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Abstract. Yang-Roh-Jun recently introduced the notion of ordered BCl-algebras as a gen-
eralization of BCl-algebras. They further introduced the notions of homomorphisms of ordered
BClI-algebras and studied associated properties. Here we generalize homomorphisms into ordered
maps, i.e., order-preserving maps. More precisely, the notions of ordered maps and kernels of or-
dered BCl-algebras are first defined. Next, properties related to (ordered) subalgebras, (ordered)
filters and direct products of ordered BCl-algebras are addressed.
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1 Introduction: Background and Motivation

In universal algebra and logic, one of the important research plans is to introduce the classes
of algebras and logics with more general structures. One of its good examples is BCK-algebras
and their generalizations. Note that Imai and Iséki [11] first introduced the notion of BCK-
algebras as logic algebras and then many algebras have been introduced as generalizations of
those algebras. Its representative case is BCl-algebras and their generalizations.

In 1966 Imai and Iséki [11] first introduced BCK-algebras, Iséki [12] introduced the notion
of BCl-algebras as a generalization of BCK-algebras. Since then, more general algebras such as
B-algebras [16,17], BH-algebras [13] and BCH-algebras [8,9] have been introduced as general-
izations of BCI-algebras. In particular, homomorphisms of such algebras have been studied (see
e.g. [1-4,6,7,10,13-15,17-19]). Note that homomorphisms are a useful tool for studying the
relationship between two algebras.

*Corresponding author
Received: 01 June 2023/ Revised: 15 January 2024/ Accepted: 27 January 2024
DOI: 10.22124/JART.2024.24864.1546

© 2025 University of Guilan http://jart.guilan.ac.ir


https://doi.org/10.22124/JART.2024.24864.1546
http://jart.guilan.ac.ir

136 E. Yang, E. H. Roh, Y. B. Jun

All the generalizations of BCl-algebras above are defined by equations. One interesting fact
is that Yang-Roh-Jun [20], very recently introduced a generalization of BCI-algebras defined by
inequations. They, to be more precise, introduced the notion of ordered BClI-algebras (briefly
OBClI-algebras). (Note that an OBCl-algebra is a structure with an underlying partial order.)
They [21], moreover investigated homomorphisms of OBCI-algebras. One important difference
between homomorphisms of BCl-algebras and homomorphisms of OBClI-algebras is that the
former homomorphisms are order-preserving in themselves (see [6,10]), whereas the latter ho-
momorphisms are not necessary. This means that order-preserving maps, i.e., monotone maps,
of OBCl-algebras can be studied independently of the homomorphisms of OBCl-algebras.

Davey and Priestley [5], studied ordered sets and lattices. In it, they defined the notion of
order-preserving maps between two ordered sets as the basic notion of maps between ordered
sets. However, they just dealt with these maps in a general context of ordered sets and lattices.
In [20,21], Yang-Roh-Jun did not investigate such maps. This situation motivates us to introduce
the notion of order-preserving maps between OBCl-algebras. To this end, first we define order-
preserving maps and kernels of OBCl-algebras. Next we study properties related to (ordered)
subalgebras, (ordered) filters and direct products of OBCI-algebras to emphasize the similarities
and differences with the research on homomorphisms of OBCI-algebras in [20].

2 Preliminaries

(1P}

Definition 1 ( [20]). Let L be a set with a binary operation “ — 7, a constant “¢” and a
binary relation “ <. ”. Then L := (L, —, e, <.) is called an ordered BCI-algebra (briefly,
OBClI-algebra) if it satisfies the following conditions:

Vw,c,v € L)(e <. (w—¢) = ((c = v) = (w —0))),

[\

(

(Vw,c € L)(e < w — ((w — ¢) = ¢)),
(Vw € L)(e <c w — w),
(
(
(

N

Vw,ceL)(e<cw —c,e<,c—w = w=c),
Yw,c € L
Yw,c € L

ot

(w<ee & e<.w—c),

~~ /N /N /N /N
=2 w
— — — ~— ~— ~—

)
)

(e<cw,w<.c = e<.c).

Proposition 1 ( [20]). Every OBCl-algebra L := (L, —, e, <.) satisfies:

J
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(Vw € L)(e » w = w).

(Vw,c,v € L)(v = (¢ > w) = ¢ = (v —w)).
(Vw,c,v € L
(
(
(

~—~~ ~
o

e<cw—=c = e<.(c—=v)— (w—0)).
Yw,c,v € L
Yw,c,v € L
Yw,c,v € L

—
—
(=)

e<ew =, e<ec—=v = e<ow—v).

—~
—_
—_

(
(
(e <c(c—=v) = (w—c) = (w—w))).
(

—~
—
[\)

e<cw—c = e<. (v—ow)— (v—0). (

For future convenience, L := (L, —, e, <.) represents the OBCI-algebra unless otherwise
specified.
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Definition 2 ( [20]). A subset A of L is called
e a subalgebra of L := (L, —, e, <) if it satisfies:

(Vw,ce L)(w,ce A = w—ce A). (13)

e an ordered subalgebra of L:= (L, —, e, <.) if it satisfies:

(Vw,c € L)(w,ce A,e<,w,e<.c = w—c€E A). (14)

Definition 3 ( [20]). A subset F' of L is called
o a filter of L:= (L, —, e, <.) if it satisfies:
e € F, (15)
(Vw,ce L)(w—ce F,weF = ceF). (16)
e an ordered filter of L := (L, —, e, <.) if it satisfies (15) and

(Vw,ce L)(w e F,e<,w —c¢ = c€F). (17)

Proposition 2 ( [20]). If an ordered filter F' of L := (L, —, e, <.) satisfies
VMwel)(weF = e<.w), (18)
then it is a filter of L := (L, —, e, <.).

Definition 4 ( [20]). An (ordered) filter F' of L := (L, —, e, <.) is said to be closed if it is a
subalgebra of L := (L, —, e, <.); ordered closed if it is an ordered subalgebra of L := (L, —, e,
<e)-

Definition 5 ( [20]). Let L := (L, =1, er, <p) and Y:= (Y, =y, ey, <y) be OBCI-algebras.
Consider o binary operation “ = 7, a constant “€” and a binary relation “ <K ” in the Cartesian
product L XY defined as follows:

(w,c) = (c,u) = (w = ¢,c =y u),
e=(er,ey),
(w,c) < (c,u) & w<pe c<yu)

forall (w,c),(c,u) € LXY. LxY := (LxY, =, e, <) is said to be a direct product OBCI-algebra
if it is an OBCl-algebra.

3 Ordered maps

In this section, we first introduce ordered maps and kernels and then investigate several prop-
erties related to (ordered) subalgebras, (ordered) filters and direct products.
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3.1 Ordered maps and kernels

Definition 6. Let L := (L, —, er, <p) and Y := (Y, =y, ey, <y) be OBCl-algebras. A
mapping ¢ : L — Y is called an ordered map (briefly, O-mapping) if it satisfies:

(Vw,c € L)(er, <p w =1 ¢ = ey <y ((w) =y ((c)). (19)

Given OBCl-algebras L := (L, —, er, <p) and Y := (Y, =y, ey, <y), the mapping
C:L =Y, ww— ey,is an O-map. In fact, let w,c € L be such that e <; w — ¢. Then
ey <y ey =y ey = ((w) =y ((c) by (3).

