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Abstract. Inspired in [7], we strengthened semiperfect modules to £.A-semiperfect modules
by adding the concept of locally artinian submodule and we proved that the concept of these
modules is not empty. Then we characterized these projective modules with the help of defining
LA-projective covers. Thus we achived the necessary and sufficient condition for the projec-
tive module between the notion of LA-semiperfect modules and the notion of locally artinian
supplemented modules.
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1 Introduction

In the text, S always denotes an associative ring with an identity element, and modules are left
as unital S-modules. Rad(S) will represent the Jacobson radical of the ring S. If N is a small
submodule of X, we will use notation N <« X. A submodule N of X will point to N C X.
Rad(X) and Soc(X) will indicate radical and socle X, respectively. A nonzero module X is local
if the sum of all proper submodules of X is also a proper submodule of X. It is said to be hollow
if each proper submodule of X is small in X. Note that local modules are hollow. A finitely
generated hollow module is local. For modules X and P, if f : P — X is an epimorphism
such that ker(f) is small in P, then f is named cover. A projective module P with a cover
f on X is said to be a projective cover of X. With [1], every (finitely generated) module of a
(semi-)perfect ring possess a projective cover. In [3], Kasch and Mares transferred their concept
of (semi)perfect rings to modules. Semi-perfect modules were originally defined by Mares for
projective modules, but have been extended to arbitrary modules in [4].

A S-module X is named semiperfect if each factor module of X possesses a projective cover.
Mares gave a characterization of semiperfect modules through supplemented modules, [6]. A
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submodule K of X is named a (weak) supplement of N in X, if X = N+ K and (NNK <
X)NNK < K. The module X is (weakly) supplemented in case each submodule of X possesses
a (weak) supplement in X. A submodule K of X possesses ample supplements in X in case each
submodule T of X provided that X = K + T contains a supplement of K in X. The module
X is said to be amply supplemented in case each submodule of X possesses ample supplements
in X [11]. A semiperfect module X is supplemented. Note that the converse assertion is true in
case where the module is projective.

A module X is named locally artinian if each finitely generated submodule of X is artinian
[11]. For a module X, we consider the following submodule of X as in [12],

Socs(X) =) {N < X|N is simple }.

It is clear that Socs(X) C Rad(X) and Socs(X) C Soc(X).

In [5], a local module X is said to be strongly local if Rad(X) is semisimple. A submodule
K of X is named an ss-supplement of N in X, if X = N+ K and NN K C Socs(K). The
module X is said to be ss-supplemented if every submodule of X possesses an ss-supplement in
X. A submodule K of X has ample ss-supplements in X if each submodule T of X provided
that X = K + T contains an ss-supplement of K in X. The module X is named amply
ss-supplemented if each submodule of X possesses ample ss-supplements in X. The class of
(amply) ss-supplemented modules was first studied by Kaynar et.al. in [5].

In [8], a module X is said to be locally artinian supplemented if each submodule L of X
possesses a locally artinian supplement K in X, that is, K is a supplement of L in X provided
that LN K is locally artinian. X is named amply locally artinian supplemented if each submodule
L of X possesses ample locally artinian supplements in X. Here a submodule L of X possesses
ample locally artinian supplements in X if each submodule K of X includes a locally artinian
supplement K’ of L in X providing X = L+ K. (Amply) locally artinian supplemented modules
are defined as a proper generalization of (amply) ss-supplemented modules.

In section 2, we focused on the characterization theorems in projective modules by defining a
L A-semiperfect module, which is a special notion of semiperfect modules. It is obtained that a
projective module X is LA-semiperfect if and only if every proper submodule of X is contained
in a maximal submodule and % possesses a locally artinian projective cover for every maximal
submodule Y of X. It is proven that a projective module X is LA-semiperfect if and only if
each maximal submodule and each cyclic submodule possesses a locally artinian supplement, and
each proper submodule is included in a maximal submodule. It is also proven that a projective
module X is LA-semiperfect if and only if it is locally artinian supplemented.

