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Abstract. Let G be a finite group. The commutativity degree of G, written d(G), is defined
as the ratio
{(z, )|z, y € G oy = yx}|
G2

In this paper, we first extend this concept of finite groups to the commutativity degree of fuzzy
subgroups. Then, by using the numerical solutions of the equation xy — zu = t(mod n), we
give explicit formulas for the commutativity degree of fuzzy subgroups of 2-generated groups of
nilpotency class 2. Finally we show that this method also works for a large class of finite groups,
including metabelian groups.
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1 Introduction

In the last years there has been a growing interest in the use of probability in finite group theory.
One of the most important aspects that have been studied is the probability that two elements
of a finite group G commute. This is denoted by d(G) and is called the commutativity degree of
G. In obtaining the properties of d(G), Gustafson [2] proved that for a non-abelian finite group
G, d(G) < 3 and P. Lescot [7] studied the groups where d(G) > 1 and classified these groups.

8 2
In [3], M. Hashemi gave some explicit formulas of d(G) for some particular finite groups G.

A fuzzy subset of the group G is a function from G into [0,1]. The set of all fuzzy subsets
of G is called the fuzzy power set of G and is denoted by F'P(G). The fuzzy subset A € FP(G)
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is called fuzzy subgroup of G if for every x,y € G,

(1) Azy) = min{A(z), A(y)}.

(2) Mz~ ) > A(a).

Then for all x € G we get A(z~!) = A\(z) and A(e) > A(x). The set of all fuzzy subgroups of G
is denoted by F(G). For each t € [0, 1], we define the level subset: P{()\) = {z € G; \(z) > t}.
These subsets allow us to characterize the fuzzy subgroups of G, as follows: A is a fuzzy subgroup
of GG if and only if its level subsets are subgroups in G. The fuzzy subgroups of GG can be classified
up to some natural equivalence relations on the set consisting of all fuzzy subsets of G. One of
them (used in [8,9], too) is defined by

p~ XNif and only if u(z) > u(y) < A(z) > A(y) for allz,y € G

and two fuzzy subgroups of G are called distinct if p ~ A.
Let A : G — [0, 1] be a fuzzy subset of G, where \(G) = {61, 02, ..., 0,}and 61 > O3 > --- > 0,,.
Then by above we get

Theorem 1. X € FP(G) is a fuzzy subgroup of G if and only if there is a chain of subgroups of
G as; Pi(A\) < Pa(N) < -+ < Py(\) = G such that X can be written as

91 if xe Pl(/\);

M) = ?2 i'fXGPZ(A)_Pl()‘)E

0o if 2 Pa(A) — Po1(A).

Hence there exists a one-to-one correspondence between the collection of the equivalence
classes of fuzzy subgroups of G and the collection of chains of subgroups of G which end in G.

This paper is organized as follows: In Section 2 we state some results that are required in
later sections and in Section 3 we introduce a generalization of the commutativity degree of
groups to the fuzzy subgroups. Section 4 is devoted to compute the commutativity degree of
fuzzy subgroups of some classes of finite groups.

2 Preliminaries and Results

For the integers m,n,k > 2 where k|(m,n), we consider the finitely presented groups G,,, and
H(m,n, k), as follows;

Gon = {a,bla™ = b" =1, [a,b]* = [a,b], [a,b]® = [a,b]),

H(m,n,k) = (a,b,cla™ =b" = c* =1,[a,b] = ¢, [a,c] = [b,c] =1)-

This section is devoted to explain some results concerned to these groups. First, we state a
lemma without proof that establishes some properties of groups of nilpotency class 2.

Lemma 1. If G is a group and G' C Z(G), then the following hold for every integer k and

u,v,w € G, where [u,v] := v v~ luv:
(i) [uv, w] = [u, w][v, w] and [u,vw] = [u, v][u, w].
(ii) [uF,v] = [u,v*] = [u, v].

(iii) (uv)F = ubok[p, u]FE-D/2,
(iv) If G = (a,b) then G' = ([a,b])-
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The following results can be seen in [1], [4] and [5]:

Proposition 1. Let G = Gy, and d = (m,n). Then

(i) G' = ([a,b]) and |G| = mnd.

(ii) Every element of G is in the form a’b’g where 0 <i<m—1,0<j<n—1and g€ G'.
(iii) Z(G) = (x,y, z|la™/4 = y/d = 20 = [z, y] = [x,2] = [y, 2] = 1).

