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PERFECT 3-COLORINGS OF THE LINE GRAPHS OF
THE CONNECTED BICUBIC GRAPHS OF ORDER AT
MOST 12

B. N. ONAGH *

ABSTRACT. Let G = (Vig, E¢) be a graph and let I be a finite
set of size m > 1. A mapping T : Vg — I is called a perfect
m-coloring with a parameter matrix A = (a;;); jer of G if it is
surjective and for all 4, j, every vertex of color ¢ has a;; neighbors
of color j. In this paper, we classify all the realizable parameter
matrices of perfect 3-colorings of the line graphs of the connected
bicubic graphs of order at most 12.

1. INTRODUCTION

The notion of a perfect m-coloring (also known as an equitable
partition into m parts) of a graph arises naturally in graph theory,
algebraic combinatorics and coding theory (completely regular codes).
Studies of perfect colorings start usually with the case of two colors.
This case is the simplest and also of the most interest, since it possesses
great potential for generalization. In recent years, perfect 3-colorings of
graphs have been extensively studied. For instance, perfect 3-colorings
of the prism graphs, the Mébius ladder graphs, infinite circulant graph
with distances 1 and 2, infinite multipath graphs, paths divisible by a
matching, the cubic graphs of order n = 8, 10, the generalized Petersen
graphs including GP(5,2), GP(6,2) and GP(7,2), the Platonic graphs,
6-regular graphs of order 9, the Johnson graph J(6, 3) and the Heawood
graph have been investigated (see [12, 15, 13, 14, 3,5, 4,6, 16, 2, 1]).
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A bicubic graph is a bipartite cubic graph. There are only 9 con-
nected bicubic graphs of order at most 12 [7] (see Figure 1).

BC1 BC2 BC3 BC4 BC5
BC6 BCT BC8 BC9

FIGURE 1. The connected bicubic graphs of order at most 12

In this paper, we study perfect 3-colorings of the line graphs of the
connected bicubic graphs of order at most 12. In particular, we classify
all the realizable parameter matrices of perfect 3-colorings of these
graphs.

2. PRELIMINARIES

In the following, we first briefly review some definitions and ter-
minologies related to graphs. For concepts not defined here, we refer
to [18]. Throughout this paper, all graphs are finite, simple and undi-
rected. For a graph GG, we denote by V; and Eg the vertex set and the
edge set of G, respectively. For v € Vg, denote by N(v) the neighbor-
hood of the vertex v in G.

The line graph L(G) of a graph G is constructed by taking the edges
of G as vertices of L(G) and joining two vertices in L(G) whenever the
corresponding edges in G have a common vertex.

For a graph GG, we refer to the eigenvalues of its adjacency matrix
as the eigenvalues of G. Let G be a connected k-regular graph of

order n, size m and with the eigenvalues \; = k!, )\72”(’\2), ... and
)\;"(’\S), where a superscript denotes the multiplicity of the respective

eigenvalue. Then, the eigenvalues of L(G) are (2k—2)1, (k—2+)\g)™*2),
o (k=24 2)™2) and (—2)™ [9].

Let I be a finite set of size m > 1. A mapping T : Vg — [ is called a
perfect m-coloring with a parameter matrix A = (a;;); jer of a graph G
if it is surjective and for all 7, j, every vertex of color ¢ has a;; neighbors
of color j. If T': Vg — {e1,...,¢n} is a perfect m-coloring with the
parameter matrix A = (aij)@je{l,_,_,m} then we assume that the rows
and columns of A correspond to the colors in the listed order. It is
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easy to see that the parameter matrix A is symmetric with respect to
0; i.e., a;; = 0 if and only if aj; = 0.
Let T be a perfect m-coloring with the parameter matrix A of a

graph G. A number A is called an eigenvalue of T if it is an eigenvalue
of A.

Theorem 2.1 ([I1]). Let T be a perfect m-coloring of a graph G. Then
any eigenvalue of T' is an eigenvalue of G.

