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The co-prime power order graph of a finite group
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Abstract. In this study, we generalized the co-prime graph of a finite group called the co-
prime power order graph of a finite group. It is denoted by Sg, and its vertex set is G, such
that two distinct vertices z and y are adjacent if and only if ged(|zl,|y|) = p™, where p is a
prime number, and n € Z* U {0}. We characterized complete graphs and planar graphs on the
co-prime power order graphs, and investigated some properties of graph B for some groups
such as cyclic groups, dihedral groups, and the generalized quaternion groups, and obtained the
vertex-connectivity among them. Finally, we characterized some induced subgraphs of co-prime
power order graph for some finite groups.
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1 Introduction

Creating graphs from numerous algebraic structures such as groups or semigroups is not a new
work, but the new is how to combine and compare the relationship between properties of the
groups and their elements on the one hand, and the created graph from them on the other
hand. During this study, the graphs are simple and finite. The co-prime graph of a finite
group G has been introduced in the literature for a considerable time. In [11], Sattanathan
and Kala introduced it. They called it the order prime graph of a group G, which was defined
as a graph I'¢ = (V(I'q),E(I'g)) when V (I'¢) = G, and a,b € G are adjacent if and only
if ged(]al, |b]) = 1. At a subsequent time, in [7], Ma et al. represented and recalled the order
prime graph as the co-prime graph and worked on many properties of it. The co-prime graph
was studied in [2,12]. In [1], many properties of the co-prime graph of finite cyclic and dihedral
groups were studied. In [10], they introduced a new graph known as co-prime order graph of
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a finite group G which was defined as a graph 0(G) = (V(6(G)), E(6(G))) when V(6(G)) = G
and a,b € G are adjacent if and only if ged(|al,|b]) = 1 or a prime number. The co-prime
order graph of a finite group was studied extensively in [5], and obviously, the readers can find
many results through this reference. They investigated the complete and planar co-prime order
graph with respect to the order of elements in a finite group and the order of itself furthermore.
Also they investigated the vertex-connectivity of the co-prime order graph of finite groups or
subgroups of them. Especially, they worked on cyclic groups, dihedral groups and generalized
quaternion groups. In [8-10], the readers can see the definition of p - group, and its properties
while the readers can see the definitions of complete graph, planar graph, and their properties
in [13,14].

Obviously, the co-prime power order graph is a generalization of the co-prime order graph, and
we introduced it in this paper. We identify some properties of the co-prime power order graph
Be by using algebraic properties of finite group G. So, we study when the graph g should be
complete and planar. Also, we study the connectivity of the graph Bq.

This study has been arranged as follows: We have represented the preliminary definitions,
propositions, lemmas and theorems in section 2 which have been used throughout this paper.
In Section 3, we introduced the co-prime power order graph of a finite group G, denoted by
Ba, and studied on complete and planar co-prime power order graph of cyclic groups, dihedral
groups and generalized quaternion groups. In Section 4, we investigated the vertex-connectivity
of cyclic groups, dihedral groups and generalized quaternion groups. Finally, we characterized
the induced subgraph of the cyclic group, dihedral group, and the generalized quaternion group.

2 Preliminaries

In this section we review some preliminary definitions and notations in groups and graph theory
that have been used throughout the paper. A dihedral group of order 2n, denoted by D,, is
defined as: D,, =< a,b | a® = b? = e, and bab = a~! > [4,6]. In a group, any element of order 2
is called involution [5]. A generalized Quaternion group denoted by Q4 is defined as:

Qun =< a,b|a™ =b% a*" =b* = 1,bab=a"' > [4]. A graph is called a connected graph if and
only if there is a path between any two vertices [13,14]. A graph is called a planar graph if it
can be drawing with no crossing edges [13,14]. A graph I is called complete graph if and only if
every two vertices are adjacent, and a complete graph with n vertices is denoted by K, [13,14].
A group G is called a cyclic group if it is generated by an element. A cyclic group of order n is
isomorphic to Z,, [5,13,14]. A group G is called p-group if and only if every element of it has a
prime power order [4,6,8]. A group G is called P-group if every nontrivial element of it has a
prime order [13,14]. Let Zo(G) C Z1(G) C Z3(G) C --- be an ascending series of G such that

i) Zo(G) = {e};
i) Z1(G) = Z(G);
i) Zi(G)/ZiA(G) = Z(G)Zi-1(G)) i > 1.