For the particular case, consider m = n then for m > 2 we get
G = G = (a,bla™ = 0™ = 1, [a,8]" = [a,8], [0,b]" = [a,8] ).

By the Proposition 1, we have

Corollary 1. (i) Every element of Gy, can be written uniquely in the form a"b®[b,a]" where
0<rs,t<m-—1.

(i) |G| = M3, Z(Gm) = G = ([a,0]) and |Z(Gm)| = m.

m =

We recall the Heisenberg group

1
H(Z)={|0 Ir,s,t € Z}.
0

o~ 3
— O

By [6](Section 2 of Chapter 5), we get

Proposition 2. (i) H(Z) = (a,b,c|a,b] = ¢, [a,c] = [b,c] =1).
(ii) Every element of H(Z) may be written uniquely in the form a’b/c¥, where i, j, k € Z.

(iii) Z(H(Z)) = H'(Z) = (c).

In particular, for n > 2, we get

Z

1
H(n,n,n) =2 H(—)={[0 z
0

7
te —V < SL(3. —).
|7, s, enZ}_S (3,

n. nZ )

O = 3
— ~ ®

Now, we consider the group
T =H(m,n, k) x Him,n, k) = (X; UXs|R; URyUS), where
X; = {a;, b;, ¢} generates the i—th factor of T,
Ri={a" =b"=cF =1,[a;,bi] = ¢, [ai,¢;] = [biyci] =1} and S = {[x,y] = e|lz € X1,y € Xa}.
Then we obtain the following.

Proposition 3. For G = H(m,n,k) and T = G x G, we have
(i) every element of G may be written uniquely in the form a"b*ct, where 0 <r <m,0<s<n
and 0 <t <k.
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(i) Z(G) = G' = {c¢) and |G| = mnk.

(iii) Every element of T is uniquely expressible in the form;
r11yS11 Lt 127812 t12
aptbytertay byt ey,

where 0 < ri1,7r12 < m,0 < 811,812 <n and 0 < ty1,t12 < k.
(iv) Z(T) =T = (c1,co) and |T| = (mnk)?.

By the Corollary 1 and Proposition 3, we see that G, and H(m,n, k) are finite.

The following lemma is crucial for the aims of this paper.

Lemma 2. For two constant integers t,n and variables x,y,u and z, the number of solutions
of the equation xy — uz =t (mod n) is

n? n._ . d
Z[ Z (g¢(3)¢(dj) x dg)].
dln da|(d,t)
Proof. Let d = (n,z). Then the equation zy—uz = t (mod n) is reduced toy = (£)*(“4) (mod Z)

and this equation has a solution if and only if uz + ¢ = 0 (mod d), where k* is the arithmetic

inverse of k respect to %. By these facts, we solve the sub equation uz +t = 0 (mod d). For

this, consider d; = (d,t) and da = (d,u). Then the equation uz+t = 0 (mod d) has a solution if

and only if da|t (i.e d2|d;). In this case, z = (%)*(%)(mod%) is a solution. Then for da|d;, the

solution set of the equation is A = {(u, 2)|(u,d) = do,z € {a,a + d%, coya+ (de —1) X (%)}}

where a = (%)*(d_—;) Hence the number of solutions of the equation uz +t =0 (mod d) is

where d; = (d, ).

As an immediate consequence of these we get for d|n, (z,y,u, z) is a solution of y = (%)*(“4t) (mod %)
if and only if d = (z,n),y = (2)*(“4) and (u, z) € A. So that, for d|n, the number of solutions

of y = (g)*(%ﬂ) (mod %) is

Y 6 x o).

do|dy

This leads us to; the number of solutions of zy — uz =t (mod n) is equal to

n n2 n2 n
Sl x dx (3 650 xdax ) = S0 Y 65 x da)
dn da|dy dn da|(d,t)
As required. O

2
Let 5 = dZ[ d% t)(Z¢(Z)¢(CZ) X dz)]. In Table 1, we presented the number of solutions
n 2 )
computed by the formula g for different values of n and ¢. It is noted that the MATLAB Software
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confirms this Table.

By elementary concepts of number theory, we have the following corollary:

Corollary 2. Let t, m, n and k be integers, where k|(m,n). Also let x, y, u and v be
variables when 0 < xz,u < m and 0 < y,v < n. Then, the number of solutions of the equation
xy —uv =t (mod k) is

m. o, M. o kK* k., d
(?) (E) Z[ Z (géf)(gw(d:) X dg)].

