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Abstract. Theory of domination plays a vital role in network communications. Different dom-
ination parameters have been studied by various mathematicians. In this paper, the exact value
of domination uniform subdivision number of transformation graphs G++− of some standard
graphs are obtained. Furthermore, the bounds of usdγ(G

++−) for any graph G are obtained.
Finally, sdγ−critical graph on G++− are characterized.
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1 Introduction
Let G = (V,E) be a simple undirected graph of order n and size m. If v ∈ V (G), then the
neighborhood of v is the set NG(v) (orN(v)) consisting of all vertices u which are adjacent to v.
The closed neighborhood is NG[v] = NG(v)∪{v}. The degree of v in G is |N(v)| and is denoted
by deg(v). The minimum degree of G is min{degG(v) : v ∈ V (G)} and is denoted by δ(G). A
vertex v is said to be pendant vertex if deg(v) = 1. A path, a cycle and a complete graph on
n vertices are denoted by Pn, Cn and Kn respectively. A complete bipartite graph is denoted
by Km,n. A graph is said to be connected if there exists a path between any pair of vertices.
Otherwise it is said to be disconnected. The distance d(u, v) between two vertices u and v of a
connected graph G is defined to be the length of any shortest path joining u and v. A shortest
u− v path is often called as geodesic. The diameter of a connected graph G is the length of any
longest geodesic and is denoted by diam(G). Two graphs G and H are disjoint if they have no
vertex in common, and their union is denoted by G+H. The disjoint union of k copies of G is
written as kG.
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A subset D of V (G) is said to be dominating set if every vertex of V (G)−D is adjacent to at
least one vertex in D. The minimum cardinality taken over all minimal dominating sets of G is
the domination number of G and is denoted by γ(G). The domination subdivision number was
introduced by Arumugam, Velammal in [10]. Its bound was obtained in [10] and several authors
characterized trees according to their domination subdivision number. Also, many results have
been reached on the parameters sddd, sdγc and sdγt. An edge e = uv is said to be subdivided
when it is deleted and replaced by a u − v path of length two with a new internal vertex w
(subdividing vertex). G∧{e} is the graph obtained by subdividing the edge e. The domination
subdivision number of a graph G is the minimum number of edges whose subdivision increases
the domination number. It can also be defined as sdγ(G) = min{|E′ | : γ(G ∧ E

′
) > γ(G)}.

A domination uniform subdivision number of G is the least positive integer k such that the
subdivision of any k edges from G results in a graph having domination number greater than
that of G and is denoted by usdγ(G). If it does not exist, then usdγ(G) = 0. This number was
introduced and studied in [4]. Any graph G is called sdγ-critical if usdγ(G) = 1.

A subset S ⊆ E(G) is said to be domination subdivision stable set if γ(G∧S) = γ(G). A dom-
ination subdivision stable set S is said to be maximum domination subdivision stable set if there
is no domination subdivision stable set S

′ such as |S′ | > |S|. For any graph usdγ(G) = |S|+ 1,
S is the maximum domination subdivision stable set of G.

Wu and Meng [13] generalized the concept of total graphs to a total transformation graph
Gxyz with x, y, z ∈ {+,−} where G+++ is the complement of G−−−. Each of these eight kinds of
transformation graph Gxyz appears to have some nice properties. For instance, their diameters
are small in most cases [13], and their edge connectives are equal to their minimum degree etc. [5].
Several authors have discussed various concepts on transformation graphs [1, 2, 6, 9–11,13].

The transformation graph G++− of G is a simple graph with vertex set V (G)∪E(G) in which
adjacency is defined as follows: (a) two elements in V (G) are adjacent if and only if they are
adjacent in G, (b) two elements in E(G) are adjacent if and only if they are adjacent in G and (c)
an element of V (G) and an element of E(G) are adjacent if and only if they are not incident in G.
The domination subdivision number of the transformation graph G−+− was studied in [3]. In [2],
the domination uniform subdivision number of G−−− has been investigated. In this paper, we
investigate the domination uniform subdivision number of G++− and we provide some bounds
for usdγ(G

++−). Further we characterize sdγ-critical graphs. Terms not defined here are used
in the sense of [8].

