ax o B)(io,- -, in)-

k=n+1 j= n+1
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3.2 Solution to problem MV5

The dynamic programming approach is used to solve stochastic optimization problems. This approach is
particularly useful when the decision-making process is multi-stage, as it allows for the decomposition
of the problem into smaller and more manageable subproblems. In dynamic programming, the value
function v,(X;,) typically represents the minimum (or maximum) cost (or reward) from time n onwards
under the random state variable X,,. The problem is formulated by considering the optimization objective
starting from time 0, expressed as

)

T—1
vo(xo) = min E [Z cn(Xn, un) + 8(Xr)

Up ;.- UT -1 =0

under the given initial state Xy = xo where ¢, (X, u,) is the cost at time n, g(X7) is the terminal cost, and
u,, represents the decision variables. The value function v, (x,) represents the optimal value starting from
time n under the current state X,, = x,, i.e.,

Va(xn) = . IIlluI; 1IE
M

T—1
Z Ck(Xk,Mk) +8(XT) ‘ Xn :xn] )
k=n

and can be expressed as

Vi (xn) = nL1t11nIE [€n(Xn, tn) + Vi1 (Xnt1) | Xn = xn) -

This recursive relationship, known as the Bellman equation, with the terminal condition vy (xr) = g(x7),
provides the connection between the value functions at consecutive time steps and is a key feature of dy-
namic programming in stochastic optimization problems. Note that, if the running cost ¢, (X, u,) is zero
for all n, the problem reduces to the Mayer form, focusing solely on the terminal cost g(X7). Conversely,
if the terminal cost g(X7) is zero, the formulation corresponds to the Lagrange form, minimizing the cu-
mulative running cost. When both g(X7) and ¢, (X,,u,) are non-zero, the problem represents the Bolza
form, combining terminal and running costs. In this study, the Mayer form is adopted, as the objective
focuses exclusively on optimizing terminal wealth. For further details, see [2].

We utilize dynamic programming approach to address the problem MV5. To achieve this, we intro-
duce a path-dependent value function method that relies on observations of market states. Let the value
function of MV'5 at time n be defined based on the market state path (i, ...,i,) and the wealth amount
w, as follows

Va(ioy . yipswy) = min By o [(WF)? +2dWF],

Ty, TT—1

where Eij i -w, [] = E[ | Xo =igy..., Xn =i W= wn].

Remark 3. The key distinction between the current model and other multi-period portfolio selection
frameworks involving regime-switching lies in how value functions and optimal portfolios are formulated.
In our approach, at each time n, both the value function and the resulting optimal portfolio are influenced
by the market state path (iy,...,i,) from the start until time n. In contrast, previous models typically
assume that value functions and optimal portfolios are determined solely by the present market state i,.
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Based on our assumptions and the dynamic programming principle, the Bellman equation for solving
problem MV5 is given as follows

Vn(iOa .- 7lnewn) = H}cinE[Vn+1(l.(), cee 7in7Xn+l;Wn7:-])|X0 = iOa cee 7Xn = in,Wnn = Wn]
n

:rr71t1n Z Qn+1(in7in+l)E[Vn+l(i07"'7in+1;WnR2(i07"'7in)+nyl1Rfl(i07"'7in))j|7
" in+1€S

with the terminal condition v (ig,...,ir;wr) = W2T + 2dwr. The subsequent theorem provides a more
comprehensive description of the structure of the value functions.

Theorem 1. The value functions for problem MV 5 and respective optimal policies can be expressed as

Vi, - -y igiwn) = an(io, . .., ig)W> 4+ by(io, ... ,in)Wp 4 cnlio, - - . in), 3)

.l . : - : . Ont19byi1)(io, ... ,1 . :
7T, (i0y - -y inswy) = —=Vu(io, - - - in) l[wnUn(lo,...,l,,)—i— (LH)( ") ry (i, . . . ln)],

2(Qﬂ+1 i an+1)(i0’ R ln)

where the coefficients a,, b,, and c, satisfy the following recursive relationships

an(iOw '-7il’l) :fn(i())' . ‘7il’l)(Qn+1 .an+])(i07- . '7in)7
bn(i()v' aln) = gn(iov' "ain)(QVH-l .bn-H)(iO? . '7in)?
yin) =