3 The commutativity degree of fuzzy subgroup

In this section we introduce and study the concept of commutativity degree on fuzzy subgroups
of finite group G. First by Theorem 1, we note that every A\ € F(G) is corresponding to a chain
of subgroups of G as; Pi(\) < Pa(A) < --- < P(A\) =G.

Definition 1. Let G be a finite group with identity e. For a fuzzy subgroup X\ of the group G;
we define the commutativity degree of A, denoted by d()\), as follows:

{(z,9) € G x G; Az, y]) = Ae)}|

AN = G % G]

Clearly for every A € F(G), we have 0 < d(G) < d(\) <1 where d(G) is the commutativity
degree of G. Also if G is abelian, then d(G) = d(\) = 1.

Lemma 3. For fuzzy subgroup X of the group G, suppose p; = {(z,y) € G x G; [z,y] = g}.

Then
Z Pyl

geG' N PL(N)
|G x G|

Proof. Let A be fuzzy subgroup of G. Since e € Pi(\), we have A([z,y]) = A(e) if and only if
[z,y] € Pi(\). Then

d(A) =

{(z,9) € GxG; A([z,y]) = Ae)}

{(z,y) € G x G; [z,y] € P(N)}
{(x,y) € Gx G; [1,y] € G\ PN}

So that
Z |pg]
sy - M@ €6 G il @R _ sednmey
|G x G |G x G
Thus the result holds. O

Corollary 3. For two fuzzy subgroups \ and p of the group G, if Py(\) = P1(p) then d(\) = d(u).
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Proof. This is a direct consequence of Lemma 3. O
For H < G’', we consider Fy = {\ € F(G); Pi(A\)(\G' = H} and

_ 01 if v e H;
AH(x)—{e)Q if v €G- H;

where 0; and 63 are some constants in [0, 1] with ; > 6. Then Ay € Fy and F(G) = U Fy.

H<G
Also for every A € Fy, we have d(\) = d(Ap).
So this leads to:
Proposition 4. For every A € F(QG) there exists H < G’ such that d(\) = d(\y).
Proof. The result follows by considering H = P;(\) (N G'. O
Now using the formulas d(G) = ||ge|‘2 = k‘(GC? and |G?| = Z |pg|, we find the commutativity

geG’
degree of fuzzy subgroups of S3 and S4. We know that these groups are not nilpotent.

Example 1. To calculate the commutativity degree of fuzzy subgroups of S3 and S4, we note
that

Sg = {6, a1, g, 04, T7, Tg};

Ay ={e, 02, 05, 08, T, T2, T3, T4, T5, Tes T7, T8J;

Sy=A{e, 01,..., 09, T1y..., T8, Q1,..., Qg};

where

o1 =(1,2,3,4), 0o =(1,3)(2,4), 03 =(1,4,3,2), 04 = (1,2,4,3),

o5 = (1,4)(2,3), 06 = (1,3,4,2), o7 = (1,3,2,4), 03 = (1,2)(3,4),

o9 = (1,4,2,3), 1 = (2,3,4), 72 = (2,4,3), 3 = (1,3,4),74 = (1,4,3), 75 = (1,2,4), 76 =
(1,4,2), 77 = (1,2,3), 73 = (1,3,2),a1 = (1,2),042 = (1, ), as = (1L,4), ag = (2,3), oy =

(2,4), ag = (3,4).

Also, the following are all subgroups of Ay

By ={€}, By ={e, o2}, Ba ={e, 05}, Bs ={e, os}, Cy ={e, 11, 2},C5 = {¢, 13, T4}, Cs =
{e, 15, 16}, C7r = {e, 77,73}, Cs = {¢€,09,05,08},Co = Ay.

Since for conjugate elements g and h we have |p4(G)| = |pn(G)|, it follows that there exist

constants r, and r, such that |ps,| = 7o for all i € {2, 5, 8} and |p,| = 77 for all j. Also we
note that |pe| = % x |G|? and |G?| = Z |pg|. Using these facts, we have

geG’
[pe(Ss)| = d(Ss) x |Ss|? = HE|Sy[2 = 3] 85 = 18;

|1"7-(53)| _ |PT7(53)|;\978(53)| _ |S3]2—|pe(S3)] —9

2
Then by Lemma 3, d(Ap,) = %7d()\A3) =1
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In order to compute the commutativity degree of fuzzy subgroups of Sy, we consider H =
Cs = {e€, 02, 05, 0s}. Then H is normal in Sy and Sy/H = S3. Using this fact (together with
S) = Ay), we get

k(Sq)

|Sal

Su)| + 1Py (Sa)| 4 |pos (Sa)| + 1pos (Sa)]) — [pe(Sa)]
3

|pe(S4)| =|S4l?d(Ss) = 1S4|2 = 5|S4| = 120.

ro(Si1) = (loe(

ks 2
_d(Sa/H)|Sal” — lpe| _ d(S3)[Sa” = lpe| _ silSal” ~ led
3 3 3
5247 — 120
=3 = 96.