2 Basic results on G++−

Let G be a graph of order n and size m. A graph G++− is a derived graph. The order of
G++− is m + n, dG++−(x) = m for x ∈ V (G) and dG++−(e) = n − 4 + dG(u) + dG(v) for any
e = uv ∈ E(G). So, δ(G++−) = min{m,n− 4 +minuv∈E(G){d(u) + d(v)}}.
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Remark 1 ([9]). Let G be a r-regular graph with n vertices and m edges. Let u ∈ V (G) and
e ∈ E(G), then dG++−(u) = m and dG++−(e) = 2r + n− 4.

Remark 2 ([12]). Let G be a graph of order n ≥ 6 and size m. If m ≥ n, G++− is Hamiltonian.

By the definition of G++−, any vertex v of G is adjacent to all the adjacent vertex of v
in G and all the non incident edges of v in G. Also any incident edge of v in G is adjacent
all the remaining non-adjacent vertex of v and incident edge v. Hence we have the following
observation.

Remark 3. For any graph G, γ(G++−) = 2.

Remark 4 ([14]). For two graphs G1 and G2, G++−
1

∼= G++−
2 if and only if G1

∼= G2.

Wu and Meng [12] determined the independence number of G++− and obtained a lower
bound for the connectivity of G++−. Also they provided a simple sufficient condition for G++−

to be hamiltonian. Furthermore in [11], b-chromatic number of G++− was studied. In [7], clique
covering of G++− was discussed. The object of this paper is to study the domination uniform
subdivision number of G++− and also its bounds.

3 Results on standard graphs
Theorem 1. For n ≥ 8, usdγ(P++−

n ) = 3.

Proof. Let V (Pn) = {v1, v2, . . . , vn} and E(Pn) = {e1, e2, . . . , en−1}. Then V (P++−
n ) = V (Pn)∪

E(Pn). Also dP++−
n

(ei) = n, (2 ≤ i ≤ n−2), dP++−
n

(e1) = dP++−
n

(en−1) = n−1 and dP++−
n

(vi) =

n − 1, (1 ≤ i ≤ n). Let D be a minimum dominating set of P++−
n . Then D = {vi, ei}

where vi is incident with ei in Pn. The vertex ei(2 ≤ i ≤ n − 2) is of maximum degree in
P++−
n and is adjacent to ei−1, ei+1, v1, v2, . . . , vi−1, vi+1, vi+2, . . . , vn. But vi is adjacent only

two vertices ei−1, ei+1 among those vertices. Hence, any subdivision stable set has atmost two
edges of P++−

n S1 = {eivi−1, eiei+1}. Therefore, S2 = {eivi+2, eiei−1} are maximum domination
subdivision stable sets of P++−

n . Also |S1| = |S2| = 2. Therefore usdγ(P
++−
n ) = 3.

Theorem 2. For any cycle Cn(n ≥ 4), usdγ(C++−
n ) = 3.

Proof. Let V (Cn) = {v1, v2, . . . , vn} and E(Cn) = {e1, e2, . . . , en}. Then V (C++−
n ) = V (Cn) ∪

E(Cn) and γ(C++−
n ) = 2. All the vertices of C++−

n are of same degree. Let D be a minimum
dominating set of C++−

n . Then D = {vi, ej}, where vi is incident with ej in Cn. Therefore, there
are two vertices of C++−

n which are common adjacent vertices of vi and ej . Hence any maximum
domination subdivision stable set consists of only two edges. Therefore usdγ(C

++−
n ) = 3.

Theorem 3. For any r ≥ 3, usdγ(K++−
1,r ) = r.

Proof. Let V (K1,r) = {v, v1, v2, . . . , vr}, E(K1,r) = {e1 = vv1, e2 = vv2, . . . , er = vvr} and
V (K++−