Then Zp(G) C Z1(G) C Z3(G) C --- is called the ascending central series [6,8]. A group G
is called nilpotent group if it has an ascending central series such that Z,, = G, for a number
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neZ" [6,8].

A positive integer number n is a composite number if it has at least two nontrivial divisors
except itself [3]. Let n € Z*, then factorization n as n = p{*p3? ... pe*, for some k € Z*, and
prime numbers p1, p2, .. ., pi is called canonical factorization. The set of all elements of a group
G of order 1 or a prime number is denoted by Pg [5].

The induced subgraph < Pg > is a clique of 0(G) , and deg(z) = n—1, for allx € Pg, |G| = n [5].
A vertex z in a graph I is called isolated if and only if deg(x) = 0. A graph is planar if and only
if it does not have K5, K33 or a subdivision of K5, K33 as a subgraph (it is called Kuratowski’s
theorem) [5]. Let I" be a connected graph, then a subset S C V(I') is called a vertex cut if I' — §
is disconnected or has one vertex. The vertex-connectivity of a graph I is denoted by x(I") that
is equal to the minimum size of a vertex cut.

3 Complete and planar co-prime power order graphs.

In this section, we study the complete graphs and planar graphs of the co-prime power order
graphs, and discuss them for some groups. Furthermore, we investigate some properties of these
groups and their relationship with the co-prime power order graph.

Definition 1. Let G be a group, and |G| > 2. The co-prime power order graph of G denoted by
Ba is the graph with vertex set G, such that two distinct elements x,y € G are adjacent if and
only if ged(|x], |y|) = p™, p is a prime number, n € Z+ U {0}.

Definition 2. A group G with |G| > 2 is called ¢-group if any nontrivial element of G has a
prime power order.

Clearly, any ¢-group is a P-group, but the inverse of this result is not true. For example,
by a simple discussion, we can see that Dy is a ¢-group, but it is not a P-group.

Definition 3. Let G be a group, and |G| > 2. The subset {x € G||x |= p*, for a prime p, and
a >0} of G is denoted by P(G).

Theorem 1. The co-prime power order graph of a group G is complete if and only if G is a
@-group.

Proof. Suppose that Bg is complete for a group GG. Then every two distinct elements z,y € G
are adjacent. It follows that ged(|z|, |y|) = p™, for a prime number p,n € Z* U {0}.

If G is not ¢-group, then there exists an element x € G such that |z| # p", for a prime
number p, n € Z* U {0}. Now, by using ged (||, x_l‘) = |z|, we conclude that x, and z~! are
not adjacent and get a contradiction. Hence, G is a ¢-group.

Conversely, suppose that G is a ¢-group, then for every z € G, |x| = p", for a prime number
p. Thus for every two elements x,y € G, ged(|z|, |y|) = p”, for a prime number p,n € Z™ U {0}.
Therefore B¢ is a complete graph. O

Lemma 1. Let G = D, then G is a ¢-group if and only if n = p™,p is a prime, and m > 1.
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Proof. Let D, =< a,b| a™ =b*> = 1,bab=a~! >. If n = p™, for a prime number p, and m > 1,
then |z| = 1,2 or p¥,1 < k < m, for every = € D,,. Hence, D,, is a ¢-group.

