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Keywords: without reducing fractional equations. Furthermore, the proposed

Modified Coupled Exp-function Method

Coupled Time-Fractional Long System methods have been used to achieve the analytical solutions of the

coupled space Time-Fractional Boussinesq-Burgers System and
coupled Time-Fractional Long System. The proposed methods are
highly accurate, flexible, effective, and programmable to solve
nonlinear evolution equations. Moreover, the plots of obtained
solutions have been illustrated for some parameters.

1. Introduction

Finding analytical solutions of FPDE has a vital role in various sciences because many physical
phenomena can be explained by analyzing them and that is why many researchers are interested in
working on this topic in recent years.

Plenty of definitions had been presented about derivative of fractional order. The Riemann—
Liouville and Caputo are two prevalent interpretations of them. In the current paper Riemann-
Liouville derivative has been applied.

Furthermore, these equations may be applied to extend the diffusion and wave equation. So,
recently the FPDE have become the focus of plenty scientists in the field of physics and
mathematics and also many researchers to focus on this topic [1-4]. It can provide many methods

* Corresponding author.
E-mail addresses: ayati.zainab@gmail.com (Z. Ayati)

https://doi.org/10.22124/cse.2024.28694.1087
© 2023 Published by University of Guilan


https://cse.guilan.ac.ir/
mailto:ayati.zainab@gmail.com
https://doi.org/10.22124/cse.2024.28694.1087

298 Zaynab Ayati / Computational Sciences and Engineering 3(2) (2023) 297-313

for attaining their solutions, such as the G'/G - expansion method [5-7], the exp-function method
[8-28], the homotopy analysis method [29, 30] and so on [30-44].

In almost all of these methods, to solve a system of equations, first, it will be converted into an
equation and then the desired method will be applied. The motivation of the present paper is to
develop the modified exp function method, the Kudryashov method to directly solve a system of
differential equations. To show the ability and characteristics of the method, two fractional
differential equations known called coupled space Time-Fractional Boussinesg-Burgers System
and coupled Time-Fractional long System have been solved and their soliton solution have been
obtained.

2. Coupled Modified Exp function Method

In the current part, we extended the Coupled modified exp function methods to resolve the
coupled fractional differential equation. let’s consider the following nonlinear system of FPDE:

F(u,D/u,D{ v,...) =0,
O<y,u<l. 1)
G(u,D/u, D} V,...)=0,

Where D/u,Dfv ,... are the modified Riemann-Liouville derivatives. By using the nonlinear
fractional variable

kxH wt?

S =Ta+p Ta+yy @
Where 7 and vare nonzero parameters, Eq. (1) turns to a system of ODE

fwvu',v,...)=0,

{g(u, v,u,v,...)=0. (3)

In the Coupled modified exp function method (CMEF) the solution of system (3) have been
imaged as:

w® =) alexp(e@®),
o @

v(©) = Y bilex(pE)),

Where ¢ () satisfies the nonlinear ODE in the form as fallows

@' =exp(-p) +aexp(p) + )

a;, b;, a and B are parameters to be handled further. The solution of Eq. (5) are as follows
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Vﬁz‘4“umh<VEi;4“@4wn>—§%>

1.Ifa¢0,ﬁz—4a>0,go(f)=ln<— 5

1/40{—[n’zt(m<,/4a—[32 )_E)
2a |

2.1fa¢0,[;2—4a<0,<p(§)=ln< 5 > E+0)

(6)

3.Afa#0,p*—4a=0,¢() =In (-%)
4.1fa=0,#0,9(&)=—1In (exp(ﬁ(g[i ) — 1)’

5.1fa =0, =0,¢() = In(¢ +0),

To obtain the numbers M and N , we strike a balance between the sentences with the topmost
derivative and the topmost nonlinear order in Eq. (3). Placing Eqg. (5) into Eq. (3) and considering
Eqg. (6) precede an algebraic system including powers of exp( ¢ (§)). By setting the coefficient of
these power to zero, unknown parameters are acquire. Finally substituting over determine value in
Eg. (5), the solutions of the Eq. (1) will be achieved.