[43 9

Example 1. Let L := {e,w,c} and Y = {e,c} be sets with binary operations and

“ —y 7 given by Table 1 and Table 2, respectively.

—L

Table 1: Cayley table for the binary operation “—”

—r e w c
e e w c
w e e c
c c c e

Table 2: Cayley table for the binary operation “—”

—Y

Let <p:= {(e,e), (w,w), (¢,c), (w,e)} and <y:= {(e,e),(¢,c)}. Then L := (L, —, e, <r) and
Y = (Y, =y, e, <y) are OBCl-algebras. Define a mapping

e ifv e {e,w},

(:L—>Y, v»—){ ¢ ifo—c

(20)

It is routine to verify that ¢ is an O-map.

Lemma 1. Let ( be a mapping from an OBCI-algebra L := (L, =, e, <r) to an OBCI-
algebra Y := (Y, -y, ey, <y). Let L := (L, =, er, <) and Y := (Y, =y, ey, <y) be
OBCl-algebras. If ( : L —'Y is an O-map, then

ey <y ((er) =y (ler). (21)
Proof. Tt is straightforward by the combination of (3) and (19). O

Proposition 3. Let L:= (L, =, er, <p) and Y := (Y, =y, ey, <y) be OBCI-algebras.
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(i) Every O-mapping ¢ : L —'Y satisfies (21) and

(Vw,c € L)(w <p ¢ = ((w) <y ((c)). (22)

(ii) Suppose that ey = ((er). Every O-mapping ¢ : L — 'Y further satisfies:

(Vw,ce L)(er, <p w =L ¢ = ey <y ((w—r c)). (23)
(Vw,ce L)(w <p ¢ = ey <y ((w =L c)). (24)

Proof. (i) Clearly, (21) is true by (3). Let w,c € L be such that w <r, ¢. Then e;, <p w —, ¢
by (5)7 and so ey <y C(w) Y C(C)v that iS, C(w) <y g(C)
(ii) For (23), let ey = ((er) and w,c € L be such that e, <; w — ¢. Then ef, <y er, =1
(w —1 ¢) by (7), and so
ey <y ((er) =y ((w —r ¢)

by the O-mapping of (. Hence ey <y ((w —1, ¢) by (5) and ey = ((er).
The proof for (24) is almost the same as (23). We just note that (5) assures that e;, <r,
w —p, ¢ if and only if w <g, c. O

Let ¢ be a mapping from an OBCl-algebra L := (L, —1, er, <) to an OBCl-algebra
Y = (Y, =y, ey, <y). The map ( satisfying (23) may not be an O-map, as seen in the
following example.
Example 2. Let L := {1, %, %,0} and Y := {1,¢,0,0} be sets with binary operation “ —p ”
and “ —y 7 given by Table 3 and Table 4, respectively.

Table 3: Cayley table for the binary operation “—y”

1
K

O WlFwWIN =

e el
= Wl O ol
= Wt~ O ol
—_ oo O oo

Table 4: Cayley table for the binary operation “—p”

OQ}CB)—ti/
e ) R
= Q0o OoOln
— 0o Qo
— o O OO
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Let
<L:= {(17 1)’ (%’ %)’ (%’ %)7 (07 0)7 (%’ 1)7 (%’ %)7 (0’ %)}’
and
<y:={(0,0), (e, €),(0,9),(1,1),(0,¢),(0,0), (¢, 1), (9, 1) }.
Then L := (L, —p, %, <r)and Y := (Y, —vy, e, <y) are OBCl-algebras. Define a mapping ¢
from L to Y as follows:

1 ifw=1,
e ifw=2,

(:L—=Y, w— P 1fw:§, (25)
0 ifw=0

For 2,4 € L, we have 2 <, § =1, 2 = 2 and e <y ((5 = ) = e. However, e £y ((3) =y

C(%) = 0 —y e = 0. Therefore, the map ¢ does not form an O-map.
We provide a condition for a map ( satisfying (23) to be an O-map.

Theorem 1. Let ( be a mapping from an OBCl-algebra L := (L, —, er, <r) to an OBCI-
algebra Y := (Y, =y, ey, <y). If C satisfies (23) and

(Vw,c € L)(ey <y ((w —p ¢) = ((w) <y ((c)), (26)
then it is an O-map.

Proof. Let ( be a mapping from an OBCl-algebra L to an OBCl-algebra Y and satisfy (23)
and (26). Let w,c € L be such that e;, <y w — ¢. Then ey <y ((w —r ¢) by (23), and so
C(w) <y ((c) by (26). Hence ey <y ((w) =y ((c) by (5). Therefore, ¢ is an O-map. O

Definition 7. Let ¢ be a mapping from an OBCI-algebra L := (L, —, er, <r) to an OBCI-
algebra Y := (Y, =y, ey, <y). The kernel of ¢ is defined to be a subset, denoted by ker(¢), of
L that satisfies:

(Vw € L)(w € ker(¢) & ey <y ((w)). (27)
It is clear that ker(¢) := {w € L | ey <y ((w)}, and it is unique.

Example 3. Let L :={1,er,w,c} and Y := {1, ey, c,u} be sets with binary operation “ — ”
and “ —y 7 given by Table 5 and Table 6, respectively. Let

<r:= {(17 1)7 (6L, eL)v (U/, U]), (C, C)a (eLa ]-)7 (w7 6L), (Ca ’LU)},

and
<y:= {(17 1)7 (6Y7 eY)a (Ca C)a (U, U), (6Y7 1)7 (Ca eY)}-

Then L := (L, =1, er, <) and Y := (Y, =y, ey, <y) are OBCl-algebras. Define a mapping
¢ from L to Y as follows:
1 fw=1,
ey ifw=ep,
if w=w,
if w=c.

(:L—=Y, w— (28)

2 o
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Table 5: Cayley table for the binary operation “—y”

=7 1 ey, w c
1 1 w w c
ey, 1 ey, w c
w 1 1 1 c
c 1 1 1 1

Table 6: Cayley table for the binary operation “—”

—v 1 ey c U
1 1 c c U
ey 1 ey c U
c 1 1 1 U
U U U 1

Then ¢ is not an O-mapping since e;, < ¢ =1 1 =1 but ey £y ((¢) =y ((1) =u =y 1 = u.
It is routine to calculate that ker(¢) = {1,er}.

Proposition 4 ( [21]). If ¢ is a mapping from an OBCl-algebra L := (L, —, er, <) to an
OBClI-algebra Y := (Y, =y, ey, <y), then its kernel ker(¢) is given by the following set.

ker(¢) ={c€ L | (Fw € L)(ey <y ((w), ey <y ((w) =y ((c))}. (29)
Example 4. Let L = {1,e,0,0} be a set with the binary operation “ — ” given by Table 4. If
<= 1(0,0), (6,€), (8, 9), (1,1), (0, €), (0,0), (¢, 1), (&, D)},
then L := (L, —, e, <.) is an OBCl-algebra (see [20]). Consider the identity map ¢ : L — L.
Clearly, ¢ is an O-map, and we have ker(¢) = {1, e}.
3.2 Kernels and (ordered) subalgebras
In the following example, we know that kernels may not be (ordered) subalgebras.