Let T : Vg — {0, 1,2} be a perfect 3-coloring of a graph G with the
a a a
parameter matrix a; aZ aii . In this case, the colors 0, 1 and
asz1 asz2 a33
2 symbolize white, black and red colors, respectively. Denote by W,
B and R the set of white, black and red vertices of GG, respectively.
Hereafter, without loss of generality, assume that |W| < |B| < |R].

Obviously, |W|+ |B| + |R| = |Vg|. Also [8]
alQIW\ = a21]B|, a13]W| = a31]R|, Cl23|B| = GJ32\R’-

Moreover, if GG is a connected graph then a9, a3 # 0, aq2,a23 # 0 or
ay3, asz 7 0. Also, if G is a k-regular graph then

a1y + a1z + a1z = ag1 + ax + asz = az; +asy + azz = k.

In this paper, we consider all perfect 3-colorings, up to renaming the
colors; i.e., we identify perfect 3-coloring with the following parameter

matrices
az2 a1 G23 asz3 as2 asi ail a3 ai2
a2 ai1 a3 s a23 Qa22 Q21 s asir  as3 as2 )
as2 azr as3s aiz a2 ail a1 a23 G222

az3 asr a32 a2 Q23 G21
a3 ail a2 s az2 asz asi )
a3 Qa21 22 a2 aiz a1

obtained by switching the colors with the original coloring. We call the
ail aiz2 ai3

above matrices equivalent to the matrix ( as1  az2 a3
asi as2 ass

3. MAIN RESULTS

In this section, we enumerate the parameter matrices for perfect
3-colorings of the line graphs of the connected bicubic graphs of order
at most 12. The line graphs of these graphs are shown in Figure 2 [17].
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V10

FIGURE 2. The line graphs of the connected bicubic graphs
of order at most 12

First, let G be a connected 4-regular graph of order 9 and T be a
parameter matrix of a perfect 3-coloring of G with parameter matrix
A = (a;j)3x3. Since G is connected, according to the conditions

(W <|B| <R,

W+ Bl + |R| =9,

G12‘W‘ = G21|B’7 CL13‘W| = @31‘R’, 6623‘B’ = Cl32‘R|,
ajy + aip + a1z = ag + ag + agz = az; + azx +azz = 4,

a; €{0,1,2,3,4},  foralli,j=1,23,

we obtain the following matrices:

S = N
= O N

w w o
SN—

o (WL.IB.|R]) = (1,2,6): (
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Note that some of the above matrices may be equivalent. Now, since
the line graph of BC1 is a connected 4-regular graph of order 9, by

Theorem 2.1, up to equivalence, a parameter matrix of a perfect 3-

coloring of L(BC'1) may be one of the following matrices:

|

S AN AN

<t — A

S — O

e (W],|BI.|R]) = (1.4,4) (

— —

— N~

A~

a N o

N O AN

S AN

o (lW‘> ’B‘> ’RD = (3>373):
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By similar procedure for L(BC1%) (i = 2,...,9), we obtain some ma-
trices. All obtained non-equivalent matrices are listed in the following:

0 2 2 0 2 2 0 4 0
A= 2 0 2 |, 4= 2 0 2 |, 4=(1 1 2 ],
11 2 2 2 0 0 2 2
1 0 3 1 0 3 11 2
Ar=[ 0 1 3 |, 4=(0 1 3], 4=(11 2],
11 2 1 2 1 11 2
11 2 2 0 2 2 0 2
A= 11 2 |, An= 2 2 |,A4.=(0 2 2],
2 2 0 11 2 12 1
2 0 2 2 0 2 2 1 1
Ais=10 2 2 |, Au=(0 3 1 |, A4s=(1 1 2 |,
2 2 0 11 2 1 2 1
2 1 1 2 2 0 3.0 1
Ag=|1 2 1|, Ar=[1 0 3|, A4s=(0 2 2],
11 2 02 2 1 2 1
3.0 1 31 0
A= 0 3 1 |, 4%=[1 0 3 |.
11 2 0 1 3

Theorem 3.1. Let G be a bicubic graph of order 6 or 8. Then, all
parameter matrices A for perfect 3-colorings of the line graph of G are
only the ones listed in the following table:

G A
(1) BC1 As, Ag, At
(i) BC2 Ay, Ay, As, Ao, Arr, Ass

Proof. (i) The eigenvalues of BC1 are 3!, 0* and —3! [17]. Thus, the
eigenvalues of L(BC1) are 4!, 11 and —2*. According to the mentioned
conditions and Theorem 2.1, a parameter matrix of a perfect 3-coloring
of L(BC1) may be one of the following matrices:

——————————————————————————————————

Define the mappings 715, T16, 7116 © Vi(ser) — {0, 1,2} as follows:

T1,5(Ui) =0ifi= 1,4,87 T1,5(Ui) =1ifi= 2, 5, 9, T175(’U/L') =2 otherwise,
T176(’Ui) =0if¢ = 1, Tl,G(Ui) =1if¢= 2, 6, 7,9, T176(U1') =2 otherwise,
T1716(’Ul‘) =0 if¢= ].7 2, 7, Tl,lG(Ui) =1if¢= 47 5, 6, Tl’lg('l}i) = 2 otherwise.
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It is easy to see that T} 5, T} ¢ and 717 16 are the perfect 3-colorings of
L(BC1) with the parameter matrices As, Ag and Ayg, respectively.

(i1) The eigenvalues of BC?2 are 3', 13, —1% and —3' [10]. Thus, the
eigenvalues of L(BC?2) are 4!, 23, 03 and —2°. According to the men-
tioned conditions and Theorem 2.1, a parameter matrix of a perfect
3-coloring of L(BC2) may be one of the following matrices:

__________________________________

Ay (W1, 1B|, |R[) = (2,2,8)
g (W.|BL.|R|) = (2.4.6)
: Ay, Ag, An (W1, 1B, |R[) = (3,3,6) :
' As, Ajo, Ais (W, |B],|R]) = (4,4,4) |

__________________________________

Deﬁne the mappings TQVI, T274, T2’5, T2710, T2711, T2’13 : VL(BCZ) — {O, ]_, 2}
as follows:
) =0ifi=1,10, Tyi(v;) =1ifi=3,12,
)=2 0therw1se
)=0ifi=1,7,9, Ty.a(v;) = 1if i = 4,5, 10,
Ty 4(v;) = 2 otherwise,
) =0ifi=1,3,10,12, Ths(v;) =1ifi=4,56,11,
) = 2 otherwise,

T2710( ) 0if i = 1 4 9 ].0 T2710(’Ui) =1if¢= 2,3, 1]., 12

To10(vi) =2 0therw1se

Tg,u(vi) 0ifi= 1 4 8 T2)11(’Ui) =1ifi= 6, 9, 10,

Th11(v;) =2 0therw1se

T2713(1]Z) 0ifi= 1, 2,3 4 T2,13(Ui) =1ifi= 9, 10, 11, 12,
(vi) =

2 otherwise.

It is easy to see that 151,754, 155, T5 10, T5,11 and 15 13 are the perfect
3-colorings of L(BC2) with the parameter matrices Ay, A4, As, Ao,
Aq; and Aqs, respectively.

It suffices to show that there is no perfect 3-coloring of L(BC?2) with
the parameter matrix Ag and A7 Let T': Vipcay — {0,1,2} be a
perfect 3-coloring of L(BC?2). First, suppose that Ag is the parameter
matrix of 7. Without loss of generality, assume that 7'(v;) = 0. Note
that the induced subgraph L(BC2)[{v,} U N(v;)] is isomorphic to the
friendship graph F5,. Thus, there is a black or red vertex with two white
neighbors, a contradiction.

