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Abstract. In the present paper, we have studied the basic properties of the Berwald, and
Douglas spaces of a Finsler space with the deformed Berwald-Infinite series metric and examined
the condition under which the Finsler space with the deformed Berwald-Infinite series metric
will be a Berwald and Douglas space.
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1 Introduction

Berwald [4] introduced a very interesting Finsler metric in 1929 that was defined on the unit
ball B"(1) with all straight line segments and geodesics having constant flag curvature K = 0
in the form of

_ AV 2Pyl + (2,9)° + (2 y)}?
{1 = [2[P}2 V1= [2Ply + (2, y)

In modern terms, above Berwald’s metric is defined as # [9] and belongs to a special type

of Finsler metric called Berwald-type metric, and the authors of the papers introduced very
interesting geometrical properties with respect to this metric in the field of Finsler geometry.

Lee and Park [5] introduced an r-th series of («, §)-metrics in 2004 as

(1)

L(a,8) =8 (2, (2)
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by considering a < 5. Further, if r = 1 then above equation reduces to Randers metric. For
r = 2, equation (2) becomes a combination of the Randers metric and the Kropina metric. If
r = oo then the above metric is expressed as

ﬂ2

B—a
The metric described above is known between the infinite series (v, 3)-metric. This metric
is very remarkable because it is the difference of Randers and Matsumoto metrics. In 2020,
Tripathi [10], combined Berwald and Infinite series metrics and named them Berwald-Infinite
series metrics. They studied the basic properties of Finsler space with this important metric
and various hypersurfaces with this metric. In this paper, we derive the conditions under which
the Finsler space F™ endowed with the Berwald-infinite series metric becomes a Berwald space
and a Douglas space.

L(a, ) = (3)

2 Preliminaries

Berwald-Infinite series metric is a combination of Berwald metric and Infinite series metric
which we defined as

Definition 1 ([10]). Let F™ be an n-dimensional Finsler space consisting of an n-dimensional
differentiable manifold M™ equipped with o fundamental function L defined as

(a+B)? 32
o (B-a)

then the metric L is known as Berwald-Infinite series metric and the Finsler space F™ =
{M", L(a, B)} equiped with this metric is known as Berwald-infinite series Finsler space.

L(a,B) = (4)

On the other hand, the geodesics of a Finsler space F™ = (M™, L) are given by the system
of differential equations including the function

4G (z,y) = g (y"0;0,L* — 9;L?).

For an (a, #)-metric L(«, ) the space R" = (M", «) is called the associated Riemannian space
with F" = {M", L(c, )} [1,6]. The covariant differentiation with respect to the Levi-Civita
connection fy;k(x) of R" is denoted by (;). We put (a”) = (a;;)~!, and use the symbols as
follows:

i

1 1 . ) )
o= .. .. L= .. _ h.. T — 4T . w . . — r
Tij = Q(bm +bjii), sij = 5(biy; — bja), 75 =a"ry, §5 = a'"srj, Tj = b1y,

2 J

5 = st’]"-, b = a™b,, b> = a"*b,bs.

According to [7], if B82La + ay?Laa # 0, where 42 = b?a? — 32, then the function G*(z,y) of
F" with an (o, 8)-metric is written in the form

2Gi = ’780 + 2Biv (5)
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i ol ; * ﬁLﬁi_aLaa 1 ay
B = Laso—i-C{aLy L. ay Bb ,

where L, = aouLﬂ = 8—L and Lo = 8aa , the subscript ‘0’ means the contraction by '’ and we
put

Ozﬂ(T‘ooLa — 28004[15)

C* = .
2(62[/04 + OJ’YQLaa)

(6)

We shall denote the homogeneous polynomials in (3%) of degree r by hp(r) for brevity. For

example, v, is hp(2).
From the former of (5) the Berwald connection BI' = (G", ]k, GZ 0) of F™ with an (a, §)-metric
is given by

G = 0;G" = +(; + B,

ik = G = v, + B,
where we put B’ 9; B! and B’k = 8kB’ Bi(x,y) is called the difference vector [7]. On account
of [7], B Jk is determlned by

Lo Bl ye + aLg(Bhb — bji)y? =0, (7)
where vy, = a1y’
A Finsler space F™ with an (a, 3)-metric is a Douglas space, if and only if BY = Biy/ — BJy!

is hp(3), and various authors [3,8] studied the properties of this space in details. From latter of
(5) BY is written as follows:

aLg iy, 02L
BY = 7= (soy’ —soy/') +
Lemma 1 ([2]). If o = 0(mod ), that is, a;;(x)y'y’ contains bi(z)y® as a factor, then the

dimension is equal to two and b vanishes. In this case, we have § = d;(x)y* satisfying a® = 36
and d;b* =