8
1 2 _
1r(81) =2 3 Ipn] = 1S4 = U0+ 100y (S0 + oS0 + I (S0
=1
242 — (1204 3 x |r,(S4)[) 242 — (120 + 3 x 56)

= = 36.
8 8

Now by using the Lemma 3, we obtain

Y log(S)]

_ 9€Bo _ 120 _ pe(Sa)l+ lpoy (Sa)| _ 120456
d(A,) = [GXG] = 5760 d(AB)) = 576 = TE6 v
_ pe(Sa)|+ |poy (Sa)l+|pas (Sa)l+ |pog(Sa)l _ 120+168 _ 288
d(Acs) = z : £ = T 5% 56

576
d()\A4) — |p€(54)‘+5;’é ‘908(54” — 12045-"7'64-56 =1.
Then for A € F(Sy4), d(X) is obtained by Proposition 4.

4 Computations on finite groups

In this section we study the commutativity degree of fuzzy subgroups for a finite group G. We
first prove Theorem 2; which is a crucial result for calculating py(G) when G is finite 2-generated
group of nilpotency class 2. Then for integers m,n, k > 2 where k|(m,n), we consider the finite
groups G, Dy, and H(m,n, k), as follows;

G = {a,bla™ =b™ = 1,[a,b]* = [a,b], [a, ]’ = [a,b]);

Dy, = (a,bla™ = b% = (ab)? = 1);

H(m,n, k) = <a, b,cla™ =b" =¥ =1,[a,b] = ¢, [a,c] =[b,c] = 1>.

By applying Lemma 2 and Theorem 2, we compute the commutativity degrees of fuzzy sub-
group for these groups and A4. Then one can see that the method obtained in Theorem 2 can
be extended to a larger family, such as the family of finite metabelian groups.
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Theorem 2. For a finite 2-generated group G = {(a,b) of nilpotency class 2 and g = [a,b]* € G,
lpg(G)| is a multiple of the number of solutions of the equation ri — sj =t (mod d) where

d = |[a,b]|.

Proof. Let n = |aG’|, m = |bG'| and d = |[a,b]|. Furthermore, by using the fundamental
theorem of finite abelian groups, we assume that % = {a"b°G'|0 < r <mn, 0 <s < m}. So
that for every g € G, we have g = a"'b*1[b, a]tl where 0 <71 <n,0 <s1<m, 0<4# <d. Let
h = a”bsl[b,a]t1 = a’?bSQ[b,a]tQ, where 0 < r1,79 < mn, 0 < 51,59 <m, 0 < ty,to < d. Then

a™ " "2p51752G’ = @', by uniqueness of presentation of elements g we obtain 11 = 19, S1 = S9.

So that t; = to. Consequently, for x = a"b%1[b,a]’t, y = a"2b%2[b,a]’? and g = [a,b]' € G, we
have

lpgl =l{(z,y) € G x G [z, y] = g}|
=|{(z,y) € G x G; [a,b]"**277*" = [a,0]'}|
=|{(r1,51,t1,72, 52,t2); r182 — r2s1 = t(mod d)}|.

Then the result holds. O

We are now in a position to obtain the commutativity degree of fuzzy subgroup of finite
2-generated group G = (a,b) of nilpotency class 2. By the above, we see that G = (a,b) is a
quotient of some G,s. Then there are m,n such every element of G can be written in the form
a’“llf”l[b,a]t1 where 0 <7y <m—1,0<s; <n-—1and 0 <t <|la,b]| —1.

Now let A € F(G), then G’ P1(\) < ([a,b]). So that there is ¢ such that t|k = |[a, b]| and

GNP = (fa.b]") = {la.b)""s i=1,2,.... 0}
These lead us to:

Theorem 3. For a finite 2-generated group G = (a,b) of nilpotency class 2 and \ € F(G),

— 5 I o))

dlt dold
where G' (N P1(A\) = ([a, b]").