Example 5. Let L = {1,¢e,0,0} be a set with a binary operation “ — ” given by Table 7. Let

<Let= {(0, 0)7 (ev 6), (67 a)? (17 1), (07 6)7 (07 a)? (67 1), (67 1)}

Then it is routine to verify that L := (L, —, e, <.) is an OBCl-algebra. Let ( : L — L be
an automorphism as the identity map. Then ker(¢) = {e,1} and it is neither a subalgebra of
L := (L, —, e, <.) nor an ordered subalgebra of L := (L, —, e, <.) since 1 — e =0 ¢ ker(().

Definition 8. Let L := (L, —, e, <r) and Y := (Y, —v, ey, <y) be OBCl-algebras, and
(: L —=Y be an O-map. The kernel of C is said to be closed if it is a subalgebra of L; and
ordered closed (briefly O-closed) if it is an ordered subalgebra of L.
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Table 7: Cayley table for the binary operation “—”

oo =]
e ]
_ o 0 O 0
— 0o Q ol
===l

For simplicity, by the expression ‘(O-)closed,” we ambiguously denote both ‘closed’ and ‘O-
closed’ together if these are not be distinguished.

[13

Example 6 ( [20]). Let L = {e,c,u,z,w} be a set with a binary operation “ — ” given by

Table &.

Table 8: Cayley table for the binary operation “—”

g v ool
ST S S W Yl
N o o olo
SISO A B
SRR IR S IR S RN
oo 8 n g8

Let <.:= {(e,e),(c,¢), (u,u), (2, 2), (w,w), (¢, e), (u,e),(w,z)}. Then L := (L, —, e, <) is an
OBClI-algebra. Let ¢ : L — L be an automorphism as the identity map. Then ker({) = {e} and
it is the (O-)closed kernel of (.

Proposition 5. Let L := (L, —, e, <p) and Y := (Y, =y, ey, <y) be OBCI-algebras, and
(:L—Y bean O-map.

(i) If ker(Q) is the closed kernel of , then it satisfies:

(Vw € L)(ey = ((er) <y ((w) = w — ep € ker(()). (30)

(ii) If ker(Q) is the O-closed kernel of ¢ and satisfies (18), then it further satisfies (30).

Proof. (i) Let ker(¢) be the closed kernel of ¢ and w € L be such that ey = ((er) <y {(w).
Then w € ker(¢) by (27), and so w —, er, € ker(¢) by (13) because ey, € ker(().

(ii) Let ker(¢) is the O-closed kernel of ¢ and w € L be such that ey = {(er) <y ((w). Then
as above ey <y ((w) and so w € ker(¢). Hence ey, <; w by (18), and so w —, er, € ker({) by
(14) because ef, <, ey, and ey, € ker((). O

Let the kernel ker(¢) of ¢ be not (O-)closed in Proposition 5. Then the condition (30) does
not hold as we can see in the following example.
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Example 7. The kernel ker(¢) = {e, 1} in Example 5 does not satisfy (30) since ((e) <. (1)
but 1 — e =0 ¢ ker(().

Given an OBCl-algebra L := (L, —, e, <r) and a set A C L, consider the following
assertion.

(Vw,ce L)(w—=ce A = w <y c). (31)

The following example verifies that ker(¢) may not satisfy the condition (31).

13 7

Example 8. Let L := {ey,c} and Y := {ey} be sets with binary operation “ — 7 and
“ —y 7 given by Table 2 and ey —y ey = ey, respectively. Let <p:= {(er,er), (c,c)} and
<y:={(ey,ey)}. Then L := (L, —, er, <p) and Y := (Y, =y, ey, <y) are OBCl-algebras.
Define a mapping ¢ from L to Y as follows:

(:L—=Y, we L, ey. (32)

It is clear that ¢ is an O-mapping and L is the kernel ker(¢) of (. Then ey, — ¢ € ker({) but
er, €1, c¢. Hence it does not satisfy the condition (31).

We provide conditions for kernels to be (O-)closed.

Theorem 2. Let L := (L, =, er, <p) and Y := (Y, =y, ey, <y) be OBCIl-algebras, and
C:L—Y bean O-map.

(i) If the kernel ker(C) of ¢ satisfies (30) and (31), then it is closed.
(ii) If the kernel ker(C) of ¢ satisfies (30), then it is O-closed.

Proof. (i) Suppose that ker(¢) satisfies (30) and (31). It suffices to show that ker(¢) is a subalge-
bra of L. Let w, ¢ € ker(¢). Then ey <y ((w) and ey <y ((c) by (27). Thus w —, er, € ker(¢)
and ¢ =1 ep, € ker(¢) by (30), and so ey <y ((w — er) and ey <y ((c — er) by (27). Since

er, <r, (w I BL) —7 ((eL I C) I (w 7 C))

by (1), we have
ey <y ((w—rer) =y (((ex =1 ¢) =1 (w—r ¢))

by the O-mapping of ¢, and so
ey <y (((e =L ¢) =L (w —r c))

by (5) and (6). Then (ef, —1 ¢) =5 (w —1 ¢) € ker({), and so ¢ =, (w —, ¢) € ker(¢) by (7).
Using (31), we further obtain ¢ <; w —, ¢, and so e, <1, ¢ =, (w —, ¢) by (5). Hence

ey <y ((c) =L ((w =L ¢c)

by the O-mapping of ¢, and so similarly ey <y ((w —1 ¢), i.e., w = ¢ € ker((). Therefore
ker(¢) is a subalgebra of L, and the proof is completed.
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(ii) Suppose that ker({) satisfies (30). It suffices to show that ker(¢) is an ordered subalgebra
of L. Let w, ¢ € ker(¢) such that e;, <;, w and ey, <y, ¢. Then, as the proof in (i), we can show
that ¢ =1 (w —1 ¢) € ker(¢) and so ey <y ((¢c =1 (w —1 ¢)). Note that

er, SL (eL —L C) —L ((C —L (w —L C)) —L (eL —L (w —L C))
by (1), and so
er, <1, ¢c—r ((C —7 (w —r C)) -7 (w —r C))

by (7). Then
er, SL (C —L (w —L C)) —L (w —L C)

by (5) and (6), and so
ey <y C:(C —7 (w —r C)) -y C(w I C)

by the O-mapping of . Hence
ey <y ((w = ¢),i.e.,w = ¢ € ker(()
by (5) and (6). Therefore ker(¢) is an ordered subalgebra of L, and the proof is completed. [

Let ¢ : L — Y be a mapping from an OBCl-algebra L := (L, —, e, <z) to an OBCI-
algebra Y := (Y, =y, ey, <y). For AC L and B CY, consider the following three assertions.