)

en(io, .o .,in) = —

€n(lo, .- 'ain) + (Qn+l .Cn+1)(i07 .- '7in)7
((Qn-H .bn+1)(i07 .. wirz))z
4(Qn+1 .arz+1)(i07 ceey in)

Cn(io, ce

B iy - - - yin)-

Proof. To establish the result, we employ backward induction on n. For the case n = T, Eq. (3) holds
directly by setting ar (io, - . .,ir) = 1,br(io,...,ir) = 2d, and ¢z (ip, - . . ,ir) = 0. Now, considern =T — 1
for an arbitrary market path (o, ...,ir—1) and a wealth level of wy_;. Then

vr—1(io, -, ir—1;Wwr—1)

:minE{ y QT(iT_l,iT)vT(io,...,iT;wT_lR‘%,l(io,...,iT_l)+n’T,1ReT,1(io,...,iT_1))}

-1 iTGS
:Ig;llllE{ ) Or(ir—1,ir)ar(io,....ir) wr—1Ry_y (io, - - ,ir—1) + Tp_ R (i0, - .. ir—1)]
N ireS
+ Y Or(ir—1,ir)br(io,-...ir) [wr— 1R (io, ... ,ir—1) + T RS (io, ... ,ir—1)]
iTGS
+) QT(inlaiT)CT(iOa--->iT)}
ireS

:g}lrllE{(QT ear)(io,...,ir—1) [WT_lR(%fl(lo, cosir—1) + RS (i, - ir—1)]

+(0r o br)io, - .y ir—1) [Wr—1RY_\ (0, . ir—1) + Tp_ RS (i, ... i7—1)]
+(Orecr)lio.. - ir-1)}
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= (Qrear)(io,-..ir—1)r7_y (io,- - . ir—1)w7_; + (Qr br)io, - - ir—1)rr—1(io, - - - ir—1)Wr—1
+(Qrecr)(io,...,ir—1) +17};if11{(QT ear)(io,-..,ir—1)&p_Vr-1(io,--..ir—1)7r—1
+ 7[%_1 [Z(QT OaT)(io, .. .,iT,1)WT,1UT,1(i(), .. .,l'Tfl)

+(Qr br) (i, i)y lios. o ir-1)] |- @)

Given that (Qr ear)(ig,...,ir—1) > 0 and that Vz_;(io,...,ir—1) is positive definite, as established by
Lemma 1, the optimal policy meets the following necessary and sufficient condition for optimality

(QT OaT)(io, . ,iT_1 )VT—I (l'()7 . ,iT_1 )”T—] + (QT OaT)<i0, cely iT_1>WT_1UT_1 (io, - ,iT_l)
o . . : .
+ E(QT ObT)(l(), . >lT71)r;"_] (l(), R lel) =0.
Consequently, the optimal policy can be determined as follows

(o, - ir—1;wr—1) =—Vr_1(io,-..,ir—1) " [wr—1Ur—1(io, ... ,ir—1)
(Qr o br)(ig,---sir-1)
2(QT Oar>(i0, e ,iT_])

By substituting ;. (io,...,ir—1;wr—1) back into (4), we obtain

F%_l(i(), .. .,l'Tfl)].

vr_1(io,. - ir—1:wr—1) = ar—1(io,....ir-1)Wg_y +br_1(io,...ir—1)wr—1+cr-1(io, .., ir—1),

where

ar—1(io, - ir—1) = fr-1(io,- ., ir—1)(Qr e ar)(io, ..., ir-1),
br_1(io, .- ir—1) = gr—1(io,- - ,ir—1)(Qr @ br)
((Qr @ br)(io, - --»ir—1))*
4(Qrear)(io,---,ir—1)
Observe that ar_1 (ip,...,ir—1) > 0 by Lemma 1.
Now, assume that (3) is valid for n+ 1, and that a,,41 (io,...,iy+1) > 0 holds for every market path
(ioy---,in+1). We will prove the statement for n under the given market path (ip,...,i,) and wealth
amount w,. By employing the induction hypothesis, we obtain

(i0,---yiT—1),

hr—1(io, ... ir—1) + (Qrecr)(io,-..,ir—1)-

cr—1(io, ... ir—1) = —

Vi (10, - - - yins Wn)