Finally, suppose that A;; is the parameter matrix of 7. Then, there
are at least three white vertices, a contradiction. Therefore, the proof
is complete. O
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Theorem 3.2. Let G be a bicubic graph of order 10. Then, all param-
eter matrices A for perfect 3-colorings of the line graph of G are only
the ones listed in the following table:

G A
(i) BC3 As
(ii) BC4 As

Proof. (i) The eigenvalues of BC3 are 3!, 1.62%, 0.622, —0.622, —1.622
and —3! [17]. Thus, the eigenvalues of L(BC3) are 4!, 2.622, 1.62%
0.38%2, —0.62? and —2°. According to the mentioned conditions and
Theorem 2.1, a parameter matrix of a perfect 3-coloring of L(BC3)
may be one of the following matrices:

——————————————————————————————————

__________________________________

Define the mapping Ts5 : Viesy — {0,1,2} by Ts5(v;) = 0 if
i = 1,5,811,13, Ty5(v;) = 1 if i = 2,4,7,10,14 and Ty5(v;) = 2
otherwise. It is easy to see that T3 5 is the perfect 3-coloring of L(BC3)
with the parameter matrix As.

It suffices to show that there is no perfect 3-coloring of L(BC'3) with
the parameter matrix Ayy. Let T : Vipesy — {0,1,2} be a perfect
3-coloring of L(BC3). Suppose that Ay4 is the parameter matrix of
T. Without loss of generality, assume that T'(vy) = 1. Note that the
induced subgraph L(BC3)[{v;} UN (v1)] is isomorphic to the friendship
graph F3. Thus, there is a red vertex with two black neighbors, a
contradiction.

(ii) The eigenvalues of BC4 are 3!, 2!, 12, 02, —12, —2% and —3! [17].
Thus, the eigenvalues of L(BC4) are 4!, 3!, 22, 1% 02, —1' and —25.
According to the mentioned conditions and Theorem 2.1, a parameter
matrix of a perfect 3-coloring of L(BC4) may be one of the following
matrices:

—————————————————————————————————————

_____________________________________

Define the mapping Ty5 : Viseay — {0,1,2} by Tus(v;) = 0if i =
2,4,6,8, ].0, T4’5(Ui) =1ifi= 1,3,57 7, 14 and T475(U7;) = 2 otherwise.
It is easy to see that T} 5 is the perfect 3-coloring of L(BC4) with the
parameter matrix As.
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It suffices to show that there is no perfect 3-coloring of L(BC4) with
the parameter matrix AQ, Ag, A7, AlOa A127 A13, A15, A167 A19 and Ago.
Let T : Vigcay — {0,1,2} be a perfect 3-coloring of L(BC4). Then

if Az is the parameter matrix of 7" then the subgraph induced by
black vertices is a cubic graph of order 3, a contradiction,

if A7 is the parameter matrix of T then the subgraph induced by
white vertices is a 1-regular graph of order 3, a contradiction,

if Ay is the parameter matrix of T' then the subgraph induced by
white vertices is a 1-regular graph of order 5, a contradiction,

if Ay is the parameter matrix of T' then the subgraph induced by
red vertices is a 1-regular graph of order 3, a contradiction,

if A5 is the parameter matrix of T' then the subgraph induced by
black vertices is a 1-regular graph of order 5, a contradiction,

if Ajg is the parameter matrix of 7' then the subgraph induced by
white vertices is a cubic graph of order 5, a contradiction,

if Ay is the parameter matrix of T' then the subgraph induced by
white vertices is a cubic graph of order 3, a contradiction.

Now, suppose that A, is the parameter matrix of 7. Then, the
subgraph induced by red vertices is a 2-regular graph of order 9, i.e., it
is isomorphic to the cycle Cy or one of the disjoint unions 3C5, Cy + Cs
and C3 + Cg. But L(BC4) has no induced subgraph isomorphic to
these graphs, a contradiction.

Finally, suppose that A3 or A4 is the parameter matrix of T". Then,
the subgraph induced by white vertices is a 2-regular graph of order
5, i.e., it is isomorphic to the cycle C5. But L(BC4) has no induced
subgraph isomorphic to C5, a contradiction. Therefore, the proof is
complete. O

Theorem 3.3. Let G be a bicubic graph of order 12. Then, all param-
eter matrices A for perfect 3-colorings of the line graph of G are only
the ones listed in the following table:

G A
i) BC5 A, As, Ag, Aus

(
(ii) BC6 As, As, Ao
(iii) BCT A1, As, As, A1z Ate
(

(

iU) BCS8 Al, A5, A13
7)) BCY9 A5> Aﬁv A].ﬁ
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Proof. (i) The eigenvalues of BC5 are 3!, 2, 1.41%, 1%, 02, —11, —1.412,
—2' and —3 [17]. Thus, the eigenvalues of L(BC5) are 4!, 3!, 2.412, 21,
12, 0%, —0.41%2, —1! and —27. According to the mentioned conditions
and Theorem 2.1, a parameter matrix of a perfect 3-coloring of L(BC5)
may be one of the following matrices:

i (W1 TBI1RD = (74 1)
' Ag (W1, 1Bl R]) = (2,8,8)
Ay (W, IBI,|R]) = (3,3,12) |
 As, Arr (IW|,|B,|R]) = (3,6,9) |
:A5, Ay, Aiz, Ass, Are, Arg (W1, |B|,|R|) = (6,6,6) :

_____________________________________

Define the mappings 751,55, 156, 1513 : Vises) — {0,1,2} as fol-
lows:

Ts1(v;) =0 if i = 3,6, 10, Tsi(v) =1ifi=8,11,14,

T5.1(v;) = 2 otherwise,

Ts.s(vi) = 0if i =3,7,10,11,14,15, Tss(v;) = 1if i = 2,5,9,13,16, 18,
T55(v;) = 2 otherwise,

Ts6(v;) = 0if i = 3,8, Tse(v;) = 1if i =2,4,7,9,12,13,15, 16,
T56(v;) = 2 otherwise,

Tsas(v) =0if i =1,2,4,5,15,16, Tsqs(v;) = 1 if i = 7,9,12,13,17, 18,
T5.13(v;) = 2 otherwise.

It is easy to see that T5,, T55, T56 and 1513 are the perfect 3-
colorings of L(BC5) with the parameter matrices Ay, As, Ag and A;s,
respectively.

It suffices to show that there is no perfect 3-coloring of L(BC5)
with the parameter matrix Ag, A1g, A1, A1, A17, A1g and Agg. Let T :
Vises) — {0, 1,2} be a perfect 3-coloring of L(BC5). Then

if Ag is the parameter matrix of 7" then the subgraph induced by
white vertices is a 1-regular graph of order 3, a contradiction,

if Asy is the parameter matrix of T' then the subgraph induced by
white vertices is a cubic graph of order 2, a contradiction.

Now, suppose that Ajg is the parameter matrix of 7. Then the
subgraph induced by white vertices is a 1-regular graph of order 6, i.e.,
it is isomorphic to the disjoint union 3K,. If we color all vertices of
this subgraph by white, then there exists a red vertex such that it has
not two white neighbors, a contradiction.

Suppose that A5 or Ajg is the parameter matrix of 7. Then the
subgraph induced by white vertices is a 2-regular graph of order 6, i.e.,
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it is isomorphic to the cycle Cg or the disjoint union 2C5. If we color
all vertices of these subgraphs by white, then there exists a black or
red vertex with no white neighbor, a contradiction.

Suppose that A;; is the parameter matrix of 7. Without loss of
generality, assume that T'(v;) = 1. Note that the induced subgraph
L(BC5)[{v1} U N (vy)] is isomorphic to the friendship graph F». Thus,
there is a red vertex with the white neighbor, a contradiction.

Finally, suppose that Aig is the parameter matrix of 7. Without loss
of generality, assume that 7'(v;) = 0. Note that the induced subgraph
L(BC5)[{v1} U N(vy)] is isomorphic to the friendship graph F». Thus,
there is a red vertex with two white neighbors, a contradiction.