Vw,ce L)(w<.c,we A = ce A). (33)
(Vw,c€ L)(w = ce A = ((w) <y ((c)). (34)
(Vw,c € L)(((w) =y ((c) € B = w < c). (35)

By adding these assertions to subalgebras of L and Y, we can show that { is a mapping between
such subalgebras.

Theorem 3. Let ( : L — Y be a mapping from an OBCI-algebra L := (L, —, er, <r) to an
OBCl-algebra Y := (Y, —vy, ey, <y).

(i) If H is a subalgebra of Y and satisfies (35), then ("1(H) containing ey, and satisfying (33)
s a subalgebra of L.

(ii) Suppose that  is subjective. If F is a subalgebra of L and satisfies (34), then ((F)
containing ey and satisfying (33) is a subalgebra of Y.

Proof. (i) Let H be a subalgebra of Y and satisfy (35), ("1(H) contain ey, and satisfy (33), and
w,c € ("Y(H). Then ¢((w) € H and ((c) € H. Hence ((w) —y ((c) € H by (13), and so w <, c
by (35). Then ey, <; w — ¢ by (5). Hence, by (33), w — ¢ € ("Y(H) since ey, € (T1(H).
Therefore the (71(H) is a subalgebra of L.

(ii) Let ¢ be surjective, F' be a subalgebra of L and satisfy (34), ((F') contain ey and satisfy
(33), and c¢,u € ((F). Then there are w,c € F such that ¢ = ((w) and u = ((c¢), and so
w —, ¢ € F by (13). Hence ((w) <y ((c) by (34), and so ey < ((w) — ((c) by (5). Then,
by (33), we have ¢ —y u € ((F) since ¢ —y u = ((w) —, ((c) and ey € ((F). Therefore the
((F) is a subalgebra of Y. O

—_
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Let ( : L — Y be an O-mapping from an OBCl-algebra L := (L, —, er, <1) to an OBCI-
algebra Y := (Y, =y, ey, <y). Then similarly we can show that ¢ is an O-mapping between
some (ordered) subalgebras.

Lemma 2. Let L := (L, —, e, <) be an OBCI-algebra. Given a set A C L, the assertion
(31) is equivalent to the assertion (18).

Proof. (31) = (18) : Let w € L be such that w € A. Then e, —1 w € A by (7), and so
er, < w by (31). (18) = (31) : Let w,c € L be such that w —1, ¢ € A. Then e, <p, w — ¢
by (18), and so w <y, ¢ by (5). O

Theorem 4. Let ( : L — Y be an O-mapping from an OBCI-algebra L := (L, —p, e, <p) to
an OBClI-algebra Y := (Y, =y, ey, <y) such that ey = ((er).

(i) If H is a subalgebra of Y, contains ey and satisfies (35) and (33), then (~'(H) is a
subalgebra of L.

(ii) Suppose that ¢ is surjective. If F' is a subalgebra of L and satisfies (31), then ((F)
containing ey and satisfying (33) is a subalgebra of Y.

Proof. (i) Let H be a subalgebra of Y, contain ey and satisfy (35) and (33), and w,c € ("1(H).
Then, as in the proof of (i) in Theorem 3, we can obtain w <y, ¢ using (35), and so

ey <y ((w —r c)

by (24) in Proposition 3. Hence ((w —1, ¢) € H by (33), and so w —, ¢ € (~'(H). Therefore
the (~!(H) is a subalgebra of L.

(ii) Let ¢ be surjective, F' be a subalgebra of L and satisfy (31), ((F') contain ey and satisfy
(33), and c,u € ((F). Then, as in the proof of (ii) in Theorem 3, we can construct w,c € F
such that ¢ = {(w) and v = {(c), and so w —, ¢ € F by (13). Hence e, <; w —, ¢ by Lemma
2, and so

ey <y ((w) =y ((c) =c—yu
by the O-mapping of ¢. Then, by (33), we have ¢ —y u € ((F) since ey € ((F'). Therefore the
¢(F) is a subalgebra of Y. O

Theorem 5. Let ( : L — Y be an O-mapping from an OBCI-algebra L := (L, —, e, <p) to
an OBClI-algebra Y := (Y, =y, ey, <y) such that ey = ((er).

(i) If H is an ordered subalgebra of Y, contains ey and satisfies (35) and (33), then ¢~1(H)
is an ordered subalgebra of L.

(ii) Suppose that ¢ is surjective. If F is an ordered subalgebra of L and satisfies (18), then
C(F) containing ey and satisfying (33) is an ordered subalgebra of Y.

Proof. (i) Let H be an ordered subalgebra of Y, contain ey and satisfy (35) and (33), and
w,c € L be such that w,c € ("Y(H), e <y w and e, <y c¢. Then ey <y ey, — w and
er, <p er, —r ¢ by (7), and so

ey <y ((er) =y ((w) = ((w)
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and

ey <y ¢(er) =y ¢(c) =¢(c)
by the O-mapping of (, ey = ((er) and (7). Then, as in the proof of (i) in Theorem 4, we can
show w —7, ¢ € ("Y(H). Therefore the (~!(H) is an ordered subalgebra of L.

(ii) Let ¢ be surjective, F' be an ordered subalgebra of L and satisfy (31), ((F') contain ey
and satisfy (33), and ¢,u € Y be such that ¢,u € ((F'), ey <y c and ey <y u. Then as above
we can construct w,c € F such that ¢ = ((w) and u = ((¢), and so e, < w and ey, <y, ¢ by
(18). Hence w —, ¢ € F by (14), and so ef, <p w —1, ¢ by (18). Then

ey <y ((w) =y {(c) =c—y u

by the O-mapping of . Then, as in the proof of (ii) in Theorem 4, we can show ¢ —y u € ((F).
Therefore the ((F) is an ordered subalgebra of Y. O

3.3 Kernels and (ordered) filters

Let ( : L — Y be an O-mapping from an OBCl-algebra L := (L, —, e, <p) to an OBCI-
algebra Y := (Y, =y, ey, <y). The following theorem shows that (31) is the condition for a
kernel of ¢ to be a filter of L.

Theorem 6. Let ( : L — Y be an O-mapping from an OBCI-algebra L := (L, —, er, <p) to
an OBCl-algebra Y := (Y, =y, ey, <y). If ker(() satisfies (31), then it is a filter of L.

Proof. Let ker(() satisfy (31) and w, ¢ € L be such that w —, ¢ € ker(¢) and w € ker(¢). Then
w <r, ¢ by (31), and so e, <p, w —, ¢ by (5). Hence ey <y ((w) by (27) and

ey <y ((w) =y ((c)

by the O-mapping of (. Then ey <y ((c) by (5) and (6), and so ¢ € ker(¢) by (27). Therefore
ker(¢) is a filter of L. O

Theorem 7. If ( : L — Y is an O-mapping from an OBCIl-algebra L := (L, —, er, <r) to
an OBClI-algebra Y := (Y, =y, ey, <y), then ker(() is an ordered filter of L.