1,r ) = V (K1,r) ∪ E(K1,r). In a graph K++−
1,r , d++−

K1,r
(e) = 2r − 1, e ∈ E(G) and

d++−
K1,r

(v) = r, v ∈ V (G). We have γ(K++−
1,r ) = 2 and the minimum dominating set D =

{ei, v} or D = {ei, vi} of K++−
1,r . Now N [vi] = {v, e1, e2, . . . , ei−1,ei+1, . . . , vr} and N [ei] =
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{e1, e2, . . . , ei−1, ei+1, . . . , er, v1, v2, . . . , vi−1, . . . , vr} . Thus, N [vi]∩N [ei] = {e1, e2, . . . , ei−1, ei+1,
. . . , er}. Hence the maximum domination subdivision stable sets are
S1 = {vie1, vie2, . . . , viei−1, viei+1, . . . , vier} and S2 = {eie1, eie2, . . . , eei−1, eiei+1, . . . , eier}.
Therefore, |S1| = |S2| = r − 1. Now N [v] = {v1, v2, . . . , vr, e1, e2, . . . , er}, N [v] ∩ N [ei] =
{e1, e2, . . . , ei−1,ei+1, . . . , er, v1, v2, . . . , vi−1, . . . , vr}. Hence maximum domination subdivision
stable sets are S3 = {vv1, vv2, . . . , vvi−1, vvi+1, . . . , vvr} and S4 = {eie1, eie2, . . . , eiei−1,eiei+1, . . .
, eier} Therefore |S3| = |S4| = r− 1. Since these four are the only maximum domination subdi-
vision stable sets, usdγ(K++−

1,r ) = r − 1 + 1 = r.

Theorem 4. For all r, s ≥ 2, usdγ(K++−
r,s ) = r + s− 1.

Proof. Let the vertex set of K++−
r,s is partitioned into two sets V = {v1, v2, . . . , vr} and U =

{u1, u2, . . . , us}. Thus V (K++−
r,s ) = {v1, v2, . . . , vr, u1, u2, . . . , us}. Take eij = viuj and E(K++−

r,s )
= {e11, e12, . . . , e1s, e21, e22, . . . , e2s, . . . , er1, er2, . . . , ers}. Since γ(K++−

r,s ) = 2, a minimum dom-
inating set of K++−

r,s is either D = {vi, eij} or D = {ui, eij}.
Case (i): D = {vi, eij}.
If D = {vi, eij}, the maximum domination subdivision stable sets are
S1 = {viu1, viu2, . . . , viuj−1, viuj+1, . . . , vius}∪{v1e1j , v2e2j , . . . , vj−1e(j−1)j , vj+1e(j+1)j, . . . , vrerj}
and S2 = {eiju1, eiju2, . . . , eijuj−1, eijuj+1, . . . , eijus}∪{eije1j , eije2j , . . . , , eije(j+1)j , . . . , eijerj}.
Then |S1| = |S2| = r + s− 2.
Case (ii): D = {ui, eij}.
Similar to case(i), there are r + s − 2 vertices are common to ui and eij in K++−

r,s and hence
any maximum domination subdivision stable set has r + s − 2 edges of K++−

r,s . Therefore,
usdγ(K

++−
r,s ) = r + s− 2 + 1 = r + s− 1.

Theorem 5. For all n ≥ 4, usdγ(K++−
n ) = 2n− 3.

Proof. Let V (Kn) = {v1, v2, . . . , vn}. Thus V (K++−
n ) = V (Kn)∪E(Kn). In K++−

n , dK++−
n

(vi) =
n(n−1)

2 and dKn
++−(e) = 3(n−2), e ∈ E(Kn). We have γ(K−+−

n ) = 2. Let D be a minimum dom-
inating set of K++−

n . Then D consists of two vertices D = {vi, ej}, where ej is an edge that is in-
cident with vi in Kn. Let ej = vivj . Then S = {viv1, viv2, . . . , vivj−1, vivj+1, . . . , vivn}∪{vif |f is
incident with vj inKn} is a maximum domination subdivision stable set of K++−

n since vi and
ej are adjacent to {v1, v2, . . . , vj−1, vj+1, . . . , vn} ∪ {f |f is incident withvj inKn} . Therefore
|S| = n− 2 + n− 2 = 2n− 4. Hence usdγ(K

++−
n ) = 2n− 4 + 1 = 2n− 3.

4 Lower and upper bounds of usdγ(G
++−)

In this section, we obtained the bounds for usdγ(G
++−) for connected graphs and derived some

results on disconnected graphs.

Theorem 6. If G ∼= Kn ∪K1,r then usdγ(G
++−) = (n+1)(n−4)

2 for all n ≥ 4 and r ≥ 3.