Cr(b'y’ —by"). (8)

3 The condition for " to be a Berwald space

In the present section, we find the condition under which a Finsler space F" with an deformed
Berwald-Infinite series metric will be a Berwald space. In a n-dimensional Finsler space F™ with
deformed Berwald-Infinite series metric, we have the following results:

(o = B?)(B — a)* + a?p?
a?(B —a)? ’

2(a+ B)(B — a)? + aB? — 2223

a(f —a)? ’

Ly =

(9)

Lg=
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B 2{a + (B — )’} p?

faa = a?(B—a)
Lo 2{a®+ (B —a)*}
BB — a(f — a)S )
Substituting (9) into (7), we have
{(@2B% + a* = BYBlyy + (227 8% — 4o B)(Bby — i)y’ } (10)

+a{(28% — 20®8) By + (2t — o®B2)(Bliby — bjii)y’ } = 0.
Assume that F" is a Berwald space, that is Gék = G;k(:c) Then we have B;i = le(aj) Since
a is irrational in (y*), from (10) we have

(2?8 + ot — ,84)B;iyjyt + (20283 — 4a4ﬁ)(B§Z-bt — b))y’ =0
and
(28° — 202B) Bl yr + (20 — o B%)(Bf;by — bj.i)y’ = 0,

which can be written in matrix form of homogeneous linear equations,

AX =0
(@B +a* =Y  (2028° - 4ap) BLy'y
=0.
(26° - 2a%8) (2a* —a?p?) (B;by — by )y’
Let,
(25* +a' =) (20*6° —da'p)
A= ,
(283 — 2a23) (2a* — a?p?)

where

Al = =7a°8% + 9018 + 208 — 3a28°% £ 0,
which implies
Bjiy'ye =0 and  (Bjb —bja)y’ =0,
which show
B;'z’ath + Bziat]’ =0 and (B;th — bj;i)yj =0.

The former yields B;i = 0 by the well-known Christoffel process, which gives b;,; = 0. Hence
rij = 0 and s;; = 0. Conversely, if b;,;; = 0 then B;i = 0 are uniquely determined from (10).
Therefore we have,

Theorem 1. The Finsler space F™ with the deformed Berwald-Infinite series metric is a
Berwald space if and only if bj,; = 0, and then the Berwald connection is essentially Riemannian
Theorem 2. The Finsler space F™ with the deformed Berwald-Infinite series metric is a Berwald
space if and only if ri; = 0 and s;; = 0.
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4 The condition for " to be a Douglas space

In the present section, we consider the condition that a Finsler space F™ with the deformed
Berwald-Infinite series metric be a Douglas space. Substituationg (9) into (8), we obtain

{ —37a%8° — 16b%a*8° + 270° B + 20%0° B* + 200205 52 (11)
+ 40385 + 100%0 8% + 220287 — 2020237 — 1007 32
—18b%a7B% + 5086 + 6b%a® B — 15088 — o + 33°}BY
— a?{—41036° — 14b%038° + 550 Bt + 10020 5
— 70583 + 22070533 — 11a%8% + 4?0?85 + 21037
— 170582 — 36620582 — 20® — 6% + 10078 + 12b2a76}(36yj - sgyi)
— a?B{roo(—8a%B* + o3B3 +10a’ B2 — 8% + 5aB° — 9a°5 + 3a°)
—25002(11a28% + 6a° — 18a? B + 26° + 5026 — Ta )} by — by') = 0.
It is noted that 82L, + ay?Laa # 0. -
Suppose that F™ is aADouglas space, that is, BY are hp(3). Separating (11) in the rational
and irrational terms of y* because « is irrational in (y"), we have
{ —37a*8° — 16b%a* 8° + 2002a° 8% + 220287 — 2020287 + 502 B + 6b*a’B + 331 BY (12)
— a?{55a Bt + 10021t — 110285 + 462?85 — 17a°5% — 36b%a8 % — 2° — 6%} (shy’ — s{)yi)
— a?B{roo(—8a%B* +10a* B2 — % + 3a°) — 25002 (—18a B + 50233 + 28°)} (b'y’ — byt)
+ a[{27a*B* + 2028 + 402 B° + 10672 % — 100852 — 18b2a°B% — 158° — a8} BY
— a?{—41a%6° — 1462?85 — 7o B3 + 2202?83 + 2187 + 10058 + 1202a°B} (siy’ — s%yi)
— a?B{roo (B3 + 58° — 9a*B) — 2s0a% (11232 + 6ot — 784} by — by")] = 0.