(ii) The eigenvalues of BC6 are 3!, 2.24', 1.412, 0%, —1.412, —2.24!
and —3! [17]. Thus, the eigenvalues of L(BCG6) are 4!, 3.241, 2.41% 14,
—0.41%, —1.24* and —27. According to the mentioned conditions and
Theorem 2.1, a parameter matrix of a perfect 3-coloring of L(BC6)
may be one of the following matrices:

——————————————————————————————————

 Ag (’W‘v ‘B|7 ’RD = (27878) !
| |
' As (IW1,1B,|R]) = (3,6,9) |
' As, A (W1, [B],|R[) = (6,6,6) '

__________________________________

Define the mappings Ts 5, T6,6, 16,16 © Vi(sce) — 10, 1,2} as follows:

Tos(vi) =0if i =1,3,5,7,12,15, Tss(v;) = 1if i = 2,9,13,14,17, 18,
T6.5(vi) = 2 otherwise,

Ty.(v;) =0 if i = 3,8, Teo(vi) = 1if i =2,4,7,9,14, 15,16, 18,
Ts,6(v;) = 2 otherwise,

Ts16(vi) =0if 1 =1,5,6,9,10,18, Tgs16(v;) =11if i =11,12,13,15,16,17,
Ts,16(v;) = 2 otherwise.

It is easy to see that Ty 5, T ¢ and 1§ 16 are the perfect 3-colorings of
L(BC6) with the parameter matrices As, Ag and A;g, respectively.

It suffices to show that there is no perfect 3-coloring of L(BC6) with
the parameter matrix As. Let T : Vipesy — {0,1,2} be a perfect
3-coloring of L(BC6). If Ag is the parameter matrix of 7" then the
subgraph induced by white vertices is a 1-regular graph of order 3, a
contradiction.

(i17) The eigenvalues of BCT are 3', 22, 11, 0%, —1!, —22 and —3! [17].
Thus, the eigenvalues of L(BC7) are 4%, 3%, 21, 14 0!, —12 and —2".
According to the mentioned conditions and Theorem 2.1, a parameter
matrix of a perfect 3-coloring of L(BC7) may be one of the following
matrices:
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_____________________________________

}AQO (W1, 1B, |R]) = (2,4,12) |
- As (IW1,1BJ,R]) = (2,8,8)
Ay (IW1,1B|,|R]) = (3,3,12) |
1 As, Air (IW1,|Bl.|R]) = (3,6,9) |
‘A5, Ay, A1z, Ags, Are, Arg ((W1,|Bl,|R|) = (6,6,6) :

Define the mappings 771,775, 176, Tr 13, T7.16 : Viser) — {0,1,2} as
follows:

T71(’l)l):01fl—1 5 9 T7’1(7}1‘):11fi:3,7,11,

T71(v;) = 2 otherwise,

Trs(v) =0ifi=1,3,57,9,11, Tos(vi) = 1if i = 4,8,12,13, 15,17,

T7 5(v;) = 2 otherwise,

T7 G(Uz) =0ifi= 1, 77 T7,6(Ui) =1ifi= 2, 6, 8, 12, 13, 14, 16, 17,
T7 ¢(v;) = 2 otherwise,

Tras(vi) = 0if i = 2,4,12,16,17,18, Tr3(v;) = 1if i = 6,8,10,13,14, 15,
T713(v;) = 2 otherwise,

Trig(v) =0if i =1,2,6,7,8,12, To16(vi) = 1if i = 4,5,10,11, 13, 16,
T716(vi) =2 0therw1se

It is casy to see that T771, T775, T776, T7713 and T7716 are the perfect
3-colorings of L(BCT) with the parameter matrices Ay, As, Ag, A1z
and Ajg, respectively.

It suffices to show that there is no perfect 3-coloring of L(BC'T) with
the parameter matrix Ag, Ao, A1, A17, A1g and Agg. Let T': Vipery —
{0,1,2} be a perfect 3-coloring of L(BCT). Then

if Ag is the parameter matrix of T then the subgraph induced by
white vertices is a 1-regular graph of order 3, a contradiction,

if Ay is the parameter matrix of T' then the subgraph induced by
white vertices is a cubic graph of order 2, a contradiction.

Now, suppose that A;q is the parameter matrix of 7. Then the
subgraph induced by white vertices is a 1-regular graph of order 6, i.e.,
it is isomorphic to the disjoint union 3K,. If we color all vertices of
this subgraph by white, then there exists a red vertex such that it has
not two white neighbors, a contradiction.