Proof. Let V (K1,r) = ∪[u, u1, u2, . . . , ur}V (Kn) = {v1, v2, . . . , vn}, E(K1,r) = {ei = uui|1 ≤ i ≤
n} and V (Kn) = {f1, f2, . . . , fk} where k = n(n−1)

2 . Therefore v1, v2, . . . , vn, u, u1, u2, . . . , ur ∈
V (G++−). Since K1,r is a star, there is a vertex u which is adjacent to all other vertices
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uj(1 ≤ j ≤ r) of K1,r and all the edges f1, f2, . . . , fk of Kn in G++−. Moreover since Kn is
a complete graph, any vertex vi ∈ Kn is adjacent to all other vertices vi of Kn, all the edges
ei(1 ≤ i ≤ r) of K1,r and some edges fj(1 ≤ j ≤ k) of Kn also. Therefore γ(G++−) = 2 and
{u, vi}, 1 ≤ i ≤ n is a dominating set of G++−. In G++−, any vertex vi(∈ Kn) is adjacent
to n(n−1)

2 − dKn(vi) = n(n−1)
2 − (n − 1) = (n2−n−2n+2)

2 = (n2−3n+2)
2 edges of G. Also these

(n2−3n+2)
2 edges of G are common adjacent vertices of u and vi, 1 ≤ i ≤ n in G++−. Thus any

maximum domination subdivision stable set S of G++− has at most (n2−3n+2)
2 edges. Hence

usdγ(G
++−) = n2−3n+2

2 + 1 = n2−3n+2+2
2 = (n−1)(n+4)

2 .

Theorem 7. If G ∼= K1 ∪Kn, then usdγ(G
++−) = (n−1)(n+4)

2 for all n ≥ 4.

Proof. Let V (K1) = {v} and V (Kn) = {v1, v2, . . . , vn}. Then v is adjacent to all the edges of G.
Further, vi ∈ V (Kn) is adjacent to all other vertices vj of Kn and hence {v, vi} is a minimum
dominating set of G++−. Further, vi is adjacent to n(n−1)

2 − (n − 1) edges of Kn in G++−.
Hence any domination subdivision stable set S has at most n(n−1)

2 − (n − 1) edges. Therefore
any maximum domination subdivision stable set S has at most n(n−1)

2 − (n− 1) edges. That is
|S| = n(n−1)

2 − (n− 1) = n2−3n+2
2 and hence usdγ(G

++−) = n2−3n+2
2 + 1 = (n−1)(n+4)

2 .

Theorem 8. For any connected graph G with n ≥ 3, usdγ(G++−) > 1.

Proof. Suppose usdγ(G
++−) = 1.

Then there is no maximum domination subdivision stable set. Since γ(G++−) = 2, let D =
{x, y} be a minimum dominating set of G++−. Then NG++− [x] ∩NG++− [y] = ∅.
Case(i): x, y ∈ V (G).
Then x and y have no common adjacent vertices of G++−. That is x and y have no common
adjacent vertices of G and have no common non-incident edges of G in G++−. Since D is a
minimum dominating set of G++−, there is no edge between x and y. Hence G is disconnected.
We get a contradiction.
Case(ii): x, y ∈ E(G).
Then x and y are non-adjacent edges of G. In G++−, each edge of G is adjacent to all the vertices
except end vertices of e. Since NG++− [x] ∩NG++− [y] = ∅, G ∼= K2 ∪K2 which is disconnected.
Hence we get contradiction that G is connected.
Case(iii): x ∈ V (G) and y ∈ E(G).
Subcase(i) : x is incident with y.
Then y = xz, z ∈ V (G). If dG(x) = 1, then the edges incident with z in G are common adjacent
vertices of x and y in G++−. If dG(z) = 1, then the edges incident with x in G are common
adjacent vertices of x and y in G++−. Hence we get a contradiction to NG++− [x]∩NG++− [y] = ∅.
Subcase(ii): x is not incident with y.
Then x and y are adjacent in G++− and both are in D. Hence NG++− [x]∩NG++− [y] ̸= ∅. Which
is a contradiction. Hence usdγ(G

++−) ̸= 1 for connected graph with n ≥ 3.

Theorem 9. For any connected graph G with n ≥ 6, 2 ≤ usdγ(G
++−) ≤ (n+1)(n−4)

2 .
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Proof. We have γ(G++−) = 2. Let D = {x, y} be the minimum dominating set of G++−. Let
S be the maximum domination subdivision stable set of G++−.
Case(i) x, y ∈ V (G).
Then x and y are not incident vertices in G and each vertex in V (G) \ {x, y} adjacent to x
and / or y in G. There are atmost n − 2 vertices which are adjacent to both x and y in
G++−. There exists atmost (n−2)(n−3)

2 edges in < V (G) \ {x, y} >. Then these edges are
adjacent to both x and y in G++−. Therefore |S| ≤ n − 2 + (n−2)(n−3)

2 = (n−2)(n−1)
2 Hence

usdγ(G
++−) ≤ (n−2)(n−1)

2 + 1 = (n+1)(n−4)
2 .