Proof. For g = [a,b]"" € G’, by the Proof of Theorem 2, we get |L;| = |p,| = [{(r1, 51, 11,72, 82,t2); T152—
ros1 = ti(mod k)}|. Then by Corollary 2 and since ¢; and ¢9 admit k values, we have

a= Z lpg| = Z!LI—ZI{ 71, 81,11, 72, 52,12);

geG' N Pi(N)

OSTl,’I“QSm—l, OSSLSQSTL—L Ogtl,tggk—l,

r1se — ros1 = ti(mod k)}| = [{(r1, s1,t1, 72, S2, t2);

OSTl,’r‘QSm—l, OSSl 52<n—1 O<t1,t2<k‘—1
mnk t2

r189 — 1281 = 0(mod t)}| = Z Z d) ) X da]

d|t d2|d
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dd2

il
d|t dad
Since \G | = mnk, the result follows from Lemma 3. O

For example, let G = Gy, A € F(G) and G’ Pi(\) = ([a,b]!). Then, by considering

Theorem 3, we have
d dg
22X e 2
dlt da|d

We note that H(m,n, k) is 2-generated group(by a and b), then Theorem 3 can be applied
for finding the commutativity degree of its fuzzy subgroups. In what follow, by using Theorem
2, Proposition 3 and Lemmas 2, 3, we calculate the commutativity degree of fuzzy subgroups of
H(m,n,k)x H(m,n, k). So that this method can be used for finite groups of nilpotency class 2.
Let z,y € T = H(m,n, k) x H(m,n, k). Then by the Lemma 2.5-(iii), x = a]"b" ¢|" a}'2b51 c5'2,
y = a71“21 bizlc?lagmbgmcgm and [ZE, y] — Ci117“21*7‘1182163121”22*1“12822 cT = (Cla 02>

By using these facts, we prove the following theorem:

Theorem 4. For A € F(T), suppose T' (P1(\) = (], ¢5). Then d(\) = W where

‘Cl|

=D IN ) ds)))

=1 d|k d2|(d, m)

|02‘
(LT Y GoGelr) x ).

Jj=1 d|k dg\(dsg)

a =

Proof. For g = ci'ci? € T', we have
lpgl =H{(z,y) € T x T; [z,y] = g}|
:’{(%y) eT xT; Ci11T21—7’1182163127“22—7“12822 — 03161;2}’
=[{(711, 511, t11, 712, S12, t12, 721, S21, t21, 722, S22, t22);
5811721 — 711821 = tl (mod /{), 512792 — 1128929 = tQ(mod /f)}|
By Corollary 2 and since t11, t12,t21 and tog admit k values, we have

ol SHE ML S o0 x da))

dlk do|(d,t1)
<1 Y ooy < a)
dlk ds|(dyts) 2

Now for A € F(T) and H =T'(P1(\) = (¢}, ¢5). We get

|01‘ |c2| |C1|
D SRS 3) SRR S D D &) % da))
geEH =1 j=1 i=1 d|k dz\(dm)
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|3 ]

(YIS Y G x )

J=1 dlk dz|(d,sj)
The theorem is proved. O

In the rest of this section, we compute the commutativity degree of fuzzy subgroups of the
metabelian groups D,,, (m > 3) and A4 which are not nilpotent. Our method may be generalized
for the finite metabelian groups.

For the dihedral group D,,, = (a,bla™ = b? = (ab)? = 1) where m > 3, we have;
1- Dy ={a¥0<i<m-—1,0<j<1}.
2- |Dy,| = 2m and
Do { (a?) if m = 2k;
™ {a) ifm=2k+1.
Now, let x = a'b’t, y = a2b’2 € D,,. Then [z,y] = a®, where

o = (—1)7112(—iy + iy (1 — (—1)72)) + (=1)7is.

Hence
0 if j1 =jo=0;
) 201 —d2) ifji=ja=1;
—211 if 1 =0, jo=1;
%y i1 =1, jo=0.

By using above information, we prove that;

Theorem 5. For the group G = D, and g € D,,, we have

1-if m is odd then
m?+3m if g=e;
lpgl = : .
3m if g#e;
2-if m is even then
m? +6m if g=e;
lpgl = :
6m if g#e.

So that using this theorem, one can obtain explicit formulas for the commutativity degree
of fuzzy subgroups of D,,.

Proof. Let m be odd. It is sufficient that we find |p,| for every g € D), = {a'|i =0,1,...,m—1}.