3. CMEFM for Coupled Space Time-Fractional Boussinesg-Burgers System

To illustrate the application of the method, let us consider the following Coupled space Time-
Fractional Boussinesq-Burgers System

1
Dg’u—ivx+2uux =0,

1 (7
Dlv— 2 U + 2(uv), =0,
At first, we defined
_ kxY N wt? 8
6_1"(1+y) ra+y) 8)
So, Eq. (7) convert to,
1, ,
—wu —Eku + 2kuu =0,
©)]

A :
—wv —§k3u + 2k(uv) = 0.

The solution of (9) will be image as Eq. (4), Where ¢(§) satisfy in Eq. (5). Homogeneous balance
between linear and nonlinear terms in each equation of (9) leads to M =1, and N = 2. So the
solution (4), will be written as follows

{u(f) = ale‘P(f) + a + a_le_(P(f)’

V(&) = be??C) + b, e?® + by + b_1e7?C) + b_,e 206, (10)

Putting (10) in (9), and putting the coefficient of e?®) equal to zero, yields a system of algebraic
equations,
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1 2 =
?((—441_1+2b_2)B—4a0a_1+b_1)k+u)a_]—0

3 1 _
ka_IB+?(-12Ba_lb_2—8a_lb_l—8a0b_2)k+2wb_270
1 2 _
7<(_4a_1—|—2b_2)oc—|—[3(—4a_1010—|—b_1)>k—|-0)01_1B—O

7 8 3y 1
e2,=—a [F+=a|+ (- 12a1b o+ (-8a b —8ayb ,)p—4ab,

2 2
—4ayb_, —4bya_,) k+2[ 2B+ )m 0

% ((—401_1%—i—b_l)oc—|—4a0a1 —b1>k—|-(n(0ca_1 —al) =0

1 2 1
?a_lﬁ<[3 +80c) I +? ((—861_113_1 —SaOb_z)(x—4[3(a_lb0+aob_1 —i—alb_z))k

+20b 00+ 0b_B=0
1 2 -
> ((4aoa1 —bl)[3-i-4a1 —sz)k—a)alﬁ—o

% (B2 +20C) (Oca_l —al)k3 + % ((-4a_1b0 —4ayb_| —4a b ,)o+4a,b
+4a_ by +4bja)k+to(ab  —b)=

= (4, —by) a—2B (-2 + b)) k— 0@ a=0

-3 Bay (B +80) K+ - ((4a_ by +4ayb, +4a, b)) B +8a; b, +8ayby) k

— o (Bb, +2b,) =0
ko (-2a] +b,) =

7 2 8 3 1
> (B + 70() oa k + > ((4a_1b2 +4a,b, +4a, bo)oc+ (8a0b2 +84q, bl)B

+12a,b,) k— o (b, +2Bb,) =
6K Bo’a, +% ((8agby +8a;b))o+12a b,B)k—20by0.=0
“3koa; (o —2b,) =

2 1 _
—Zk[a_l - ?b_zJ =0

Ska_, (K —2b_,)=0

Which solving by maple leads to
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Case 1, 2:
18k? + 2w 1 1, 1, 1.,
a_1=0,a0 iZ k , Aq ZiEk(Z,b_z =0,b_1 =0,b0=§k a,bl :Ek aﬁ,bz zzk a”,
If p%—4a>0,
u(é) = <K ﬂ —4a tanh[\’ﬂ —4a (§+c)J (11)

V(&) = k([ B 4“tanh[‘/ﬂ (§+c)J ﬂJ ﬂ[-“ﬂzz_““tanh["ﬂzz_““(5+c)]-§}+a).

IfB? —4a <0,

S (wm m@+o>

Jia =, (J‘m F e+ )) By 4 plte r, n<V4“ £

I(u(s‘) ==

(12)

v =5k

¢+ c)) —g) + a).

IfB? — 4a = 0
( 23(§+c)+4 lﬁk2+2w
@O =tk Ero 1 &k (13)

iv(f)—;kza[ (23(§+c)+ ) 2aﬁ(€+c)+4+1].