_mlnE{ Z Qn+1(ln7ln+l)vn+1(l07 in+1;WnR2(l'0,-- 51 )+7T Re(107 7-11))}

Tt

inr1€S
. . . 2
_mmE{ Z Qn+1(ln7ln+1)an+l(107 ln+1)[WnR2(107-~ »L )+7T/Re(107 7n)]
n inr1€S
+ ) Ot (i i1 )Bus 1 (0 -« ins 1) [WaRO (i, - - in) + TR (i - - - in)]
in+leS

+ Z Qn+1(invin+l)cn+l(i0a .. -ain+1)}

int1€S
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. A . N/ . . . \12
—minB{ (Qur 1 ® 1)) [WaRO 0, 1) + TR o )]

Jr(QnJrl.anrl)(iOa'”vin) [WnRg(i()v" )+ﬂ Re(l()v n)] +(Qn+l.cn+1)(i0""’in)}
:(Qn+l 0an+1)(i0, .- .,in)l”,zl(io, cee 7in)Wn + (QnJrl .bn+l)(i07 .- '>in)rn(i0> .- -ain)Wn

4 (Ot ®Cnrt) iy yin) —|—n}[in{(Q,,+1 o i) iy in) T V(i i) T
+ 7.[1/1 [2(Qn+1 .an+1)(i0’ .. -ain)WnU (lOa ol ) (Qn+1 'anrl)(lOa -yl ) (10’ ) n)] } (5)

Given that a,1 (g, . ..,iy+1) > 0, it follows that (Q, 11 ®a,+1)(io,...,iy) > 0. Furthermore, by Lemma
1, Vi (io, ..., iy) is positive definite. The minimization problem in (5) mirrors the structure of (4). Using
the same reasoning, the optimal policy can be determined as follows

(QnJrl.anrl)(iOa""in) I"e(io ln)]

2(Qn+l L4 an+l)(i0> ey ln) "

7 (i0, - - inswn) = —Vi(io, ... in) " [WaUn(io, .., in) +

By substituting 7 (io, ..., in; wy,) back into (5), we obtain

Vi (00, - -+ Iy Wi ) = an (o, ..., i )w +bu(ioy-- -y in)Wn +culio,-- -y in),

where
an(i07~--ain) :fn(iOw-- L )(Qn-H .an—',-l)(lOv )
bn(i07"-ain) :gn(i0> ln)(Qn+l .anrl)(lOa )
. . ((Qn+l'bn+l)(103" >ln))2 D e~ \(: :
Cn(lOu s 7ln) =T T hn(l07 -yl ) (Qn+1 .Cn+l)(107- "aln)'
4(Qns19aps1)(io,-- -, in)
As before, we have ay(ig, ..., i,) > 0. O

Corollary 1. Let ay, b,, and c, be the components as defined in Theorem 1. Then

T-1
an(io, - - in) = fulio, -, )Hl(Qj°fj)’(QT‘IT)(iOa---ain)>
Jj=n+
T-1
b (107 Y ) 2dgn(l07 Ny ) H (Qj.gj).(QT.lT)(iO7"‘7in)7
j=n+1

T
Cnios--vin) = en(ios--sin) + Y H (Qje1;) @ (Qreer)(iv, .- in),

k=n+1 j=n+1

where we set 1,(ig,...,i,) =1 (n=1,2,...,T). Also, er(io,...,ir) = cr(io,-...,ir) = 0 and, for n =
0,1,....,T—1,

2

[H, ai1(Qj0g)) e (Qrelr)(ig, ... ,in)
enlio, ... in) = —d* Ba(i, - i)
Jj= n+1(QJ.fJ) (QT.IT)(i07'-'7in)
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The optimal policy w} (io, ... ,in;wy) is then given by

T (ios- - inswn) = = Valioy -y in) " wpUp(ios - . i)

J n+](Q].g]) (QT.IT)(i()?"'?in) e . (6)
H] Vl+1(Q].f]) (QT.IT)(i07~--;in)

+d

Proof. Using Lemmas 3 and 2, the assertions for a,, b,, ¢,, and consequently for ¢, and 77, are derived.
To obtain ay, set B, (io, . ..,in) =0forn=0,1,...,T — 1 and Br(io, .. .,ir) = ar(io,. . .,ir) = 1 according
to Lemma 3. For by, set f,(io,...,in) =0forn=0,1,...,7 — 1 and Br(io,...,ir) = br(io,...,ir) = 2d.
Finally, to obtain c¢,, set 6, (i, ...,i,) = 1. O