Case(ii): x, y ∈ E(G).
Then x and y are not adjacent in G. There are (n− 4) vertices which are not incident to both x
and y in G. Therefore these n−4 vertices are adjacent to both x and y in G++−. Also each edge
other than x and y should adjacent to x and / or y in G. From these edges , atmost 4 edges are
adjacent to both x and y in G++−. Hence |S| ≤ n− 4 + 4 = n. Therefore usdγ(G

++−) ≤ n+ 1
Case(iii): x ∈ V (G) and y ∈ E(G).
Subcase(i): x is incident with y.
Let y = xz. Then x is adjacent to atmost n − 2 vertices other than z in G. Then both x and
y are adjacent to atmost n − 2 vertices in G++−. Also z is adjacent to atmost n − 2 vertices
except x in G. Then there exists atmost n−2 edges whose end vertex is z in G. Therefore these
n− 2 edges are adjacent to both x and y in G++−. Hence |S| ≤ n− 2+ n− 2 = 2(n− 2). Thus
usdγ(G

++−) ≤ 2(n− 2) + 1.
Subcase(ii): x is not incident with y.
Then x and y are adjacent in G++−. Let y = ab. Then x is adjacent to a and b in G++−. Also
x is adjacent to atmost n− 3 vertices except a and b in G. Therefore both x and y are adjacent
to atmost n− 3 vertices in G++−. There are atmost n− 3 edges (except y and ax) whose end
vertex is a and there are atmost n− 3 edges (except y and bx) whose end vertex is b in G. That
is these 2(n − 3) edges are adjacent to both x and y in G++−. Hence |S| ≤ 2(n − 3). Thus
usdγ(G

++−) ≤ 2(n− 3) + 1.
Case(iv): x ∈ E(G) and y ∈ V (G).
This case is similar to case (iii). Hence usdγ(G

++−) ≤ 2(n − 3) + 1. From all the above three
cases, usdγ(G++−) ≤ (n+1)(n−4)

2 . By Theorem 8, usdγ(G++−) > 1. Thus 2 ≤ usdγ(G
++−) ≤

(n+1)(n−4)
2 .

5 sdγ-critical graphs
In this section we characterize sdγ-critical graphs and discuss some of its properties. Also we
derive some important results on disconnected graphs.

Theorem 10. If G ∼= K1 ∪H, where H = K1,r1 ∪K1,r2 ∪ . . . ∪K1,rt, then usdγ(G
++−) = 1 .

Proof. Let us consider a graph G and G ∼= K1 ∪H, where H = K1,r1 ∪K1,r2 ∪ . . . ∪K1,rt . Let
x ∈ V (K1). Since x is an isolated vertex of G, x is adjacent to all the edges of G in G++−. Since
each component is a star, for each component there exists exactly one vertex yi (say) which is
adjacent to all other vertices of that component. Therefore γ(G++−) = t+1 and no two vertices
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in the dominating set has common adjacent vertices of G++−. Hence there exists no domination
subdivision stable set. Thus usdγ(G

++−) = 1.

Theorem 11. Let H be any graph. If G ∼= K2 ∪H then usdγ(G
++−) = 1.

Proof. Let v1, v2 ∈ V (K2) and e1 ∈ E(K2). Then e1 is adjacent to all the vertices of H in G++−.
Also v1 and v2 are adjacent to all the edges of H in G++−. Thus a minimum dominating set
D of G++− is either {v1, e1} or {v2, e1}. For both the pairs {v1, e1} and {v2, e1}, there is no
common adjacent vertices in G++−. Therefore there is no domination subdivision stable set.
Hence usdγ(G

++−) = 1.

Theorem 12. For any graph G, if G ∼= K1,r ∪ K1,s, then usdγ(G
++−) = 1.

Proof. Let us consider a graph G and G ∼= K1,r ∪ K1,s. Let K1,r and K1,s be star graphs on
r + 1 and s + 1 vertices respectively. Let v, v1, v2, . . . , vr ∈ V (K1,r), u1, u2, . . . , us) ∈ V (K1,s),
e1, e2, . . . , er ∈ E(K1,r) and f1, f2, . . . , fs ∈ E(K1,s). Then γ(G++−) = 2, because the minimum
dominating set D of G++− is D = {u, v}. Here the vertex u is adjacent to u1, u2, . . . , us and
e1, e2, . . . , er. Similarly the vertex v is adjacent to v1, v2, . . . vr and f1, f2, . . . fs. Hence there is
no common adjacent vertex of u and v in G++−. Thus domination subdivision stable set does
not exist. Hence usdγ(G

++−) = 1.