2 LA-Semiperfect Modules

Definition 1. (a) Let w : P — X be an epimorphism. Then 7 is said to be a LA-projective
cover of X if P is projective, ker(m) < P and ker(r) is locally artinian.

(b) A module X is said to be LA-semiperfect if each factor module of X possesses a LA-projective
cover.

(¢) A ring S is said to be LA-semiperfect if ¢S is a LA-semiperfect module.
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Recall from [1] that Rad (X) = Rad (S)X for a projective module X over a ring S. Moreover,
if X = N @K with N C Rad(P), then N = 0.

Lemma 1. Let X be an S-module that possesses a LA-projective cover. Then X 1is a projective
8 dul
Rad(s) ~module.

Proof. Let
0 N P—"sX 0

be a LA-projective cover of X. So P is projective, ker(r) < P and ker(7) is locally artinian.
Then we transform above sequence to induced sequence as below.

s
Rad( y ®s N ~ Ra d(S) ®s P >~ Rad(s) ©S X >0

Here, we obtained the induced sequence is also exact. Thus X = d( 5 ®s X as - d( 5 -modules
and Ta d( y ® Pisa prOJectlve Ta d(S) -module. Since N C Rad(P) = Rad(S)P, then we have
Rad(s) ®s N — 1 d( ) ®g P is the zero map, as required. O

Sandomierski has shown in [10] the necessary and sufficient condition that a ring S is semiper-
fect is that each simple left S-module possesses a projective cover. We obtain it in a stronger
way than the proof method in Sandomierski’s Theorem to projective modules as follows.

Theorem 1. Let X be a projective S-module. Then the projective module X is LA-semiperfect
if and only if every proper submodule of X is included in a maximal submodule and % has a
LA-projective cover for each mazximal submodule Y of X.

Proof. Let X be a LA-semiperfect module. Since Rad(X) < X and RadL(X) is locally artinian,

ﬁ()() is semisimple by [11, 31.2. (3) (ii)]. So, each proper submodule of X is included in a
maximal submodule. The necessity of the other statement is clear.

Conversely, we verify firstly Rad(X) < X. For if Rad(X) + N = X, where N is a proper
submodule of X, we can include N in a maximal submodule of Y and so obtain X = Rad(X)+

N CY, a contradiction. Now we show that A = RdL(X) is locally artinian. For this, it is enough
to use [11, 31.2(3) (ii)] and show that A is semisimple. If 5

A, say B then % =~ % has a LA-projective cover. Since % is an

( ) is a maximal submodule of

ﬁ(s)—module, B is a direct
summand of A. Now suppose Soc(A) # A. Then we obtain that Soc(A) is a maximal submodule
of A which is a direct summand. This contradiction ensures that A is semisimple and so A is

locally artinian. Finally, we must show that idempotents in Homs( 55~y d( T Rl X)) are induced
by idempotents in Homg(X, X). Let 7 : X — #(X)
suffices to show that if A = ﬁ(}() = L ® K, then we get X = U &V, where 7(U) = L and
m(V)=K.

Now, if A = L @ K, write L = ©aecpSa and K = ®gevlp where S, and Tj are simple.
As every S, and Tp is a homomorphic image of X, they have LA-projective covers by the
hypothesis, say, P, 42+S, — 0 and Qp 4415 — 0. From above the diagram W = @©,epPa

denote the natural homomorphism. It
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and T = PpewQp, we have W & T is projective, ker(¢s) < Pa, ker(pp) < Qp and ker(iq),
ker(pg) are locally artinian for each v € A and 3 € ¥. So we have the following diagram.

wWeaeT
, ' lw®w
X A 0
0
where ¢ = [[,cp Yo and ¢ = [[gcg pp. Since ker(r) = Rad(X) < X and RG%(X) is locally

artinian, X ™A — 0 is a projective cover of A. According to the uniqueness of projective
covers, there exist the decomposition W @ T = V @ P’ where V C ker(¢) @ ¢) and isomorphism
G‘P, : P' — X, where 0 : V& P — X is a epimorphism. Since ker(i) @ ) is the sum of the
kernels of each 1, and ¢g and so is included in Rad(W @ T'), we have V' C Rad(W & T') and
so, V.= 0. As 0 is an isomorphism, X = (W) @ 6(T'). Since 7(§(W)) = L and 7(6(T)) = K,
we have lifted the decomposition A = L & K, as desired. O

Since a ring S is a projective S-module, the following corollary is clearly obtained.