Hence the equation (12) is divided into two equations as follows:

{ —37a*B% — 16b%a 8% + 2002a°33 + 220287 — 202237 + 5B + 66203 + 35} BY (13)
— a?{5504 8% + 100208 — 11028° + 4b2a23° — 17058% — 36b2a53% — 20° — 68%} (shy? — shy')
— a?B{roo(—8a%B* +10a* 32 — % + 3a°) — 25002 (=188 + 50233 + 28°)} (b'y’ — byt) = 0,

and
{27048 4 2020 B + 4a%8° + 100702 5% — 10a°5? — 18252 — 156° — ¥} BY (14)

— o} {—41a%8° — 146202 B° — Tt 33 + 22020 B3 + 2187 + 10a°3 + 12620 B} sy — séyi)
— o B{roo(a”B° +55” — 90 8) — 2s00”(110”5% + 60" — 761 }(b'y — V'y") = 0.
Eliminating B% from (13) and (14), we obtain

A(shy? — shy') + B(b'y — by') =0, (15)
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where
A ={=37a*3° — 16620 8° + 200205 8% + 220287 — 207?87 + 5088 + 662088 + 357} (16)
x {—41a%8°% — 146202 3% — 7082 + 2202083 + 2187 +10a°3 + 1202053}
—{2702B* + 2020 B + 4028 + 10020285 — 10a°5% — 18b%a5 5% — 1588 — of}
x {55a%B% + 1002018 — 11a26° + 4620?85 — 170°58% — 36b%a56?% — 20° — 6%},

B = B[{—37a"3° — 16b%a' B> + 2002’33 + 220287 — 2072 B7 + 586 + 6b%a®S + 38%}
x {roo(a?B +58° — 9a1B) — 2s0a%(11a2% 4 62t — 78%)}
— {27018 + 202018 + 40%6° + 1002?35 — 10a°5% — 18b%a55% — 1588 — o°}
x {roo(—8a?p* 4+ 10a?8% — ¢ + 3a%) — 25902 (—18a*3 + 50232 + 26°)}].
Transvection of (15) by b;y; leads to
Asy + BB (b*a® — %) = 0. (17)
where

By = {roo(—24a*p% — 5a55° + 192810 — 3812 — 501982 + 16a°6* + 3a'?)
+ Bso(636a°35 + 244020585 + 24001082 + 27602052 — 57401 8% — 562085
— T20%a 8% — 416b°0° 3" — 240" + 108”8 — T20%a'? + 120°02 B0 — 185'%)}.

The term of (17) which does not contain o? is found in 38 (rgo — 38s¢). Hence, there exists
hp(15) : Vi5 such that

B (roo — 3B8s0) = a*Vis. (18)
Then it will be better to divide our consideration into three cases as follows:
1. V15 =0,
2. Vis #0,a® # 0(modp),
3. Vis # 0,02 = 0(modp).

Case (1) :

In case of V5 = 0: from (18), rog = 3fso, that is, 2r;; = 3 (b;sj + bjs;). Put rgo = 38s¢ into
(17), we get

so{A+ B°Bi(va” — 5%)} = 0, (19)
where

B = 621a°3° 4 244b*a5 8 + 2250082 + 2766052 (20)
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+ 1650280 + 120202810 — 6460488 — 720258
—514a88* — 416b%a85* — 150! — T20%al? — 27512,

If A+ 2B (b*a® — 2) = 0 in (19), then we get
A+ B2B (b*a® — B?) = oAy,
where
Ay = —465055% — 339205 6% 4 89010 8* — 872105
— 230232 — 3b2a%B'% + 53401810 — 86b%at 10

+206083% 4 27002035 — 90514 — 3p2 5t
+ 1301282 4 33020232 — 2.

Thus, the term A; = 0, which does not contain o? is —3(b? + 30)3'%. Therefore, there exixt
hp(12) : V12 such that

(b2 + BO)BM = a2V12,

where we assume b> # —30. Hence, we have Vi = 0, it leads to a contradiction. Therefore,
A+ B%B,(b*a®— %) # 0. Then we have sy = 0 from (19) and we obtained rg9 = 0. Substituting
so = 0 and rgp = 0 into equation (15). We have,