Proof. 1t is clear that e, € ker(¢). Let w,c € L be such that w € ker(¢) and e;, <p w —, c.
Then ey <y ((w) by (27) and ey <y ((w) =y ((c) by the O-mapping of . It follows from (5)
and (6) that ey <y ((c), that is, ¢ € ker(¢). Hence ker(¢) is an ordered filter of L. O

Here we address several mappings between (ordered) filters of OBCI-algebras. The order of
dealing with mappings between filters of OBCl-algebras is as follows: 1. mappings between sub-
sets/filters of OBCl-algebras; 2. O-maps between subsets/filters of OBCI-algebras; 3. mappings
between subsets/filters of OBCl-algebras containing kernels; 4. O-maps between subsets/filters
of OBCl-algebras containing kernels.

Theorem 8. Let ( : L — Y be a mapping from an OBCl-algebra L := (L, —, er, <r) to an
OBClI-algebra Y := (Y, —vy, ey, <y) such that ey = ((er).

(i) If H is a subset of Y, then ("1 (H) satisfying (33) and (18) is a filter of L.
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(ii) Suppose that ¢ is surjective. If F is a subset of L and satisfies (33) and (18), then ((F)
satisfying (35) is a filter of Y.

Proof. (i) Let H CY and (~!(H) satisfy (33) and (18). Since ey = ((er) and so ef, = (" !(ey),
we have e; € (71(G). Let w,c € L be such that w € ("'(H) and w — ¢ € ("'(H). Then
er, <p wand ey <p w —z ¢ by (18), and so ey, <, ¢ by (5) and (6). Hence ¢ € (~(H) by (33),
and therefore the (71(H) is a filter of L.

(ii) Let ¢ be surjective, F' (C L) satisfy (33) and (18) and ((F’) satisfy (35). Since ej, € F,
we have ey = ((er) € ((F). Let ¢,u € Y be such that ¢ € {(F) and ¢ —y u € {(F). Then
there are w € F and ¢ € L such that ((w) = ¢ and ((¢) = u, and so ((w) € ((F) and
C(w) =y C(c) € ((F). Thus e, <y w by (18) and w <p, ¢ by (35), and so e;, <y, ¢ by (6). Hence
c € F by (33) and so u = ((c) € ((F). Therefore the ((F') is a filter of Y. O

Corollary 1. Let ( : L — 'Y be a mapping from an OBCI-algebra L := (L, —, er, <r) to an
OBCl-algebra Y := (Y, =y, ey, <y) such that ey = ((er,).

(i) If H is a filter of Y, then (Y (H) satisfying (33) and (18) is a filter of L.

(ii) Suppose that ¢ is surjective. If F is a filter of L and satisfies (33) and (18), then ((F)
satisfying (35) is a filter of Y.

Theorem 9. Let ( : L — Y be an O-mapping from an OBCI-algebra L := (L, —p, e, <r) to
an OBCI-algebra Y := (Y, —vy, ey, <y) such that ey = ((eyr).

(i) If H is a subset of Y and satisfies (33) and (18), then (~1(H) is a filter of L.

(ii) Suppose that  is surjective. If F' is a subset of L and satisfies (18), then ((F') satisfying
(33) and (35) is a filter of Y.

Proof. (i) Let H C'Y and ¢(~!(H) satisfy (33) and (18). As above, ey, € ("}(G). Let w,c € L
be such that w € ("'(H) and w — ¢ € ("Y(H). Then e;, <; w = e, —1 w by (18) and (7)
and e, <p w —, ¢ by (18), and so

ey <y ((er) =y ((w) = {(w)

and
ey <y ((w) =y ((c)

by the O-mapping of ¢ and (7). Hence ey <y ((c) by (5) and (6), and so ((c) € H, that is,
c € ("Y(H), by (33). Therefore the (~!(H) is a filter of L.

(ii) Let ¢ be surjective, F' (C L) satisfy (18) and ((F') satisfy (33) and (35). As above,
ey = ((er) € ((F). Let c,u € Y be such that ¢ € ((F) and ¢ -y u € ((F). There are w € F
and ¢ € L such that {(w) = ¢ and ((¢) = u, and so ((w) —y ((c¢) € ((F). Then e, <p w by
(18) and w <r, ¢ by (35), and so ey, <1, ¢ = er, =, ¢ by (6) and (7). Hence

ey <y ((er) =y ((c) = ((c)

by the O-mapping of ¢, ey = ((er) and (7), and so u = ((c¢) € ((F) by (33). Therefore the
((F) is a filter of Y. O
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Corollary 2. Let ( : L — Y be an O-mapping from an OBCI-algebra L := (L, —, er, <pr) to
an OBClI-algebra Y := (Y, —vy, ey, <y) such that ey = ((eyr).

(i) If H is a filter of Y and satisfies (33) and (18), then (~Y(H) is a filter of L.

(ii) Suppose that ¢ is surjective. If F is a filter of L and satisfies (18), then ((F') satisfying
(33) and (35) is a filter of Y.

If we take ("!(H) and F as filters containing kernels of ¢ in Theorems 8 and 9, we can drop
the condition (33) as follows.

Theorem 10. Let ¢ : L — Y be a mapping from an OBCl-algebra L := (L, —1, e, <p) to an
OBClI-algebra Y := (Y, —vy, ey, <y) such that ey = ((er).

(i) If H is a subset of Y, then (T1(H) containing ker(¢) and satisfying (34) is a filter of L.

(ii) Suppose that  is surjective. If F' is a subset of L containing ker((), then ((F') satisfying
(18) is a filter of Y.

Proof. (i) Let H C Y, and ("'(H) contain ker(¢) and satisfy (34). As above, e, € ("}(G). Let
w,c € L be such that w € ("*(H) and w —, ¢ € ("1 (H). Then ey <y ((w) and {( ) <y C( )
by (34), (7) and ey = ((er), and so ey <y ((c) by (6). Hence ¢ € ker(¢) C (~'(H), a
therefore the (71(H) is a filter of L.

(ii) Let ¢ be surjective, F' (C L) contain ker(¢) and ((F') satisfy (18). As above ey = ((er) €
C(F). Let ¢,u € Y be such that ¢ € ((F) and ¢ =y u € ((F'). There are w € F and ¢ € L such
that ((w) = ¢ and ((c¢) = u, and so {(w) € ((F) and ((w) —y ((c) € {(F). Then ey <y ((w)
and ((w) <y ((c) by (18). Then as in (i) we have ey <y ((c), and so ¢ € ker(¢) C F. Hence

= ((c) € ¢(F), and therefore the ((F') is a filter of Y. O

Corollary 3. Let ¢ : L — Y be a mapping from an OBCI-algebra L := (L, —, er, <r,) to an
OBCl-algebra Y := (Y, —vy, ey, <y) such that ey = ((epr).

(i) If H is a filter of Y, then (~Y(H) containing ker(¢) and satisfying (34) is a filter of L.

(ii) Suppose that ¢ is surjective. If F is a filter of L containing ker(C), then ((F) satisfying
(18) is a filter of Y.

Theorem 11. Let ¢ : L — Y be an O-mapping from an OBCI-algebra L := (L, =, er, <p)
to an OBClI-algebra Y := (Y, =y, ey, <y) such that ey = ((er).