Suppose that A5 is the parameter matrix of T. Then the subgraph
induced by white vertices is a 2-regular graph of order 6, i.e., it is
isomorphic to the cycle Cg or the disjoint union 2C5. If we color all
vertices of these subgraphs by white, then there exists a black or red
vertex with no white neighbor, a contradiction.
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Suppose that A7 is the parameter matrix of 7. Without loss of
generality, assume that T'(v;) = 1. Note that the induced subgraph
L(BCT)[{v1} U N(v1)] is isomorphic to the friendship graph F». Thus,
there is a red vertex with the white neighbor, a contradiction.

Finally, suppose that A9 is the parameter matrix of T. Without loss
of generality, assume that T'(v;) = 0. Note that the induced subgraph
L(BCT)[{v1} U N (vy)] is isomorphic to the friendship graph Fy. Thus,
there is a red vertex with two white neighbors, a contradiction.

(iv) The eigenvalues of BC8 are 3!, 1.73% 13, —13, —1.73% and —3 [17].
Thus, the eigenvalues of L(BCS) are 4!, 2.73%, 23, 03, —0.73% and —2".
According to the mentioned conditions and Theorem 2.1, a parameter
matrix of a perfect 3-coloring of L(BC8) may be one of the following
matrices:

———————————————————————————————————

Ay (’W’7 ‘B|7 ’RD = (3737 12) !
| |
: A7 (’W’7‘B’a’R|): (3a679) :
' A5, Ayz, Aig (w1,|Bl,|R]) = (6,6,6) !

___________________________________

Define the mappings Ty 1, Ts5, T513 : Vi(ses) — {0, 1,2} as follows:

Tg’l(’()i) =0ifi= 276, 9, Tg,l(’()i) =1ifi= 47 ].4:7 18,

Tg.1(v;) = 2 otherwise,

Tys(v;) =0if i =2,4,6,9,14,18, Txs(v;) = 1if i = 1,8,12,13,15,16,
Ts5(v;) = 2 otherwise,

Tys(v)) =0if i =1,2,3,7,15,18, Ts3(v;) = 1if i =5,9,13,14,16,17,

(
T8,13(Ui) = 2 otherwise.

It is easy to see that T, T5 5 and Ty 13 are the perfect 3-colorings of
L(BC8) with the parameter matrices A;, A5 and A;3, respectively.

It suffices to show that there is no perfect 3-coloring of L(BCS8)
with the parameter matrix A;7 and Ays. Let T : Vipesy — {0,1,2}
be a perfect 3-coloring of L(BCS8). First, suppose that A;; is the
parameter matrix of 7. Without loss of generality, assume that T'(v;) =
1. Note that the induced subgraph L(BC8)[{v;}UN (v;)] is isomorphic
to the friendship graph F5. Thus, there is a red vertex with the white
neighbor, a contradiction.

Finally, suppose that A;g is the parameter matrix of T'. Without loss
of generality, assume that T'(v;) = 0. Note that the induced subgraph
L(BC8)[{v1} U N (vy)] is isomorphic to the friendship graph Fy. Thus,
there is a red vertex with two white neighbors, a contradiction.
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(v) The eigenvalues of BC9 are 3!,2.56', 1.56%,0°, —1.56!, —2.56' and
—3![17]. Thus, the eigenvalues of L(BC9) are 4, 3.56', 2.56, 1%, —0.56",
—1.56' and —27. According to the mentioned conditions and Theorem
2.1, a parameter matrix of a perfect 3-coloring of L(BC9) may be one
of the following matrices:

_________________________________

g (WLIBIIRD = 25:8)
| |
As (IWLIBL,IR) = (3.6.9)
s, Aig (WL 1BI.R) = (6.6.6)

Tos(v) =0ifi=1,3,510,13,18, Tos(v;) =1ifi=2,4,6,11,14,17,

Ty 5(v;) = 2 otherwise,

Tos(vi) = 0if i = 1,10, Tys(v) =1if i =2,6,7,9,11,14, 15, 16,
Ty 6(v;) = 2 otherwise,

Toa6(vi) = 0if i =1,2,9,10,11,16, Ty 16(v;) =1 if i = 3,4,7,12,13, 14,

(
Ty 16(v;) = 2 otherwise.