A(shy’ — shy’) = 0. (21)
If A =0, then we have from (16)
A ={-37a"B% — 16b%a* 35 + 20020553 4 220287 — 262027 + 5088 + 6b%a®B + 38} (22)
x {—41a%8°% — 146202 3% — 70433 + 22020 B3 + 2187 + 10a°3 + 126%0°3}
— {2708 + 26°a*B* + 40 % + 10b°0*B° — 10a°5% — 18b*a° 4% — 158° — o}
x {5508 + 1002018 — 11a2B° + 4620?35 — 17a°8% — 36b%a5 5% — 20° — 6%}
=0.
The term of equation (22) which seemingly does not contain o? is —273%6. Thus, there exists

hp(14) : V4 such that —273¢ = o2V34. From this equation, we have V14 = 0, it leads to a
contradiction. Therefore, A # 0, Thus we have from (21)

shy’ — sqy' = 0. (23)

Transvection of equation (23) by y; gives st = 0. Finally rij = si; = 0 are concluded, that is,
bi;j =0.



50 B. K. Tripathi, S. Prajapati

Case (2) :

In case of Vis # 0;a? # 0(modB): In this case, equation (18) shows that there exists a
function h = h(zx) satisfying

roo — 3Bs0 = h(z)a’. (24)
Substituting (24) in (17), we have
s0{ — 4650558 — 33962558 — 2302512 — 3p2a?B12 (25)
+89014% — 159p%a1°8* + 5340310 — 862?310
+20028% — 27062885 — 908 — 1116251
+13a'28? + 33b%a'28% + 72b*a'? 8% — T2b*al3p
+ 720%™ 8% 4 20} 4 hB{—24b%a5B% + 52558
—5b%a®B% — 160285 + 19620 810 + 2404310
. 3b2a2ﬂ12 . 19042612 . 562a12ﬁ2 . 3a1252
+160%a" 5t + 508" + 307! + 35} = 0.
The term of equation (25) which seemingly does not contain a2 is 3{—(30 4 37b%)sg + hj3} 5.

Hence, there exists hp(13) : Vi3 such that {—(30 + 37b%)sg + hB}B* = a?Vi3. Since o? #
0(modf3), we must have Vi3 = 0. Thus we have,

{—(30 + 37b*)so + hB} B =0,

which implies

h(z)
= ) 26
0= 301 3752) (26)
From equation (26), we have s; = L)big. Transvecting by b%, we obtain h(z)b?> = 0. Hence
(30+37b2)

h(x) = 0. Substitute h(x) = 0 into (24) and (26), we obtain so = 0 and ro9 = 0. Therefore (15)
is reduced to A(shy’ - spy') = 0. Since A # 0, we have shy’ — sy’ = 0. Transvection of this
equation by y; gives sj = 0. Finally, 7;; = s;; = 0 are concluded, that is, b;;; = 0.

Case (3) :

In case of Vi7 # 0;a? = 0(modf): In this case, lemma 1 shows that n = 2, b> = 0 and
a? = 36, where § = d;(x)y’. From (18) we have B8 (roo — 38s¢) = 6Vi5, which must be reduced
to roo — 3Bs0 = 6V, where V = V;(x)y’. From equation (26), we obtain sg = %ﬁ easily.
Transvection of rg9 — 38sg = dV by b; we have

’l“()()bi e 2Vyi. (27)
Again, Transvection of equation (27), by b; leads to

roob® = 26V. (28)
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Hence V' = 0, it leads to a contradiction for V' = Vz(ac)yl It is possible only if sp = 0 and rop = 0.
Substituting sop = 0 and 799 = 0 in equation (15), we get A(siy’ — sly’) = 0. Since 4 # 0, we
have shy’ — s%yi = 0. Transvection of this equation by y; gives sb = 0. Thus rij = 85 = 0 are
concluded, that is, b;;; = 0.

Conversely, if b;;; = 0, then we obtain BY = 0 from (11). Hence F" is a Douglas space.
Consequently, we have

Theorem 3. An n-dimensional Finsler space F" with the deformed Berwald-Infinite series
metric is a Douglas space, if and only if

1. &® # 0(modf): b;,; = 0.
2. a? =0(modB): n =2, b> =0 and b;,; = 0, where a® = B3, § = d;(x)y" and h = h(z).
From Theorem 1 and Theorem 3, we have

Theorem 4. If an n-dimensional Finsler space F™ with the deformed Berwald-Infinite series
metric is a Douglas space, then F™ is a Berwald space.

5 Conclusion

In the present paper, we have studied the Finsler space with Berwald Infinite series metric
and obtained the condition under which the Finsler space F™ will be a Berwald and Douglas
space and the conditions are described in theorems 1, 2, 3 and 4, respectively. Since this is
an important combination of two special (a, 3)-metric, so in our future work, we study other
important Finsler properties such as reducibility, main scalars in two and three dimensions,
Landsberg space etc, with this metric.
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