(i) If H is a subset of Y, then (~1(H) containing ker(¢) and satisfying (18) is a filter of L.

(ii) Suppose that ¢ is surjective. If F is a subset of L containing ker(¢) and satisfying (18),
then C(F) satisfying (35) is a filter of Y.

Proof. (i) Let H CY, and (~!(H) contain ker(¢) and satisfy (18). As above, ef, € (71(G). Let
w,c € L be such that w € ("' (H) and w —, ¢ € ("'(H). Then e, <; w and ey, <p w —[, ¢ by
(18), and so er, <r, ¢ by (5) and (6). Hence, using the O-mapping of ¢, (7) and ey = ((er,), we
obtain ey <y ((c), and so ¢ € ker(¢) C ¢(~(H). Therefore the (~1(H) is a filter of L.
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(ii) Let ¢ be surjective, F' (C L) contain ker(¢) satisfy (18) and ((F') satisfy (35). As above
ey = ((er) € ((F). Let c,u € Y be such that ¢ € ((F) and ¢ -y u € ((F). There are w € F
and ¢ € L such that {(w) = ¢ and ((¢) = u, and so ((w) —y ((c¢) € ((F). Then e, <p w by
(18) and w <r, ¢ by (35). Hence e, <r, ¢ by (6). Then as in (i) we have ey <y ((c), and so
¢ € ker(¢) C F. Hence u = ((c) € ((F), and therefore the ((F) is a filter of Y. O

Corollary 4. Let ¢ : L — 'Y be an O-mapping from an OBCl-algebra L := (L, —, er, <r) to
an OBCI-algebra Y := (Y, —vy, ey, <y) such that ey = ((eyr).

(i) If H is a filter of Y, then ("Y(H) containing ker(¢) and satisfying (18) is a filter of L.

(ii) Suppose that ¢ is surjective. If F' is a filter of L containing ker(¢) and satisfying (18),
then ((F') satisfying (35) is a filter of Y.

Similarly we deal with several mappings between ordered filters of OBClI-algebras.

Theorem 12. Let ¢ : L — Y be a mapping from an OBCl-algebra L := (L, —1, e, <p) to an
OBClI-algebra Y := (Y, —vy, ey, <y) such that ey = ((er).

(i) If H is a subset of Y satisfying (33), then (~1(H) is an ordered filter of L.

(ii) Suppose that ¢ is surjective and satisfies

(Vw,c € L)(((w) <y ((c) = w <g, c). (36)

If F is a subset of L satisfying (33), then ((F') is an ordered filter of Y.

Proof. (i) Let H C Y satisfy (33). Clearly e, € ("}(G). Let w,c € L be such that w € (~1(H)
and e, <; w —, ¢. Then w <, ¢ by (5), and so ¢ € ("1(H) by (33). Therefore (~(H) is an
ordered filter of L.

(ii) Let ¢ be surjective and satisfy (36), and F' C L satisfy (33). Clearly ey € ((F'). Let
¢,u €Y be such that ¢ € {(F) and ey <y ¢ —y u. As above, there exist w € F and ¢ € L such
that ((w) = ¢ € ((F) and ((c) = u, and so ey <y ((w) —y ((c). Then w <p, ¢ by (36) and (5),
and so ¢ € F by (33). Hence u = ((c) € ((F), and therefore ((F') is an ordered filter of Y. [

Note that the assertion (33) is equivalent to (17) by (5). Hence we obtain the following as a
corollary of Theorem 12.

Corollary 5. Let ¢ : L — Y be a mapping from an OBCI-algebra L := (L, —1, e, <r) to an
OBClI-algebra Y := (Y, —vy, ey, <y) such that ey = ((er).

(i) If H is an ordered filter of Y, then (~Y(H) is an ordered filter of L.

(ii) Suppose that ¢ is surjective and satisfies (36). If F is an ordered filter of L, then ((F') is
an ordered filter of Y.

Theorem 13. Let ( : L — Y be an O-mapping from an OBCI-algebra L := (L, =1, er, <)
to an OBClI-algebra Y := (Y, —y, ey, <y) such that ey = ((er,).
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(i) If H is a subset of Y satisfying (18), then (~Y(H) containing ker(¢) is an ordered filter of
L.

(ii) Suppose that ¢ is surjective. If F is a subset of L containing ker(¢) and satisfying (18),
then ((F) is an ordered filter of Y.

Proof. (i) Let H CY satisfy (18). Clearly e;, € ("'(G). Let w,c € L be such that w € (~(H)
and e, <y, w —, c¢. Then ((w) € H, and so ey <y ((w) by (18). Moreover

ey <y ((w) =y ((c)

by the O-homomorphism of ¢, and so ey <y ((c) by ey = ((er), (5) and (6). Hence ¢ € ker(¢) C
¢~1(H). Therefore ("1(H) is an ordered filter of L.

(ii) Let ¢ be surjective, and F' C L contain ker(¢) and satisfy (18). Clearly ey € ((F). Let
¢,u €'Y be such that ¢ € {(F) and ey <y ¢ —y u. As above, there exist w € F and ¢ € L such
that ((w) = ¢ € ((F) and ((c) = u, and so ey <y ((w) —y ((c). Moreover, e;, <y, e, =1 w by
(18) and (7), and so

ey <y ((er) =y ((w) = ((w)
by the O-homomorphism of (, ey = ((er,) and (7). Then as in (i) we have ey <y ((c), and so
c € ker(¢) C F. Hence u = ((c) € ((F), and therefore ((F) is an ordered filter of Y. O

Corollary 6. Let ( : L — Y be a surjective mapping from an OBCI-algebra L := (L, —p, ey,
<r) to an OBCI-algebra Y := (Y, —y, ey, <y) such that ey = ((er). If F is an ordered filter
of L, contains ker(¢) and satisfies (18), then ((F') is an ordered filter of Y.

Using Corollary 4 and Corollary 6, we can prove the following two theorems.

Theorem 14. Let ¢ : L — Y be an O-mapping from an OBCI-algebra L := (L, =, er, <p)
to an OBCI-algebra Y := (Y, —vy, ey, <y) such that ( is surjective and satisfies ey = ((er,).
If we consider two sets:

F :={F | F is a filter of L containing ker(¢) and satisfying (18)},
G := {H | H satisfying (35) is a filter of Y},

then there exists a bijective function
0:F =G, F o(F) (37)
such that o~Y(H) = ("*(H).
Proof. We first show that
(VE € F)(CTHC(F)) = F). (38)