For g = a', we consider pg ={(x,y) € Dy X Dy [2,y] = a'}. Then

pg = {(2,Y) € Dip, X Dyp;a® = a'} = {(2,y) € Dy, X Din; @ = t(mod m)}.

t

Hence, for the element g = a’ € Dj, we have |py| is equal to the solutions number of o =
t(mod m). So that |p.| = m? + 3m and for every 1 <t <m — 1, |pgt| = 3m.
When m is even, the result follows from a similar argument as above. O
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Example 2. To obtain the commutativity degree of fuzzy subgroups of A4, by notations of
Example 1, we consider a = 77,b = 0g,c = 09. Clearly Ay = {a"b2c3| —1 < 43 < 1,0 <
in,i3,< 1}. Then Ay = (a,b,cla® = b = ¢ = [b,¢] = 1,[a’,b] = b7, [P, ] = blile®), where
r=lil(3 = %),s = li|[( + %). Now let x = a"b2c%s, y = a'b2¢/* € Ay. Then by uv = vulu,v]
and the relations of A4, we get

[z, y] =[a™", P [a™", 02 [b, 0 ]2 [c, a?]

li1 (243 +352+1152)+151 [(2ig+ig—j142)
=b 2 X ¢

li1 1240 +353—4133)+141 [(2i+ig+77 i3)
2

For g € A}, = (b, c), we have g = b"¢" where 1,75 € {0,1}. Then
1pg(Aa)| = {(@,y)l[x,y] = g}| = (number of (i1, iz, i3, j1, j2, j3) with
—1<41,51 <1, 0 <o, i3, 52,73 < 1) is a solution of system (1). So that (x,y) € py(As) if and
only if (i1,142,13,j1, jo2, j3) is a solution of the following system:

li1|(243+72+4152)+71](2i3+i2—j142) =1y (mod 2); (1)

2
|i1|(2j2+j3*i1j3);|]'1\(2i2+i3+j1i3) =1y (mod 2);
—1<1,51 <1, 0< 49,13, 52,53 < 1.

For the calculating of |p.|, we must count the solutions of (1) where r1,79 = 0. To do this, we
consider the following cases:

1-Let i3 = j3 = 0. Since 0 < ig,1i3, jo2,j3 < 1 the number of solutions of system (1) is equal to
16.

2-Let iy = 0, j3 = —1,1, then the system (1) reduces to the following (respectively for j; = —1
and j; = 1):

i3 + 12 =0 (mod 2);

i2 =0 (mod 2);
0< i27i37j27j3 <1

i3 =0 (mod 2);

i3 + 12 =0 (mod 2);

0 <i2,13,72,73 < 1.
So that the number of solutions of these systems is 8.
Using similar arguments in step (2), one can show that the number of solutions of systems

(1) is equal to 8 in every remaining case ( that is i; = —1, |j1] = 1; i1 = 1, |j1] = 1 and
j1 =0, |i1] = 1). Combining of all these, we get |p.| = 48.
Using analogous arguments, we see that |py| = |pc| = |pbe| = 32. Then we have

|pe(Ad) =48, [0, (As)| = P05 (As)| = [pos (As)| = 32.

Combining of all these and Lemma 3, we have
d()‘Bo) = %761()‘31) = d()‘Bz) = d()‘Bg) = 4%1_22 = %’ d()‘A4) =L

At the end of this section, according to obtained results in this paper, we believe that if
every element of finite group G is uniquely expressible as x’f ool with 0 < i; < |z;|, where
G = (x1,...,z,|R) then our method can be applied for calculating the commutativity degree of
fuzzy subgroups of G.
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Table 1: The number of solutions of the equation xy — uz =t (mod n)

[n\e]] L [ 3 4 [ 5 [ 6 [ 7 [ 8 | 12 |
6 144 198 240 144 330 144 240 330
8 384 384 672 384 276 384 736 672
9 648 864 648 648 864 648 648 864
10 720 720 1200 870 1200 720 1200 1200
12 1152 1584 2112 1152 | 2376 1152 2112 2904
14 2016 | 2016 3360 | 2016 | 3360 2310 | 3360 3360
18 3888 | 5184 6480 | 3888 | 8640 | 3888 | 6480 8640
27 || 17496 | 23328 | 17496 | 17496 | 23328 | 17496 | 17496 | 23328
36 || 31104 | 41472 | 57024 | 31104 | 62208 | 31104 | 57024 | 76032
48 || 73728 | 101376 | 129024 | 73728 | 152064 | 73728 | 138240 | 177408
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