3.3 Solutions to problems MV 1, MV2 and MV 3

The optimal value of problem MV'5, given the initial conditions Xy = iy and W = wy, is represented by
vo(io;wo). Therefore, according to Theorem 1 and Corollary 1, the optimal value of problem MV4 can
be expressed as follows

vo(ioswo) + do =ao(io)w§ + bo (io)wo + co(io) + do
=ag(io)w3 + 2db(ig)wo — d*c(ip) + do @)
=ay (io)wg +2(A — pw)b(ig)wo — (A — w)?clio) + u* —2Au,

where
T-1
= folio) [T (Qje f)) ® (Qr e 17)(io),
j=1
T—1
b(io) = go(io) [T (Qj®2;) @ (Qr ®17)(i0),
j=1
c(io) = eg(io) Z H ® (O ee;)(io),
and e; = (l/dz)e,, To derive c(ip), observe that for k = T we have ez (ip,...,ir) = 0. By Lemma 2,

it follows that H 1(Qje1;)e(Qreei)(ip) = 0. As observed, the optimal value of problem MV4 is a
function of the Lagrange multiplier A. We define this function as follows

L(ﬂ.) = Vo(io;Wo) +dp.

According to the Lagrange duality theorem (refer to [20]), the optimal value for the problem MV?2,
denoted as V{(u), can be determined by maximizing the expression in (7) with respect to A € R. Thus,
we have

Vo(u) = maxL(4).
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Note that e (io, ... ,i,) > 0and e}, (io,...,ir—1) = hr—1(io,...,ir—1) > 0 according to Lemma 1. There-
fore, the assumption (A1) guarantees that

H e (Qr10¢;_ i)=Y, ... Y, Qilio,i1)...Qr 1(ir—2,ir—1)er_y(io,-..,ir—1) > 0.
j=l

11€S iT— 1€S

Consequently, we have

T2
c(io) > 11 (Qje1;)e(Qr 1ee;_;)(ip) >0.

Thus, it follows that L(A) attains its maximum at 1* = b(l(’c)(#_” + . Now, it suffices to substitute
b(i —
d=1"—p— blio)wo —pt (8)

c(io)

into Eq. (6) to derive the optimal strategy for problem MV 2. By substituting A* into (7), we obtain the
expression for the minimum variance in problem MV?2 as follows

—c(i o)W in))?
V()= | (lo<)0><l~t—1b<_oc>(l.§)>2+(ao(i0)—1(b_<g()i)o))w(2)- ©)

We recall that a portfolio strategy 7* is considered M-V efficient if there exists no other portfolio
strategy 7 such that Eg [WT” } > Ey [WT”] and V [WT” ] <V [WT”] , with at least one of these inequalities
being strict. A point of the form (Eq [W;F |, Vo [WF']) is referred to as an M-V efficient point in the M-V
plane. The collection of all efficient points constitutes the efficient frontier. This frontier can be derived
by varying the parameter values of i, 6%, and @ in the problems MV2, MV 1, and MV 3, respectively. It
is important to note that for any optimal portfolio strategy with a mean and variance of terminal wealth
located on the lower branch of the parabola described by (9), there exists an alternative optimal portfolio
strategy with the same variance but a higher expected terminal wealth. Therefore, the M-V efficient

frontier corresponds to the upper branch of the parabola (9) in the M-V plane, associated with values of
b(ip)w
H= 1*2(1'03 )
Based on the discussion above, we state the following theorem along with its corollary.