Let F € F. It is clear that F C (~Y(¢(F)). Let w € ¢"Y(((F)). Then ¢(w) € ((F) and so
¢(w) = ¢(v) for some v € F. Then since v € F, we have e, <p v =er —1 v by (18) and (7).
Moreover, since e;, <; w —1, w by (3), we obtain

ey <y ((er) =y ¢(v)
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by the O-mapping of ¢, and so ey <y ((v) by ey = ((er) and (5). Also,
ey <y ((w) =y ((w) = ((v) =y ((w)

by the O-map. Hence ey <y ((w) by (5) and (6), and so w € ker(¢) by (27). Thus, since
ker(¢) C F, we get w € F. This shows that (71(¢(F)) C F, and therefore (38) is valid. Using
Corollary 4(ii), we can consider the mapping ¢ : F — G, F +— o(F) given by o(F) = ((F) for
all F € F. Suppose that o(Fy) = o(Fy) for all Fy, F, € F. Then ((Fy) = ((F»), which implies
from (38) that
R = HCR) = CHUR)) = B

Hence g is one-to-one. Since ( is a surjective O-map, we know that H = ((("'(H)) and
¢7Y(H) is a filter of L containing ker(¢) and satisfying (18) for all H € G, i.e., ("'(H) € F,
and o(C"1(H)) = H. Thus p is onto, and therefore p is a bijective function and o '(H) =
¢H(H). O

Theorem 15. Let ( : L — Y be an O-mapping from an OBCIl-algebra L := (L, =1, er, <pr)
to an OBCI-algebra Y := (Y, —vy, ey, <y) such that ( is surjective and satisfies ey = ((er).
If we consider two sets:

F :={F | F is an ordered filter of L containing ker(¢) and satisfying (18)},
G :={H | H is an ordered filter of Y},

then there exists a bijective function o satisfying (37) as in Theorem 14.

Proof. The proof is almost the same as the proof in Theorem 14. We just note that using
Corollary 6, we can consider the mapping o : F — G, F — o(F) given by o(F) = ((F') for all
FeF. O]

3.4 Kernels and direct products

It is henceforth assumed that L := (L17_>L1, ert, §L1)7 Ly = (LQ,—>L2, ero, SLQ), Y, =
(Y1, —v1, ev1, <y1) and Y3 := (Y2, —>y9, ey, <y2) are OBCl-algebras.

Definition 9. Let (1 : L1 — Y7 and (3 : Lo — Yo be maps from Ly to Yy and from Lo to Yo,
respectively. Consider direct product OBCI-algebras:

L=1 x Ly := (Ll X LQ,:>L,GX,<<L) and Y=Y x Yy := (Y1 X }/2,:>y,ey,<<y).
A map ¢ : L1 X Ly — Y7 x Y5 is said to be a direct product O-map if it is an O-map.

Theorem 16. Let (1 : L1 — Y1 and (o : Ly — Y5 be O-maps from Ly to Y1 and from Lo to
Ys, respectively. Let L = Ly x Ly := (L1 X Lo, =p,ex,<z) and Y=Y x Yy := (Y] x Yo, =y
ey, <Ly) be direct product OBCI-algebras. Then a map ¢ : L1 X Ly — Y1 X Yo such that

C:L—=Y, (z1,72) = (Ci(21), C2(22)) (39)

is a direct product O-map.
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Proof. Let a map (¢ : L1 X Ly — Y7 x Y3 satisfy (39). We need to prove

ex <, (71,72) =1 (c1,c2) = ey <y ((71,72) =y ((c1,c2). (40)
Assume that ex < (z1,22) = (c1,¢2). Then (21,22) <z, (c1,¢2) by (5), and so
er1 <r1 71 —r1c1 and efs <po To —r2 C2
by the definition of <, and (5). Then
ey1 <v1 Ci(z1) =y1 Ci(c1) and ey <ya (2(x2) —yv2 (2(c2)
by the O-maps of (; and (2, and so
(C1(z1), Ca(w2)) <y (Ci(cr), Ca(e2))

by (5) and the definition of <y. Hence

ey <y (Ci(71), @(z2)) =v (Ci(er), Ga(e2))

by (5), and so

ey <y ((z1,72) =y ((c1,¢2)
by (39). Hence (40) holds true, and therefore ( is a direct product O-map. O
Definition 10. Let (1 : L1 — Y7 and (o : Lo — Yy be mappings from Ly to Y1 and from Lo to
Yo, respectively. Let L = Ly x Ly := (L1 X Lo, =1,ex, <) and Y= Y1 x Yy := (Y] x Y3, =y
ey, <Ly) be direct product OBCI-algebras, and a map ¢ : L1 x Ly — Y1 x Yy satisfy (39). A

subset A of L1 X Lo such that A = A1 X Aa, where A1 C Ly and As C Lo, is said to be the direct
product kernel of ¢, denoted by kerpp(C), if both Ay and Ay satisfy (27).

Theorem 17. Let (1 : L1 — Y1 and (5 : Lo — Yo be mappings from Ly to Y7 and from Ly to Yo,
respectively; L = Ly x Ly := (L1 X Lo, =r,ex, <) and Y = Y1 x Yy := (Y1 xYao, =y, ey, <y) be
direct product OBCI-algebras; and a map ¢ : L1 x Ly — Y1 xYs satisfy (39). Thenker((1)xker((2)
is the direct product kernel of C.

Proof. Let x1 € Ly and 25 € Lg be such that x1 € ker(¢1) and x2 € ker((2), and ey be (ey1, ey2).
It suffices to show that

(561,1‘2) € ker(Cl) X ker(@) = ey Ly C(.’El,l‘g). (41)

It can be verified as follows: We have

(x1,2) € ker(¢1) x ker((2) = (1 € ker((1), z2 € ker((2))

since x is the Cartesian product;

(x1 € ker((1),z2 € ker((2)) & (ey1 <y1 Gi(z1), eyva <y2 (2(z2))

by (27);
(ev1 <v1 Ci(z1), ey <y2 G2(2)) & (eyvi,eve) <y (Ci(z1), G2(x2))
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by the definition of <y; and

(evi,ey2) Ly (Ci(z1), 2(z2)) & ey <y ((z1,22)

by (39). Hence (41) holds true, and therefore ker((;) x ker((z) is the direct product kernel
kerpp(¢) of ¢. O

Corollary 7. Let (1 : L1 — Y1 and (o : Ly — Yy be O-maps from Ly to Yy, and from Lo to Yo,
respectively; L = Ly X Ly := (L1 X Lo, =,ex,<) and Y= Y1 x Yo := (Y1 x Yo, =y, ey, <y)
be direct product OBCl-algebras; and a direct product O-mapping ¢ : L1 X Lo — Y1 X Y satisfy
(39). Then ker((1) x ker((2) is the direct product kernel of C.

Theorem 18. Let (1 : L1 — Y1 and (o : Lo — Yo be mappings from Ly to Y1 and from Lo to Yo,
respectively; L = Ly X Ly := (L1 X Lo, =p,ex, <) and Y= Y1 X Yy := (Y1 X Yo, =y, ey, <Ly)
be direct product OBCI-algebras; and a map ¢ : L1 X Lo — Y1 x Y satisfy (39). The direct
product kernel kerpp(C) of ¢ can be expressed as kerpp(() = ker((1) x ker((2) of Li and Lo,
respectively.