B +0) §+o)

Where ¢ = L

F(1+y) r(+y)

Case 3, 4:

2a4 a, 1 wa 2a,?
,8=0,k=i7,a_1=;,a0=iz—bz——bl—Obo—Obl—Obz—Zal.
aq

Ifa <0,¢() =In (—\/__atanh(\/—_a(f + c))),

o 14)

4a;, v—atanh(N=a(¢ +c))’

2a,°

~atan?(V=a(& +¢))’

tanh(vV=a(& + c)) +

u(f):—\/—

v = -

—a

Ifa >0,¢(8) =In (i tan(\/E(E + c))>

ul@ =a —tan(\/_(€+c)) + %
Ya a a%tan(\/a(f +0)) ’ (15)

2a,?
V() = - tan? (Va@ + o) + -

2a,?
tan2(Va (€ +¢))’

where
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_ t2ayx" wt?
T al(l+y) r+vy)

Case 5,6
2a, 1wa 2a,? 4a,?
,B—Ok +—a1—+—a0—+za—1b2—a—b1—0bo— a,b1=0,b2=2a12.
Ifa < 0,0(&) = In (—\/_tanh(\/—_a(f + c))),
(16)
u(®) = tanh(vV=a(¢ + c)) + !
\/_ \/—_a tanh(vV=a(& +¢c))’
4q,? 2a,?
v($) = —a

a atanh®(V=a(é +c))

1
Ifa > 0,0(&) = In (\/—E tan(Va(é + c))),

a;

(@ = ty—— tan(Va(E + ) £~ 2% + . ,
Va 4a aﬁtan(\/a(f +0)) 17

iv(f) = Z%tanz (Va +0o) + 4‘: +

2a,?

* atan?(Va(§ +¢))

Where

+2a1x7 wt?
aF(1+y) F(1+y)

al—obz—_kzbl _Bkzbo—_kabl—obz_o

1 ,Bkz _ ak

Mtanh<Vﬁ —ha k| ot? +c))+ﬁ (18)

Fasp T ra+p
k2a(B% — 4a) tanh? (V B~ 4a PTG c)> — Bak? + 4a’k?

(r(1 T )/) Fa+7)

v(§) =

2

<Mtanh<VB _4“(r(lf’j:y)+r((f: )+c)>+ﬁ>

Ifa #0,p% — 4a<0

YOS =
4 k - 4 k
w?—ﬁzwn(v o e Sy 0) - 8
2 (19)
k*a(4a — B?) tan® ( il (['(llwf:y) + r((fi 5+ c)) — Bak? + 4a?k?

v(é) = 2
2(@””( -t (r(lff:y)J’r((fiy)“))_ﬁ)
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Ifa #0,8% —4a = 0,

kx wt?
B t20_ KBy traen TO
u@ =t~ Tx ot? :
) Yraptrarp TO+S8 (20)
kx wt? kx wt?
e B Taiptraspt? | KEGap traep T
v(®) = 2 o = kxY wtY + kxY wtY 5
Praptrarp Ot Hraeptraen Oy
Ifa =0,8#0,
w120 1 kB
T4 kT2 kx? wt? ’
exp(,l?(r(l+y)+r(1+y)+c))—1 1)
3 kx? wt?
_1 PUGaeptraep Y
v(f)—i 2% ot7 ) .
\ (exp(ﬁ(['(l + ]/) + 1"(1 + y) + C)) - )
Ifa=0,=0,¢() =InE +c),
(u® L
ra+ptrarpte (22)
kZ
v(f) - E kx-y + (Uty + C)Z .

rl+y) IrlA+y)

Graphs of some obtained solutions for specific values of the parameters are drawn in Figures 1 to
4,

=25

A=01——3=03 — =03
— =07 — =091 — =1

v(x,1)

Figure 1. plots of solution (11) forf =3,a =1,c=1,w =2,k = —2.
(a)A=0.5(b) A =0.5,(c)t = 0fordif ferentvalueofA.
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=200 ?
=400+
-600
=800+
- 1000+
-1200
- 1400+
- 1600+

— ;=01 T i=03 — k=05 — =07
0 1 2 3 N N
) . o091 —— et

Figure 2. plots of solution (12) forf =1, a =2,c =1, w = 2,k = 2.
(a)A =0.5(b) A =0.5,(c)t = 0fordif ferentvalueof A.