It is easy to see that Ty 5, Ty ¢ and Ty 16 are the perfect 3-colorings of
L(BC9) with the parameter matrices As, Ag and Ajg, respectively.

It suffices to show that there is no perfect 3-coloring of L(BC9) with
the parameter matrix As. Let T" : Vicoy — {0,1,2} be a perfect
3-coloring of L(BC9). Then, if Ag is the parameter matrix of 7" then
the subgraph induced by white vertices is a 1-regular graph of order 3,
a contradiction. Therefore, the proof is complete. O

Acknowledgments

The author would like to thank the referee for her careful reading and
valuable comments which helped to improve the presentation of the

paper.

REFERENCES

1. M. Alaeiyan, Perfect 3-colorings of Heawood graph, International Journal of
Nonlinear Analysis and Applications, (1) 12 (2021), 713-717.

2. M. Alaeiyan, A. Abedi and M. Alaeiyan, Perfect 3-colorings of the Johnson graph
J(6,3), Bull. Iranian Math. Soc., 46 (2020), 1603-1612.

3. M. Alaeiyan and A. Mehrabani, Perfect 3-colorings of the cubic graphs of order
10, Electron. J. Graph Theory Appl., (2) 5 (2017), 194-206.

4. M. Alaeiyan, H. Karami and S. Siasat, Perfect 3-colorings of GP(5,2), GP(6,2)
and GP(7,2) graphs, J. Indones. Math. Soc., (2) 24 (2018), 47-53.



PERFECT 3-COLORINGS OF THE LINE GRAPHS 113

5. M. Alaeiyan and A. Mehrabani, Perfect 3-colorings of the cubic graphs of order
8, Armen. J. Math., (2) 10 (2018), 1-9.

6. M. Alaeiyan and A. Mehrabani, Perfect 3-colorings of the Platonic graph, Iran.
J. Sci. Technol. Trans. A Sci., 43 (2019), 1863-1871.

7. S. Sh. Alamoti, M. Alaeiyan, A. Gilani and M. Golriz, On Perfect 2-Coloring of
the bicubic graphs with order up to 12, Punjab University Journal of Mathemat-
ics, (8) 52 (2020), 17-25.

8. S. V. Avgustinovich and I. Yu. Mogilnykh, Perfect 2-colorings of Johnson graphs
J(6,3) and J(7,3), Lecture Notes in Comput. Sci., 5228 (2008), 11-19.

9. N. Biggs, Algebraic graph theory, Second Edition, Cambridge University Press,
1993.

10. D. Cvetkovi¢, M. Doob and H. Sachs, Spectra of graphs: theory and application,
Academic Press, 1980.

11. C. Godsil and R. Gordon, Algebraic graph theory, Springer, 2001.

12. M. A. Lisitsyna, Perfect 3-colorings of prism and Mobius ladder graphs, J. Appl.
Ind. Math., (2) 7 (2013), 215-220.

13. M. A. Lisitsyna, S. V. Avgustinovich and O. G. Parshina, On perfect colorings
of infinite multipath graphs, Sib. Elektron. Mat. Izv., 17 (2020), 2084-2095.
14. M. A. Lisitsyna and S. V. Avgustinovich, On perfect colorings of paths divisible

by a matching, J. Appl. Ind. Math., (1) 16 (2022), 98-104.

15. M. A. Lisitsyna and O. G. Parshina, Perfect colorings of the infinite circulant
graph with distances 1 and 2, J. Appl. Ind. Math., (3) 11 (2017), 381-388.

16. Z. Liu, Y. Zhao and Y. Zhang, Perfect 3-colorings on 6-regular graphs of order
9, Front. Math. China, 14 (2019), 605-618.

17. https://doc.sagemath.org/html/en/reference/graphs/index.html

18. D. B. West, Introduction to graph theory, Second Edition, Pearson Education,
2001.

B. N. Onagh
Department of Mathematics, Faculty of Sciences, Golestan University, P.O. Box
155, Gorgan, Iran
Email: bn.onagh@gu.ac.ir



	1. Introduction
	2. Preliminaries
	3. Main results
	References