Proof. Let kerpp(() be the kernel of L; x Ly. Consider the projections 7z, : L1 X Ly — Lj and
TLy - L1 X LQ — LQ. Let ker((l) =TI, (keer(C)) and ker(@) = WLQ(keer(C)), and 1 € L1
and x9 € Lo be such that x1 € ker({1) and x5 € ker((2), respectively. We prove

(x1,22) € kerpp(¢) < x1 € ker((y), z2 € ker((2).

Since kerpp(¢) is the kernel of L; x Lo, we have

(x1,22) € kerpp(¢) & (evi,ey2) = ey <y ((x1,x2)

by (27), and so

(evi,eva) <y ((z1,22) & (evi,ey2) Ly (Ci(z1), (2(x2))

by (39). Hence

(ev1,eye) Ly (Ci(z1),G(z2)) & eyvi1 <yvi Ci(x1),eve <y2 (2(z2)

by the definition of <y, and so

eyl <vi1 Ci(x1),eve <y2 (2(x2) & w1 € ker((1), x2 € ker(¢a)

by (27). Therefore, (z1,22) € kerpp(() if and only if z1 € ker({;) and zo € ker((z), and so it
holds that kerpp(¢) = ker(¢1) x ker((z). O

Corollary 8. Let (1: L1 — Y1 and (o : Ly — Yy be O-maps from Ly to Y1 and from Ly to Yo,
respectively; L = Ly X Lo := (L1 X Lo, =1, ex, <<L) and Y=Y x Yy := (Yl X Ys, =y, ey, <<Y)
be direct product OBCI-algebras; and an O-mapping ¢ : L1 X Ly — Y7 x Ya satisfy (39). The
direct product kernel kerpp(C) of ¢ can be expressed as kerpp(() = ker(¢1) x ker((2) of L1 and
Lo, respectively.
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The following examples illustrate Theorem 18 and Corollary 8.

Example 9. Let (1 : L1 — Y; bethe map ( : L — Y in Example 2 and {3 : Lo — Y5
be the O-mapping ¢ : L — Y in Example 1. Let L = L; x Ly := (L1 X Lo, =,ex,<y)
and Y = Y; x Y2 := (Y1 x Ys,=y,ey,<y) be direct product OBCI-algebras, and a map
¢ : Ly x Ly — Y] x Yy satisfy (39). Then ¢ is not an O-mapping since (40) does not hold. For
this, we verify

(%,6) =ex < (%76) =L (%76)7

(e,e) =ey Ly C(%,e) =y C(%,e).

It can be verified as follows:

—

< (3e) =g (%,e) if and only if

2
g76)1 2 _ 2
13 —r1s=5ande<ppe—rpe=ce.

wIiN
IA

However, (e,e) €y ((%,e) =y C %,e) since
e=ey1 Zyv1Ci(3) =v1 (3) =0 —y1 e =0 and
e =eya <yz2 (a(e) —ya (2(e) =e =y2e=e.

Hence

ex <z (3,€) =1 (3,e) = ex but

€y KY C(%ae) =Yy C(%ve) = (87 6)-
Note that ker(¢1) = {1, 2} and ker((2) = {e}. Then

)

ker((1) x ker(C2) = {(x1,22) € L1 X Lo | x1 € ker((1), x2 € ker({2)}
is the kernel of Ly x Lo := (L1 X Lo,=,ex, <), where ex = (%,e).

Example 10. Let (; : L1 — Y71 be the O-mapping ¢ : L — L in Example 4 and (2 : Ly — Y3
be the O-mapping ¢ : L — Y in Example 1. Let L = Ly x Lo := (L1 X Lo, =1,ex,<y)
and Y = Y; x Yy := (Y] X Y3,=y,ey,<y) be direct product OBCl-algebras, and a map
¢ : Ly x Ly — Y1 x Ys satisfy (39). Then ¢ is an O-mapping by Theorem 16. Note that

ker(¢1) = {1, e} and ker((2) = {e}. Then ker((;) x ker((2) is the kernel of L; x Ly as in Example
9.

Theorem 19. Let (y : L1 — Y1 and (o : Lo — Yo be mappings from Ly to Y1 and from Lo to Yo,
respectively; L = Ly X Ly := (L1 X Lo, =,ex, <) and Y= Y1 X Yy := (Y1 X Yo, =y, ey, <Ly)
be direct product OBCI-algebras; and a map ¢ : L1 X Ly — Y1 X Ys satisfy (39). Given subsets
K1, and K1, of L1 and La, respectively, define two sets:

K2 = {(z1,22) € L1 x Lo | 1 € K1, eya <y2 ((x2)}.

K= {(z1,22) € L1 x La | ey1 <y1 ((x1), x2 € K, }.

If K1, and Ky, are kernels of L1 and Lo, respectively, then K2 and K®! are kernels of
L1 X L2.
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Proof. Let K1, and Ky, be kernels of L; and Lg, respectively. First we verify that 2 is the
kernel of Ly x Ly. It is clear that er, = (er1,er2) € K2. Given (x1,x2) € L1 X Lo, we have to
verify that

(z1,22) € K? & ey <y ((x1,x2). (42)

Assume that (x1,z2) € K2, Then x; € K1, and ey <y2 ((x2) by the definition of £ 2, and
so ey1 <y1 ((x1) by (27). Thus

ey <y (Ci(z1), C2(22))

by the definition of <y, and so
ey <y ((z1,72)

by (39). Assume that ey <y ((z1,22). Analogously we can prove (z1,z2) € K2, Therefore
Kev2 is the kernel of Lq x Lo.
In a similar manner, we can verify that ¢! is the kernel of L; x Lo. O

Corollary 9. Let (1 : L1 — Y1 and (5 : Ly — Y5 be O-maps from Ly to Y1 and from Ls to Yo,
respectively; L = Ly X Ly := (L1 X Lo, =, ex, <) and Y= Y1 x Yy := (Y1 x Yo, =y, ey, <Ly)
be direct product OBCI-algebras; and an O-mapping ¢ : L1 X Ly — Y1 x Ya satisfy (39). Given
subsets K1, and K, of L1 and Lo, respectively, define K2 and K as in Theorem 19. If
K1, and Ky, are kernels of L1 and Lo, respectively, then K2 and K are kernels of L1 X Lo.

Note that K2 and ¢! in Theorem 19 and Corollary 9 are the same in the sense that for
(331,1'2) < L1 X LQ,
(x1,m2) € K2 & (x1,22) € K.

4 Conclusion

This paper introduced the notion of ordered maps of OBClI-algebras as order-preserving maps
of OBCl-algebras. This paper moreover defined the notion of kernels of OBCl-algebras and
studied properties associated with (ordered) subalgebras, (ordered) filters and direct products
of OBCl-algebras.

We still have some future works or open problems. First, we need to study ordered maps
of OBCl-algebras in a more specific context. For instance, we can deal with ordered maps
and kernels of OBCl-algebras related to (ordered) Y-filters, (ordered) R-filters and (ordered)
J-filters. Second, we need to introduce more order related concepts such as ordered kernels
of OBCl-algebras. As OBCl-algebras are a generalization of BCl-algebras with an underlying
partial order, we can introduce a similar generalization of the kernel as an ordered kernels of
OBCl-algebras.
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