204

N N
loX

204

— 051 — L

— 0l —— 03 —— =05 —— =07

u(x.t)

Figure 3. plots of s olution (16) forf =0,a =1,c = -1, 0w = -2,k =1,a,=1.
(a)y = 0.5(b)y = 0.5, (c)t = Ofordif ferentvalueofy.

— 0l —— 03 —— 0.5 —— =07
u(x.t) 2 ! x 2 2 I 2] S—

Figure 4. plots of s olution (16) forf = -2,a=1,c=-2,0w =1,k =1,a,=1.
(a)y = 0.5(b)y = 0.5, (c)t = Ofordif ferentvalueofy.

4. CMEFM for Coupled Time-Fractional Long System

Consider the space time fractional (2+1)-dimensional dispersive long wave equations as follows

0%y 9%y 9% 9%
Gyaare T axza T gy o) =0
0%v 9% 9%(uv) 93%u
ate ' 9x@ 0x“ dx22dy« -

(23)
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At first, we defined

o kxt wt? N AyY 24
5_1"(1+y)_1“(1+y) ra+yy 24)
So, Eq. (23) convert to,
—wAu" + k?v" + Ak(uu)) =0, (25)
—wv' + ku' + k(uv) + k?Au" = 0.

The solution of (25) will be image as Eq. (4), Where ¢(§) satisfy in Eq. (5). Homogeneous balance
between linear and nonlinear terms in each equation of (25) leads to M = 1, and N = 2. So the
solution (4), will be written as follows

= () -9(§)
{u(f) ae +a,+a_je , (26)

V(&) = b,e2?® 4+ b e?® + by + b_1e™?® + bh_,e 20,

Putting (26) in (25), and putting the coefficient of e’ equal to zero, yields a system of algebraic
equations,

3khd® | +6Kb =0

1
-6 [Xk—f— ?b_zjka_l -0

2
(10Bb_, +2b_) & +5ha_, [Ba_l + ?aojk—Zwka_l =0

2 _
-12k ha_ B+ (—3[3a_1b_2 —2a_,b_, —2a0b_2)k+20)b_2—0

2 2 2 3
(4B b_2+80cb_2+3[3b_1)k +2[B a_l—l—?Bao+2a_1aj7»a_lk—3u)7ua_l[3=c

-7 (Bz + %0&) Xa_lk2 + (—3b_2a_1(x+ (—2a_1b_1 —2a0b_2) B+ (—bo — l)a_1

by b ya) k20 (Bb, + b, =0
(6apb,+ b, +20b ) +ha, (30Ba_, + B ay+20a)) k—ora_ (B
+2a)=0

Bha_, (B +80) B+ ((-2a_,b., —2ayb_,) o= ((by+ 1) a_, +b_,a,
+b_,4) B)k+2wocb_2 +opb =0

((ob.y+0,)B+20"b, +2b,) ¥ +1(ay (0t +a)) B+’ +al)k
—Bw?»(oca_l +a1) =0
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A +2a) (<o +a)) R+ (((-by—1)a_, —b_ya, —b_ag)o+a_, b, + (b,
+1)a, +ayb ) k+o(ab  —b)=0

(B*b, +2ab, +6Bb, ) K +ha, (B ay +20ay+3Ba, ) k—oha (B° +20) =0

ay BA (B +80) @+ ((a, by + (by+ 1) a, +ayb) B +2a b +2b,a)) k— o (Bb,
+2b)) =0

2

2 3
(3apb, +4p b2+8ab2)k2+2k[alﬁ +7Baa0+2ala)alk—3coxal[3a:0

7([32—}—%(1)7\.(1611/24-((“_11’2—*' (b0+1)a1 +a0bl)a+(2a0b2+2alb])ﬁ
+3a1b2)k—(n(ocbl +2Bb2)=0

oc[(ozbl +5[3b2) 2+ (%Ba% —l—aaoal)?»k—(o?»al ocj =0
12 0o’ a B+ ((2ayby +2a, b)) o+ 3a; b, B) k—20b,0=0
307 kha? + 60 Kb, =0