Theorem 2. Assume that |1 > ll’(l‘é)(:v% The efficient portfolio strategy for problem MV?2 is market path-

dependent and is provided by (6), where

b(ip)wo —
cio)

The efficient frontier is generated by varying |l according to (9).

d= (10)

Corollary 2. The global minimum variance, 62 (ao(zo) %)wg, corresponding to the expected

min ~
b(lo)W() (ZO)WO

wealth min = 7=, o) can be achieved under the portfolio strategy provided by (6) with d = lio)=T"
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For determining the optimal portfolio strategy in problem MV 1, as noted in Remark 2, we can set
o’ = V(1) and express p in terms of o using Eq. (9) as follows

_ [ _clio) (b(io))> , b(io)w
“‘V el 7 (=i ~ 2D+ Ty

Substituting u in (8) yields

_ blig)wo 1 M—a O
4= o)1 \/C(io)(l—c(io)) 0%+ (T iy ~ )5 (11)

Once again, by substituting the above value of d into (6), we obtain the optimal portfolio strategy for
problem MV1. To determine the optimal solution for problem MV 3, we refer to Eq. (1) and use the
following relation at the optimal solution

1 dVgw) _ 2(1—c(io)) ( _ b(ig)wo )
) du c(ip) 1—c(ig)/”

We can express U in terms of @ and then substitute this value into (8) to obtain

. 1+ 2a)b(i())W()

d= 20(c(ip) — 1)

(12)

Now, substituting this value of d into (6) provides the optimal portfolio strategy for problem MV3. The
following corollary provides a summary of these discussions.

Corollary 3. The efficient portfolio strategies for MV 1 and MV 3 are market path-dependent and follow
(6), with

b(ip)w b(ip)? .
o \/ o) ["2 + <1—(c°<)io> _“0(’0)) Wé}’ for MV,

14+20b (i) w
2w(c(i§)0_1)0a for MV3.

4 Portfolio selection with state-dependent asset returns

In this section, we examine the M-V portfolio selection in a Markovian regime-switching market where
asset returns are influenced solely by the current state of the market. Under this framework, we define
the vectors of returns and excess returns as Ry (in) = (RO(in),RL(in), - ., RY (in))" and RS (in) = (R (in) —
RO(in), ..., RN (i) — Rg(in))/, where R (i,) represents the return of the k-th asset over period n associated
with the current state i,,. This model has been analyzed by Cakmak and Ozekici [5], albeit under more
restrictive conditions, specifically in the presence of a riskless asset. We demonstrate that the findings
in Cakmak and Ozekici [5] are particular cases of our broader results. Importantly, in contrast to their
approach, we do not require the Markov chain to be time-homogeneous, we allow for the possibility of
the absence of a riskless asset in the market, and we acknowledge that the returns of risky assets are
contingent on both the market state and the time period.
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Given our assumption that market parameters are dependent on the current state, we redefine the
model’s key parameters accordingly. The new definitions are as follows

B (in) = ”Z(in)/v (i)~ lri(ln),

Tn(in) _’”n(ln),vn(in)_lUn(in)a
Jalin) = ”i(in) - Un(in)/vn(in)ilUn(in)a

kA
=
—
~.
=
—
I

Vn(in) =K [sz(in)R;(in)/]ﬂ Un(in) = E[Rg(i)RZ(i")} )
r;i(in) = E[RZ(in)] ) rn(in) =E [Rg(ln)] ; rﬁ(in) = E[(Rg(ln))2] .

To streamline our calculations, we introduce some notations. Let A and B be L x L matrices while
o and 1= (1,...,1)" represent L-column vectors. We define Ay as the L x L matrix where Ay (i, j) =
A(i, j)a(j)- 1t is important to note that we can express the vector sum as A = Al. Consequently, we
have AB = AB1 = AB and A, = A«. Let n be a positive integer. For convenience in notation, we define
Ag, = (Ap)q, for any L x L matrix A, and L-column vector ¢,. Given that the new model parameters

n

depend on the current state, we have g, (io, - .. ,iy) = gu(in). By applying Lemma 2 and our notations, we
obtain
T—1
[T (Qjegi)e(Qrelr)(io, ... in)
j=n+1

=Y .Y Y OCuiiGnsine1)gnr1Cios---sine1) - Qr—1(ir—2,ir—1)87—1(i0s - - iT—1)
in+1€S irfleSl'TES
X Qr(ir—1,ir )17 (o, ..., iT)
= Z Z ZQn+l(inain+l)gn+1(in+l)"-QT—](iT—ZviT—l)gT—l(iT—l)QT(iT—hiT)

in+1€S iT—1 es iTGS

=Y .Y Quilining1)--- Qg (ir—2,ir—1) Y, Or(ir—1,ir)

in+|€S iT,IES iTGS

=Y Y Qg linsins1) . Qg (ir—2,i7—1)L(ir—1)