Conversely, suppose that D,, is a ¢-group, and n # p™, for any prime number p, and m > 1.
We know that |a| = n. It follows that D, is not a ¢-group, a contradiction. Therefore, n = p™,
for any prime number p, and m > 1. O

Now, by Theorem 1 and Lemma 1, we have the following result.
Theorem 2. Let G = D, then Bg is complete if and only if n = p™, p is a prime, and m > 1.
Lemma 2. Let G = Qyy, then G is a ¢-group if and only if n = 2™, m > 1.

Proof. If n = 2™, then G = @4, is a 2— group, and it is a ¢-group.

Conversely, suppose that Qg, =< a,b | a" = b?,a** = b* =1, bab = a~! > is a ¢-group, and
n # 2™ ¥Ym € Z7, then |a| = 2n, and 2n # p™, for any prime number p,m € Z™.

Therefore, 4y, is not a ¢-group. It is a contradiction. Hence n = 2™. O

Now by Lemma 2 and Theorem 1, we get the following theorem.
Theorem 3. Let G = Quy,. Then Bg is complete if and only if n = 2™, m € Z™*.

Lemma 3. Let G be a group of order n, and let P(G) be the set of all elements © € G such
that |z| = p™, p is a prime number, and m € Z+*U{0}. Then for any vertex a € V (Bg) we have
deg(a) =n —1 if and only if a € P(G).

Proof. Let a € P(G), then |a| = p™, for a prime number p, and m € Z*U{0}. It follows that for
any = € G, ged(|al,|z])||a |= p™, then a and = are adjacent. Hence deg(a) = n — 1. Conversely,
let deg(a) =n—1, and a ¢ P(G), then |a| # p™ for any prime number p, and any m € Z*U{0}.
Therefore, ged (|a|, ’a_l‘) = |a| # p™. So a and a~! are not adjacent, and deg(a) < n — 1, a
contradiction. Thus a € P(G). O

From Lemma 2, we conclude that for a group G and an element z € G — P(G), P(G) U {z}
is a clique of fg.

Theorem 4. The co-prime power order graph Bg of a group G is planar if and only if |G| < 5.

Proof. 1f |G| < 5, then S is a graph of order less than 5. Hence, (¢ is planar. Now let |G| > 5,
then by a straight discussion we can see that if |G| > 5, and G # Zg, then |P(G)| > 5. Because
the induced subgraph (P(G)) of f¢ is a clique, B¢ has a subgraph isomorphic to K5. Now by
Kurutowski’s theorem, we conclude that B¢g is not planar. O

Example 1. If G = Z¢ = {0,1,2,3,4,5}, then the induced subgraph of Sz by S = {0,1,2,3,4}
is isomorphic to K5. Hence, 3z, is not planar.
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4 Vertex-connectivity of the co-prime power order graphs

In this section, we investigated the vertex-connectivity of the co-prime power order graph and
obtain the vertex-connectivity k(8g) for some groups. We know that in a connected non-
complete graph I' of order n, if deg(z) = n — 1, for a vertex z in I', then every vertex cut
contains x. By this fact, and Theorem 3.1 and Lemma 3.6, we have the following theorem

Theorem 5. Let G be a group of order n, then the following statement holds:
i) If G is a ¢-group, then k (Bg) =n — 1.
it) If G is not a ¢-group, then k (Bg) > |P(G)].

From the elementary group theory we have the following lemma.

Lemma 4. Let G be a finite group, and let N, M are two normal subgroup of G such that
NM = MN, and NNM = {e}. Then nm = mn for everyn € N,m € M.

Theorem 6. Let G be a group of order n = p{*p5? ... p*, such that p;,1 < i < k are distinct

<
prime numbers, a; > 1 and G has an element x of order plllplzz...pg“,li > 1, then k(Bg) =

[P(G)].

Proof. Let z € G and |z| :plllpl;...pﬁc’“,li >1,1<i<k.

If y € G — P(G), then |y| = pi'ph2 .. .p;” for2<j <k,t,>1

So ged(|z|, |y|) = pi*p5? .. .p;” such that s,, = min (¢,,0,,). Hence, z and y are not adjacent.
It follows that x is an isolated vertex in G — P(G). Now, by the fact that every vertex cut
contains in P(G), we conclude that k (Bg) = |P(G)|. O

Now by Theorem 6, we have the following corollary.
Corollary 1. For a number n € Z*, we have k (3,,) = |P (Zy)].