6 (koczk—i- %sz aka, =0

Which solving by maple leads to

Case 1, 2:

w
a=0,‘8 =0,a_1 =i2k, Ao =;,a1 =0,b_2 =_2/‘lk,b_1 =0,b0 = _1,b2 =0,

Y +2 k
u®) = k~ kx¥ ot + AyY +c 27
Td+y) Ta+y) TA+y) @7)
— b kxY wt? + AyY N 1 21k 2005
O =hrary T raspn Trarn C kxV ot Ay +Ce '
rl+y) r(+y) rd+y
Case 3,4
Bk? + w
a_;=0,a, = iT,al =+2ak,b_, =0,b_;, =0,by = —2akA —1,b; = —2aBkA, b,
= —2a?k),
Ifa #0,8% — 4a > 0,
kxY wt? AxY (28)

- 5 VB —4a w
u(é) = +kyp —4atanh< > (F(1+y)_F(1+y)+F(1+y)+C) +E'
_ kAB? - 4a) (mnhz (Jﬁz —4a__ kx! wtr C)) ) 1) .

v(§) = 2 2 Fa+y) TA+y TA+1)
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Ifa +0,8%—4a <0,

= +k/4a — B2 da —p?  kx? wt? AxY d
u@) = tkifta =B tan | ——Gar " rasy Tra sy O ) T E

_ kA(4a - B?) Via— B2 kx? wt?
v(f)—‘f(“"ﬁ( 2 Ga+p rain’ F(1+V)+C)>+1>

Ifa #0,8% —4a =0,
2ﬁ(€+c)+4)+ﬁk2iw

[uee) = $2ak(

i BE +c¢) k
B 2B(§ + )+ 4\° 2B(E+c)+4
U(f) = —2a2k/1 <T+C)) + Za[)’kl (W) —2akA —1.
Where
£ = kxY wt? AyY

ri+y) ra +y)+F(1+y)

Case 5, 6
Bk? + w
= +2k,ap = +——=—,a = 0,b_; = =24k, b_y = —22fk, by = —2akA— 1,b; = 0, b,
= 0’
Ifa #0,2p% —4a >0,
Bk? + w
u@) =+ * ’
k B
EC=
\ 2kAa(B? — 4a) (tanh <V F - (E + C)> )
v()=-1- . z
(,/ﬁz ~4a tanh <V F - 2y c)) + ﬁ)

Ifa +0,8%—4a <0,

( Bk? + w 4ak
u@) =+ *

2 ,
(Wtun(v B e+ c)) ﬁ)
—kA(4a — B?) <tan2 (—V‘L“Z_B (¢ + c)) - 1)

v(E) =-1+ .
(,/4(1 — B2 tan <—V4“2_ﬁ (€ + c)) - ﬁ)

Ifaio,ﬁz—‘l'a:o.

307

(29)

(30)

(31)

(32)

(33)
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B tw_ KBE+0O)
{”(5)_1’ K T BEtro+2’

) ABAE+C)  AKBE(E + )2
V) = 2k e 2 T 2BE t O 1 2

Ifa=0,p %0,
Bkt B
W) = Rk BT oy 1
(o) = _1 - KB B (BE+)
exp(BE +0) - D7’
Ifa=0,8=0,
w 2k
4( ) =Tt
_ 22k
WO =1 =52
Case 7, 8

w
ﬁ = 0, a_, = iZk, ao = E,al = izak, b_2 = —2/1]{, b_1 == 0, bo = _1, b1 = 0, b2 == _Zazllk,

Ifa <0,
) w_ 2vV—ak
(u(f) = F2kv—atanh(vV=a(é +¢)) + P tanh(v—a( + ¢))’
. y ~ 2alk
7(©) = 22ka tani® (V=2 + ) = 1+ ogrmr .
Ifa >0,
w 2kva
u®) = £2katan(Va@ + )+ 3 £ r s
, 2alk
v(©) = —2adktan* (Ve + ) ~ 1 - s rm s
Ifa =0,
_ Lo, 2k
u® =ty
) =-1- L
v = € +o)?
Where
kx? wt? AyY