Theorem 13. Any graph G is sdγ-critical if and only if G is any one of the following:

1. G ∼= K2 ∪H, where H is any graph.

2. G ∼= K1,r ∪K1,s.

3. G ∼= K1 ∪K1,r1 ∪K1,r2 ∪ . . . ∪K1,rt.

Proof. Assume that G++− is sdγ−critical graph. Then usdγ(G
++−) = 1. Suppose G is not

isomorphic to the graphs given in (i) , (ii) or (iii). Then we consider the following cases.
Case(i) : G is connected.
By Theorem 9, usdγ(G++−) ≥ 2, which contradicts our assumption.
Case(ii): G has exactly two components.
Let G ∼= G1∪G2. Since G ≇ K2∪H, G ≇ K1,r∪K1,s and G ≇ K1∪K1,r, the following subcases
are discussed.
Subcase(i) : G has K1.
Let G ∼= K1 and v ∈ V (G1). Then G2 ≇ K1,r, r ≥ 2. Therefore there exists two non-adjacent
edges e1 and e2 in G2. Since v is an isolated vertex in G, v belongs to all the dominating sets
of G++−. Also v is adjacent to all the edges of G and adjacent to none of the vertices of G2.
If u ∈ V (G2) belongs to any dominating set of G++−, then there exists an edge of G2 that
is adjacent to both u and v in G++−. Hence usdγ(G

++−) ̸= 1. If e ∈ V (G2) belongs to any
dominating set of G++−, then v and e are adjacent in G++−. Hence usdγ(G

++−) ̸= 1.
Subcase(ii): G does not contain K2.
Since G ≇ K2 ∪ H, each component of G has atleast three vertices. Since G ≇ K1,r ∪ K1,s,
each component of G contains atleast two non-adjacent edges. Let D = {x, y} be a min-
imum dominating set of G++−. If x, y ∈ V (G), then x ∈ V1(G) and y ∈ V2(G). Since
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G ≇ K1,r ∪ K1,s, NG++− [x] ∩ NG++− [y] ̸= ∅. If x ∈ V (G) and y ∈ E(G), then both belong
to same component. Since G has atleast two non-adjacent edges NG++− [x] ∩ NG++− [y] ̸= ∅.
Also there is no possibility that D contains two edges of G.
Case(iii): G has more than two components.
If e ∈ V (Gi), there is an edge in Gi which is adjacent to both u and v in G++−. Therefore
NG++− [u] ∩NG++− [v] ̸= ∅.
Subcase(i): G contains only one K1.
Then Gi ≇ K1,r, r ≥ 2. Let v ∈ V (K1). Then v is in any minimum dominating set D of G++−.
If u ∈ V (Gi), Gi ≇ K1 , there is an edge in Gi which is adjacent to both u and v in G++−.
Therefore NG++− [u] ∩NG++− [v] ̸= ∅.
Subcase(ii): G contains more than one K1.
Let G1

∼= K1 and G2
∼= K2 and let v ∈ V (G1), u ∈ V (G2). Since u and v are isolated vertices,

u and v belong to any minimum dominating set of G++−. Both are adjacent to all the edges of
G , hence usdγ(G

++−) ̸= 1.
Subcase(iii): G has no K1.
Then every component has atleast two edges since G ≇ K2∪H. Let D = {x, y} be the minimum
dominating set of G++−. Then x ∈ V (Gi) , y ∈ E(Gi) and x is incident with y. Therefore,
NG++− [x] ∩NG++− [y] ̸= ∅. Hence, from all the above cases we get usdγ(G

++−) ̸= 1. Therefore
G is isomorphic to the graphs given in (i) , (ii) or (iii). Conversely assume that G is any one of
the above given graphs. Then by Theorems 11, 12 and 10 the graph G is sdγ-critical.

6 Concluding remarks
In this paper, we have determined the lower bound and upper bound for usdγ(G

++−) on con-
nected graph G and the extremal graphs for lower bound is characterized. This study will be
extended by characterizing the extremal graphs for upper bound.
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