Theorem 7. Let G be a nilpotent group of order n, such that n = p{'p5? ... py is the canonical
factorization of n, then we have

[ pit =1, whent=1
k‘(ﬁc:)—{ 1+ S0 (% —1) whent>1"

Proof. Let t = 1, then G is p;— group, and it is a ¢-group. By theorem 5, we obtain k (8g) =
n—1. Now let t > 1, and S;,1 < ¢ <t be sylow p; — subgroup of G.

Suppose that x; € S; is an element of order p;. Set x = x122...2;. Now by lemma 4
clearly, we can see that |z| = |zi||z2]...|z;| = pip2...p:. By using Theorem 6 we obtain

k(Ba) = [P(G)].

The set P(G) is a union of all sylow subgroups of G. Since G is a nilpotent group, there
exists one sylow p; —subgroup, 1 < i <t of G, named S;. Hence P(G) = Uﬁzl S;. Therefore, we

have:
t

k(Ba) = [P@)| =1+ (S| -1) =1+ 0 -1).
i=1

i=1
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Corollary 2. Let n be a positive integer, and n = p{"'p§? ...py"* be its canonical factorization,
then:
2n—1, t=1;
k’ = i ? ) )
Vo.) { S -1 +nt1,t> 1.

Proof. Let D, =< a,b | a® = b*> = 1,bab = a~! >. If t = 1, then by using Theorem 2, 3p, is
complete, and so k (8p, ) = 2n—1. Now let ¢ > 1, we have P(G) = {a'b |1 <i < n}UP(< a)).
There exists an element © €< a) of order pips...p;. The vertex x is an isolated vertex in
Bp, — P (D,,). Hence k (8p, ) = |P (D,,)|. Because (a) is nilpotent, then by Theorem 7,

IP(<a>) =1+ (pf" —1).

i=1
Therefore, k (8p,) = [{a'b |1 <i<n}|+1+ S - =t 1)+l O
Theorem 8. Suppose that m is a positive integer, and m > 2 such that 2m = 2°0p{'pg? ... p}"

s a canonical factorization of 2m, for prime numbers p;, 1 < i < t, then we have

_ ‘P(BQATIL)| » 1T is even ;
k(BQun) = { 2m+2+21§:1 (pi —1),m is odd

Proof. Let Qum =< a,b | a™ = b?,a*™ = b* = 1,bab = a~' >. Let m be an even number, then
|Quam| = 4m = 200F1IpMipd2  pt for prime numbers p;, 1 < i < 2m such that ag > 2. The
order of a is pi*p3*...p;*, then by Theorem 6 we obtain k (89,,.) = |P (Q4m)|. Now, suppose
that m be an odd number, then we have |a| = 2m, and |(a)| = 2m = 2p{'p5? ... p", for prime
numbers pj,1 < j < t. We can note that P (Qsm) = {a’b|1<i<2m} U P(< a >). There
exists an element y € (a), with |y| = 2p1p2...pi,t > 2. So, the vertex y is an isolated vertex in

Bum— P (Bou,). We know Haib |1<i< 2m}’ = 2m, and by Theorem 7,

t

P<a>) =2+ (ni—1).

=1

Then by Theorem 6 we obtain that

t
=1

5 Induced graph of the co-prime power order graph

In this section, we investigate the induced subgraph S[G — P(G)] of the co-prime power order
graph B¢ for some group G such as cyclic groups, dihedral groups, and generalized quaternion
groups, and all result that we have got them are dependent on the order of group’s elements.
We arrange our result as the following theorems.
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Definition 4. Suppose that Bg is the co-prime power order graph of a group G, and S C G,
then the induced graph by S in Bg, denoted by Bi[S] is a subgraph of Ba such that the vertex
set is S and two vertices x,y € S are adjacent in Bg[S] if v and y are adjacent in Bg.