i,,+| €S ir_1€S

T—-1 TT-1
= (( H ng H ng l”

j=n+1 j=n+1

Following similar manipulations, we derive Hj n+1(Qj ofi)e(Qrely)(ip,...,in) = (Hj a1 Q1) (in).-
The parameters outlined here rely solely on the current market state i,,. Under this condition,

i) = €3 (in) = (T "“Qg’)(’”)rh (in). n=0.....T 1
n\20y---5ln n\In) - m( ) n\ln), goeny y

e;"(lbv .- '7iT) = 6;(17‘) =0.
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Using a similar approach, we derive Hj “ni1(Qjel1;)e(Qrees)(io,. .. in) = ((H _pt109))€;) (in). Con-
sequently, we find

= folio [ H Qy;)(io }
b(ip) = go(io) [ HQg, io) }
T—1 &
c(io) = ep(io) + kZl ((H1 Qj)e) (io) = ¥, (([TQi)ek) (o).
B -

Based on Eq. (6), the optimal portfolios are structured as follows

(M Q60 Il
(T 0 (i)

Thus, as anticipated, the optimal portfolios depend solely on the current market state.

In Cakmak and Ozekici [5], the market setup includes both risky assets and a risk-free asset, with
returns dependent solely on the market state and assuming a time-homogeneous Markov chain. The
parameters defined there, i.e., h(i), g(i), f(i), a1 (i), a2(i), and b(i), align with our parameters as follows

h(i) = hn(i), g(i) = gn(i), f(i) = fuli), a1(i)="b(io), az(i) =ao(io), b(i)=c(io)/2-

Through straightforward adjustments, it becomes clear that the optimal portfolios and M-V efficient
frontier in Corollaries 4 and 5 of Cakmak and Ozekici [5] correspond with our findings.

0oy W) = T (i3 W) = — V(i) ™! [wnUn(in) +d

5 A numerical example

Consider a market comprising two assets: one riskless and one risky. The market shifts between two
regimes, labeled as regime 1 (downward or bearish) and regime 2 (upward or bullish), representing
unfavorable and favorable economic conditions, respectively. Assume that the log-return of the risky
asset follows a normal distribution dependent on the market path as follows

1/- . . . 2. .
logR,,(ig, - in) ~ N(u(zo, ceeyin), 07 (io, . .. ,ln)),
n
u(io,....in) = Y. (=1)"0.57™*H " 62(ig,...,iy) = 0.05+n1072.
m=0

In fact, we assume that the good performance of the economy in the past increases the expected return
of the risky asset for the next periods, while the bad performance decreases it. More specifically, these
parameters reflect the influence of market paths, particularly the proximity of states to the current state.
In particular, states closer to the present have a greater impact on asset returns. Additionally, we suppose
that the return of the riskless asset follows the equation

n
Rg(i()) ey ln) = 102+ Z (_1)]+im0'02—m+n+l )
m=0
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In this case, unlike the risky asset, the return of the riskless asset increases under unfavorable conditions
for the risky asset and decreases under favorable conditions.

Suppose an investor enters the financial market in the initial state i) = 1 with an initial wealth wy =
100 and plans to invest over the next three periods, i.e., 7 = 3. We examine the time-homogeneous case
defined by the transition probability matrix Q = (8:‘31 8:?). We then proceed to calculate the necessary
parameters to derive the optimal portfolios as follows

Up(1) = (—0.4348) , Vo(1) = (0.1946), rg(1) = (—0.4181),
Ui(1,:) = (—0.5760 0.3229),  Vi(1,:)=((0.3212 0.2124)),  r{(1,:)=(—0.5536 0.3227),
- (% bama). w00 (G 1) 0o (0% B
ho(1) = (0.8981), go(1) = (0.1059), fo(1) = (0.1102) ,
hi(1,:) = (0.9544 0.4903), g1(1,:) = ((cc0.0475 0.5099)), fi(1,:)=(0.0494 0.5101),
hz(l,:’:):<0.9648 0.2308)’ g2(17:7:):<0.0366 0.7695)7 f2(17:71):<0.0381 0‘7698>.
0.7453  0.7632 0.2648 0.2368 0.2753  0.2367

Additionally, we calculate the following

go(1) = (0.0840),, fo(1) = (0.0854),
81(1,:) = (0.4763 0.2452), fi(1,:) = (0.4771 0.2483),