Corollary 1. A ring S is LA-semiperfect if and only if every simple left S-module has a
LA-projective cover.

Corollary 2. Let X be a finitely generated projective S-module. Then the following implications
are equivalent:

1. X is LA-semiperfect;
2. % possesses a LA-projective cover for each mazimal submodule Y of X.

Recall from [3] that a projective module is semiperfect if and only if each submodule possesses
a supplement. In order to obtain a strong result in [2], we need the following lemma which can
be proven clearly by [11, 41.14 (2)].

Lemma 2. Let X be a projective S-module and X = U+V provided that U and V are submodules
each of which is a locally artinian supplement of the other. Then X =U @ V.

Corollary 3. Let X be a projective S-module. X is LA-semiperfect if and only if it satisfied
directly the following both of cases:

1. Every mazimal submodule and each cyclic submodule possesses a locally artinian supple-
ment.

2. Fvery proper submodule is included in a maximal submodule.

Proof. (<) Let N be a maximal submodule of X and K be a locally artinian supplement of

N in X. Then X = N+ K, NN K <« K and N N K is locally artinian. If z € K \ N, we
get S C K and N + Sz = X. So K = Sz. Hence let M be a locally artinian supplement
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of K, we claim that K is a locally artinian supplement of M, that is M N K < K. Obviously
M N K is locally artinian. Indeed, if (M N K)+ T = K then X = (M NK)+ T + N. Since
M N K < M and for this reason M N K < X, this implies X =T 4+ N with T C K. It follows
that T'= K. It follows from Lemma 2 that X = M @ K and K is projective. Thus the exact
sequence 0 — N N K —5X L% — 0 is a LA-projective cover of % By Corollary 2, X is
L A-semiperfect.

(=) If a projective module X is L.A-semiperfect, the condition (2) directly satisfies by
Corollary 2. Moreover % possesses a LA-projective cover for each maximal submodule N of P.
We denote this LA-projective cover 7 : K —» % where K is a projective module, ker(r) is

locally artinian. Then we can complete the diagram the canonical epimorphism «,

X

a
¥

K-TsX__ .9

N

commutatively by an 8 : X — K, [ is surjective, hence it splits. So thereisa 6 : K — X
with 05 = idp and thus 7 = 687 = Oa. It follows that X = N + 6(K), 0(K) is a projective
cover of % and consequently N N60(K) < 0(K). As ker(n) is locally artinian, N N 6(K) is
locally artinian by [11, 31.2 (1)(i)]. Let U be a cyclic submodule of P. As X is LA-semiperfect,
% possesses a LA-projective cover. Appliying the above method to % as above, we have U has
a locally artinian supplement in X. O

Recall from [8, Lemma 2.22] that each projective supplemented module X with locally ar-
tinian Rad(X) is locally artinian supplemented.

Theorem 2. Let X be a projective S-module. Then the following implications are equivalent.
1. X is locally artinian supplemented;

2. each submodule of X possesses a locally artinian supplement which is a direct summand
of X;

3. for each submodule N of X, P possesses the decomposition X = X @& Y provided that
X' CN,NNY<Pand NNY is locally artinian;

4. X is LA-semiperfect.

Proof. (1) = (3) Let N C X. By the hypothesis, N possesses a locally artinian supplement, say
T in X. It follows that X = N+7T, NNT <« T and NN7T is locally artinian. Since X = N+ T
is projective, [8, Proposition 2.20] and [11, 41.14(2)], there is the decomposition X = X' @& T for
some submodule X' of N, as required.