Theorem 9. Suppose that Bg is the co-prime power order graph of G, then the induced subgraph
BalG — P(Q)] is a null graph if and only if |G| = p*q°, for prime numbers p,q, and positive
integer ., .

Proof. Suppose that |G| = n = p®¢°® for prime numbers p, ¢, and positive integer «, ).P(G) =
{z||z |=p™ orq %}. There are vertices ,y ¢ P(G) such that |z| = p{pd, |y| = p2p%. Tt
follows that ged(|z|, |y|) = pmir{eneztgmin{d.02} - Hence,  and y are not adjacent. Therefore,
BalG— P(G)] is a null graph. Conversely, suppose that Sg[G — P(G)] is a null. Then any two
vertices x,y € fg[G— P(G)] are not adjacent. Now, by contrary, suppose that n = p;* pa®2p3*3,

for distinct prime numbers pi, pe, ps. There are vertices z,y € Sg[G — P(G)] such that |z| =

pItps?, and |y| = p"p5e. It follows ged(|zl, Jy|) = p1®*, which implies # and y are adjacent, a
contradiction. Hence n = p®¢°. O

Theorem 10. Suppose that Bz, is the co-prime power order graph of Z,, then the induced
subgraph Bz, [Zn — P (Zy)] is a null if and only if n = p®q®, for prime numbers p, q, and positive
integer o, 9.

Proof. Suppose that Bz, [Z, — P (Zy)] is a null graph. Then any two vertices x,y € Sz, [Zn—
P (Zy,,)] are not adjacent. Now, by contrary, suppose that n = p;” pa®2p3®3, for distinct prime
numbers pi, pa, p3. There are vertices x,y € Bz, [Zn, — P (Zy,)] such that |z| = pi" p5?, and |y| =
pitps®. It follows ged(|zl, |y|) = p1®', which implies  and y are adjacent, a contradiction.

Conversely, by Theorem 9 Sz, [Z, — P (Zy,)] is a null graph. O

Theorem 11. Let Bp, be the co-prime power order graph of dihedral group D, =< a,b | a™ =
b2 = e, and bab = a=! >, then the induced subgraph Bp, [Dn — P (Dy)] is a null graph if and
only if n = p“q”, for prime numbers p,q, and positive integer c, .

Proof. Let Bp, [Dn — P (D,)] be a null graph. Then any two vertices x,y € 8p, [Dn — P (Dy,)]
are not adjacent. Now by contrary, assume that n = p;“1ps“2p3*3, for prime numbers p1, pa, p3,
then there are vertices © = aP3®3,y = aP?*2 € Dp, [D, — P (D,)] such that |z| = p{'p5?, and

ly| = p*ps®. It follows ged(|zl, |y|) = p7*, which implies z and y are adjacent, a contradiction.
Conversely, by Theorem 9 fp, [D,, — P (D,,)] is a null graph. O

Theorem 12. Let G = Qu, =< a,b| a™ = b?,a*" = b* = 1 and bab = a=! >, and BQu, s the
co-prime power order graph of Qun. Then the induced subgraph Bq,, [Qan — P (Qan)] is a null
graph if and only if n = p*q", for prime numbers p, q, and positive integer .

Proof. Let 5q,, [Qin — P (Qan)] be anull graph. Then any two vertices z,y € fq,,, [Qin — P (Qan)]
are not adjacent. Now by contrary, assume that n = p;“1p2“2p3*3, for prime numbers py, pa2, p3,
then there are vertices ,y € fq,, [@n — P (Qan)] such that |z| = pi" p3?, and |y| = p"p5* = |z
and |y| are divide n. It follows that ged(|z|, |y|) = p1®*, which implies = and y are adjacent, a

contradiction. Conversely, by Theorem 9 3q,, [Q4n — P (Quy)] is a null graph. O
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