=] ). A= () 1),

where
T—1 . T—1

nlio,-..,in) = [ (Qegj)e(Qelr)(iv,...in), fulio,---in) = [] (Qef7)e(Qelr)(io,...,in).
j=n+1 j=n+1

The optimal strategies for problems MV2, MV1, and MV3 can be determined using (6) with the val-
ues calculated above and an appropriate value for d based on (10), (11), and (12). For example, the
optimal portfolio strategy for problem MV?2 with u = 130, given the market path (ip,i1,i2) = (1,2,1)
and wealth levels (wo,w;,w2) = (100,115, 120), is calculated under d = —130.2151 as (7,7, 7)) =
(—51.8771,20.5916,—12.4172). As observed, in unfavorable market conditions for the risky asset, the
investment in it decreases (taking negative values), whereas in favorable conditions, the investment in-
creases (taking positive values).
The M-V efficient frontier is represented by the following equation, illustrated in Figure 1

—c 2
Vo(u) = 1 c(l()l) (u— 1;(_1)618()))2 + (ao(1) — l(b_(lc)()l))loooo,

where, ao(1) =0.0094,b(1) = 0.0089, and ¢(1) = 0.9915. As shown in Figure 1, according to Corollary
2, the minimum level of risk is GI%lil’l = 0.7103, corresponding to Umin = 104.9. In fact, achieving zero
risk is not possible, even with full investment in the riskless asset. Note that while the return of the
riskless asset is certain for a given state, the uncertainty of future market states makes the riskless return

uncertain in subsequent stages, leading to the presence of risk.
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Figure 1: M-V efficient frontiers corresponding to iy = 1.

To examine the impact of market paths on the results (compared to the impact of the current market
state), we studied the optimal investment strategy in problem MV 2 (for a desired return of 1t = 130 under
the path (ig,i1,i2) = (1,2,1) and wealth levels (wo,wi,w) = (100,115,120)) as well as the efficient
frontier, under the assumptions of return dependency on the path and the current market state. The
results of these two cases are shown in Figures 1 and 2. Regarding the optimal strategies (Figure 2),
although they initially suggest almost identical portfolios, they begin to diverge as time progresses and
the path develops. In the current model, since the favorable state i; = 2 following the unfavorable past
ip = 1 is expected to yield a lower return increase (compared to the classical model), the investment in
the risky asset increases to compensate for this and achieve the desired final wealth. On the other hand,
in the unfavorable state i, = 1 followed by the favorable past i; = 2, the return increase for the riskless
asset is smaller (compared to the classical model), and as a result, the investment in the riskless asset
increases to compensate for this and achieve the desired final wealth (equivalently, the investment in the
risky asset decreases).

Regarding the efficient frontiers, as shown in the Figure 1, the efficient frontier in the present model
lies below that of the classical model. This indicates that, to achieve a specified expected terminal wealth
(e.g., 4 = 160), the investor in the current model bears a higher level of risk compared to the classical
model (17.6 < 26.69). This increased risk stems from the heightened uncertainty in the present model,
where parameters depend on additional random variables, namely the market path, as opposed to solely
relying on the current market state in the classical model. The greater stochastic nature introduced by
this dependency translates into higher risk.

6 An empirical study

In this section, we demonstrate how the daily returns of an asset can be influenced by the historical
path or memory of the market. To this end, we utilize the historical data of the Tehran Stock Exchange
(TSE) index from November 2019 to June 2024. It is assumed that the market exhibits two states each
day: bullish (upward) and bearish (downward). The daily candlestick chart mechanism is employed
to identify market states and calculate daily rate of returns, considering both path-dependence and the



514 R. Keykhaei

20F o B
VAN B
10 S \\ 1
ot ’ “ \ 1
/) AN
ol V/ AN

Portfolio

20+

-30

40

-50 / .
0 1 2
Time

Figure 2: Optimal portfolios corresponding to problem MV2 for u = 130.

current state. For simplicity, it is assumed that returns are time-independent and rely solely on the length
and type of the market path. The following approach is employed to determine the daily rate of return
in the interval [n,n + 1) under the path (io,...,i,). First, the observed (n+ 1)-day paths of the form
(ig,...,iy) are identified. Next, the rate of return for the last day is calculated using the corresponding
candlestick as P;/Py — 1, where P; and Py denote the last and first prices of the day, respectively. The
average return of return of these last-day candlesticks under the path (i, ..., i,) is then considered as the
expected daily return of return of the TSE index for the given path (io, ..., i,).