(3) = (4) Let N C X. By (3), X has a decomposition X = X' & T provided that X' C N,
NNT <« T and NNT is locally artinian. Thus 7 is a locally artinian supplement of N in X and
it is a projective as a direct summand of the projective module X. Consider the epimorphism
f:T — % via f(a) = a+ N for each a € T. Since ker(f) = NNT < T and ker(f) is locally
artinian, T' is a LA-projective cover of % So X is LA-semiperfect.
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(4) = (2) For a submodule N C X, let 6 : L — % be a LA-projective cover of 3. As X
is projective, there is a homomorphism 8 : X — L with 88 = w, where 7 : X — % is the
canonical projection. Then we have L = (X )@®ker(0) and so L = 3(X). Sowehave 5 : P — L
is an epimorphism. As X is projective, X possesses the decomposition X = p(L)@®ker(6), where
p: L — X is a homomorphism with Su = idx. It can be achived that p(L) is a locally artinian
supplement of N in X where p(L) is a direct summand of X.

(2) = (1) Clear. O

Since every submodule of a locally artinian module is locally artinian, we have the following
result of Theorem 2.

Corollary 4. Let X be a projective S-module of which radical is locally artinian. Then X is
LA-semiperfect if and only if it is semiperfect.

Recall from [9] that a module X is named ss-semilocal if each submodule L of X possesses a
weak supplement K in X provided that L N K is semisimple. For a ring .S, ¢S is an ss-semilocal
module if and only if S is semilocal and Rad(S) C Soc(sS).

The following example shows that each locally artinian semiperfect module need not be
ss-semilocal.

Example 1. Consider the ring S = Z,, where ¢ = 2 and | = 4. By [9, Example 2.16], 55
is semiperfect but not ss-semilocal. It is clear that Rad(S) = (2) is locally artinian. So gS is
L A-semiperfect by Corollary 4.

Acknowledgements

The author thanks the referees for their helpful comments that improved the quality of the
paper.

References

[1] H. Bass, Finistic dimension and a homological generalization of semi-primary rings, Trans.
Amer. Math. Soc., 95 (1960), 466-488.

[2] J. S. Golan, Quasiperfect modules, Quart. J. Math. Oxford, (2) 22 (1971), 173-182.

[3] F. Kasch, and E. A. Mares, Fine kennzeichnung semi-perfecter moduln, Nagoya Math. J.,
27 (1966), 525-529.

[4] F. Kasch, Modules and Rings, New York-Academic Press, 1982.

[5] E. Kaynar, H. Caligic1 and E. Tiirkmen, SS-supplemented modules, Commun. Fac. Sci. Univ.
Ank. Ser. A1 Math. Stat., (1) 69 (2020), 473-485.

[6] E. A. Mares, Semiperfect modules, Math.Zeitschr., 82 (1963), 347-360.
[7] W. K. Nicholson, On semiperfect modules, Canad. Math. Bull., (1) 18 (1975), 77-80.



L A-semiperfect modules 37

[8] B. Niganc1 Tiurkmen and Y. Sahin, Locally artinian supplemented modules, Algebraic Struc-
tures and Their Applications, (3) 11 (2024), 209-216.

[9] A. Olgun and E. Tirkmen, On a class of perfect rings, Honam Mathematical J., (3) 42
(2020), 591-600.

[10] F. L. Sandomierski, On semiperfect and perfect rings, Proc. Amer. Math. Soc., 21 (1969),
205-207.

[11] R. Wisbauer, Foundations of module and ring theory, Gordon and Breach, Springer-Verlag,
1991.

[12] D. X. Zhou and X. R. Zhang, Small-essential submodules and morita duality, Southeast
Asian Bulletin of Mathematics, 35 (2011), 1051-1062.



	1 Introduction
	2 LA-Semiperfect Modules