€=F(1+y)_l“(1+y)+1"(1+y)'

Case 9, 10

(34)

(35)

(36)

@37

(38)
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B=0a 1—+2kao=% 1 = t2ak,b_p = =22k,b_y = 0,by = —4akA —1,b, = 0, b,
= —2a%kA,
Ifa <0,
_ w_ 2V—ak 39
u®) = F2matanh(V=a + ) + ¥ o
2 ~ _ 2alk
V@) = 2Akatan(V=a(§ + ) — dakd ~ 1+ e s
Ifaa >0,
1) 2kVa
() = £2kva tan(Va(s + ) + ke + o)’ (40)
o , ~ L 2ark
V@) = —2alk tan®(Va(§ + ) —dakd =1~ mrmr s
Ifa =0,
(ug) =+ 24 2
PR )
{ 22k
kv(f) = —4akd —1 - m
Where
£ = kxY wt? Ayy

ra+y) rd+y +r(1 +7)

Case 11, 12
lay Bk + w _
@ =to-0,a = 22k ag = £ ———— by = =24k, by = —24Bk,by = —1,b, = FABay, b,
_ 1/10L1
2k
JBRF 2k pr i K
_2a _ ¥ 2ka &k _
Ifa, #0,B2F 2> 0,0(8) = In +utanh —k(§+c) +'3— , (42)
k a; 2 a
k* +
u(é) = ale"’(f) + B k_ w + 2ke—<p(€)’

2
L 020 F 2Ba,e?® — 1 — 2ABke~9®) — 22ke=29®,

v(i)=—3
2a
_2a J—B%k% * 2ka, J ﬂz + _ Bk
Ifa, # 0,02 F—<0,9()=In| + tan (§+c) F— 1,
k aq a;
43)
k2+ (

12a,?
v(é) = -5 kl e22® F 2Ba,e?® — 1 — 2ABke~¢© — 22ke~ 29,
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— _ _ZB(E+C)+4
Ifa, % 0,8 +T—O,<p(f)—ln( Gt )
_ 2pE+O+4 PR Lw_ 2kB(E +c)
e S B Y e (44)
1Aa? 2BG+0) 4, BE+O+4  2PRBE+ ) 2AKBEE + o)
PO=% Chero D T sero MG ror4 @Ero T4
Ifa, = 0,8 % 0,
 pKto 8
M T T ey 1 (45)
o) = 1 P (BE + )
Bl (exp(B(E + ) —1)%
Ifa=0,8 =0,
_w_l_ 2k
u®) = F e 6)
2k
v(&)=-— TGror
Where
kx? wt? AyY

§=1"(1+y)_1"(1+y)+1"(1+y)'

Graphs of some obtained solutions for specific values of the parameters are drawn in Figures 5 to
8.

ol T 03 T 05 0.7

10 15 20
x > |— 091 =l

u(x.t)

Figure 5. plots of s olution (28) forf =3,a =1,c = —-1,w = =2,k = 2,A=1y=0.
(a)y =0.5(b)y = 0.5,(c)t = 0fordif ferentvalueofy.
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Figure 6. plots of s olution (29) forf =1, a =2,c=1,w = 2,k = 2,A=1,y=0.
(a)y = 0.5(b)y = 0.5, (c)t = Ofordif ferentvalueofy.
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Figure 7. plots of s olution (36) forf =0,a = —1,c = -1,w = 1,k = —2,1=1,y=0.
(@)y = 0.5(b)y = 0.5,(c)t = O0fordif ferentvalueofy.
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Figure 8. plots of s olution (42) forf = 2,4, =1,c = -1, w = =2,k = 1,A=1,y=0.
(a)y =0.5(b)y = 0.5,(c)t = 0fordif ferentvalueofy.

5. Conclusions

In the current paper, new extended of a novel method called coupled exp function method has
been used to attain the analytical solutions of coupled space Time-Fractional Boussinesq-Burgers
System and coupled Time-Fractional long System. As it was stated previously, implementing the
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method for solving systems of FPDE directly is an innovative attempt. The results indicate that
the techniques are useful means to get the analytical solutions of FPDE system.
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