Some of the average daily returns, denoted by R, corresponding to different paths are presented in
Table 1. In this table, the returns associated with single-state paths, such as (1) and (2), represent returns
dependent on the current state, while the returns for other paths reflect their dependence on the entire
market path. As observed, the return corresponding to each state is significantly influenced by the path
leading to that state. For instance, under the traditional model, for an upward day (state (1)), an expected
return of return 0.0078 is predicted. However, if the prior day or the two days prior were also upward
(paths (1,1) and (1,1, 1)), the expected rate of returns for an upward day increase to 0.0095 and 0.0097,
respectively, which are noticeably higher. This phenomenon is also evident in the reverse for downward
states. Overall, the effect of market paths—considering their length, the type of states, or the distance of
past states from the current one— on the daily returns is apparent.

Additionally, the long-term impact of market paths on daily returns is examined in Table 2 for con-
secutive upward and downward paths. The data from Table 2 are visualized in Figure 3, respectively,
based on the number of consecutive upward and downward states. As observed in these figures, the trend
of increasing or decreasing returns reverses over the long term. For instance, as the number of consec-
utive downward states increases, the magnitude of negative returns decreases. This phenomenon can be
interpreted as follows: in the short term, an increase in consecutive downward states, accompanied by
negative sentiment, intensifies the decline in value. However, over the long term, as market sentiment
stabilizes and assets become more attractive for purchase, the extent of the value decline diminishes. A
similar but inverse phenomenon is observed for consecutive upward paths.
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Table 1: Expected daily rate of returns under different market paths.

Path (1) 2 (1,1) (2,1) (1,2) (2,2)
R 0.0078 -0.0079  0.0095 0.0056 -0.0063  -0.0088
path (1,1,1) (2L (12D 22D ({112 (122 (212 (222
R 0.0097 0.0094 0.0057 0.0056 -0.0058  -0.0084  -0.0070  -0.0091
Path (1,1,1,1) (2,1,1,1) (1,2,L,L1) (1,1.2,1) (2211 (2,121 (1,221) (2221
R 0.0096 0.0097 0.0102 0.0064 0.0088 0.0041 0.0066 0.0048
Path (1,1,1,2) (2,1,1.2) (1,2,1,2) (1,1,22) (22,12) (2,1,22) (1,222) (22272)
R -0.0053 -0.0065 -0.0079 -0.0073 -0.0067 -0.0094 -0.0086 -0.0093
Table 2: Expected daily rate of returns for consecutive upward and downward paths.
Path (1) (1,1) (L. (,LLL (1,1,L,LD (,LLLLL (1,1,1,1111)
R 0.0078  0.0097 0.0095 0.0096 0.0099 0.0106 0.0101
Path (2) 2,2) 2,2,2)  (2,22,2) (2,22,22) (2,2,22,2,2) (2,2,2,2,2,2,2)
R -0.0079 -0.0088 -0.0091 -0.0093 -0.0101 -0.0089 -0.0092
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Figure 3: Expected daily returns for consecutive upward (left) and downward (right) paths.

7 Conclusion

In this paper, we explore the multi-period version of Markowitz’s mean-variance portfolio selection
model within a distinct framework of Markov regime-switching. Unlike traditional regime-switching
models, we propose that asset returns are path-dependent, not solely reliant on the current state. Specif-
ically, we assume that asset returns depend on the market states observed from the outset up to the
decision point. As time progresses, investors observe more market states and base their decisions on all
previously observed conditions. To address this problem, we employ the Lagrange duality method along
with a dynamic programming approach. This path-dependent assumption significantly complicates the
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optimal portfolio selection problem, making it challenging to derive a closed-form solution. To overcome
this, we introduce a path-dependent value function method to derive the closed forms of optimal port-
folio strategies and the efficient frontier. Our findings reveal that optimal portfolios are path-dependent.
Furthermore, we demonstrate that the results from the traditional model, where asset returns are only
dependent on the current state, can be viewed as special cases of the outcomes presented in our model.
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