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1 Introduction

The notion of 2-absorbing ideals of commutative rings with non-zero identity, as a generalization
of prime ideals was introduced by Badawi [1] in 2007. Darani [2] investigated these concepts
in commutative semirings and characterized several results in terms of 2-absorbing and weakly
2-absorbing ideals in commutative semirings in 2012. The notion of 2-absorbing semimodules
over a commutative semirings with non-zero identity was introduced by Dubey and Sarohe [3]
in 2013, which is a generalization of prime semimodules and gave some characterizations related
to them.

In 1995, Rao [10] introduced the concept of I'— semirings, as a generalization of semirings,
I'— rings and ternary semirings. Dutta and Sardar [4] and Rao [10], studied the concept of ideals,
k-ideals and prime ideals in I'— semirings. The notion of 2-absorbing ideals and 2-absorbing
primary ideals of commutative I'— semirings were defined by Sangjaer and Pianskool [11] in 2019
and examine the various results of 2-absorbing primary ideals in commutative I'— semirings. The
concept of I'— semimodules over I'— semirings was introduced by Sardar and Dasgupta [12] in
2004. Furthermore, Dutta and Dasgupta [5], Galindo and Petalcorin [7,8] studied the properties
of I'— semimodules over I'— semirings and prove some results related to them. In this paper, the
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concept of 2-absorbing Rr— semimodules over I'— semirings are introduced and study various
results related to them.

2 Preliminaries

In this section, we recall some basic definitions of I'— semirings and Rr— semimodules. R
represents a I'— semiring throughout this paper.

Definition 1 ([10]). Let R and I' be two additive commutative semi-groups. Then R is called
a I'— semiring if there exists a mapping R X I' X R — R denoted by xay for all z,y € R and
a € T satisfying the following conditions:

1. (v +y)az = zaz + yaz.
2. z(a+ fB)z = zaz + xfz.
3. za(y+ z) = rxay + xaz.
4. (zay)Bz = za(ypz) for all z,y,z € R and o, B € T'.

R is a I'— semiring with zero if for all x € R and v € I" we have Oyr = 0 = 270 and
r+0=2=0+2x. A I'— semiring R is said to have an identity element if for all x € R
there exists a € T such that laz = z = zal [13]. Let Z§ be a commutative semigroup under
addition, which represents the set of non-negative integers. The set nZy = {nz|z € Z;} is a
commutative semigroup under the usual addition of integers for all n € N [11].

Example 1. Let R = Z{f be an additive commutative semigroup of positive integers and
I' = E)Zar be a commutative semigroup under the usual addition of integers. Then R is a I'—
semiring with (a,~,b) — (ayb), where a,b € Z; and v € 57 .

Example 2. Let R = (Zs,+¢) be a commutative semigroup of addition modulo 6 and I" =
(Z3,+3) be a commutative semigroup of addition modulo 3. Then R is a I'— semiring with
(r,B,s) = (rBs), where r,s € R and g € I.

Definition 2 ([10]). A I'= semiring R is said to be commutative if xyy = yyzx for all x,y € R
and for all v €T

Definition 3 ([6]). A non empty subset I of R is said to be a left (right) ideal of R if I is a sub
semi-group of (R,+) and zay € I(yax € I) for ally € I,x € R and o € I'. If I is both a left
and right ideal of R, then I is known to be an ideal of R.

Definition 4 ([6]). An ideal I of a T'— semiring R is said to be k-ideal if for x,y € R,x+y € I
and y € I implies that x € I.

Definition 5 ([11]). Let R be a commutative I'— semiring. A proper ideal J of R is said to be
2-absorbing ideal if whenever x,y,z € R and o, 8 € I such that xayfz € J implies that either
zay € J orxfz e J oryBbz e J.
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Example 3. By Example 1, R is a I'— semiring, where R = Zé" and I' = 5Z6'“. Let J = GZS'
be an ideal of R. Since 1,2,3 € R and 5 € T" such that (1)(5)(2)(5)(3) € J, then (2)(5)(3) € J.
Hence, J is 2-absorbing ideal.

Definition 6 ([11]). Let R be a T— semiring and J be an ideal in R. Then /J = {x € R| there
exists n € N such that (za)"'a € J for all « € T'} is an ideal in R containing J. The ideal \/.J
is called the radical ideal of J and is denoted by Rad(J).

By [9, Theorem 3.9], K = +/J is a 2-absorbing ideal of R with KTK C JC K.

Definition 7 ([12]). Let R be a I'— semiring. An additive commutative monoid M is said to
be a left Rr— semimodule if there exists a mapping R x I' x M — M (images to be denoted by
r € R,a € I',m € M) satisfying the following conditions:

1. ra(m +n) =ram+ran

2. (r+ s)am = ram+ sam

3. rla+ B)m = ram + rfm

4. ra(spm) = (ras)Bm

5. Oram = 0y = ralps for allr,s € Rya,8 €1’ and m,n € M.
A right Rr— semimodule is defined analogously.

Example 4. Every I'— semiring is an Rr— semimodule. Let R be a I'— semiring and M = R.
Define a mapping R x I' x R — R with (z,a,y) — xay. Then R is an Rpr— semimodule.

Example 5. By Example 1, R is a I'— semiring, where R = ZO+ and I' = 5Z6r. Let M = SZO+
be an additive commutative monoid. Then M is an Rr— semimodule with (r,o,m) — ram,
where r € R,aa € I' and m € M.

Example 6. Let R = ZJ and I' = BZJ be an additive commutative semi-group of positive
integers. Then R is a I'— semiring. Let M = Z§ @225 = {(r,2)|r € Z,z € 2Z;} be an
additive commutative monoid. Define a mapping R x I' x M — M with (r,z) @ (r1,21) =
(r S RATER YA z1) and (rg, a, (1, 2)) — (rear, z), where ro € R,a € I' and (7, 2), (11, 21) € M.
Then M is an Rr— semimodule.

Definition 8 ([12]). A left Rr— semimodule M is called unity or unitary if there exists 1 € R
such that lam =m for allm € M and o € T".

Definition 9 ([12]). A non empty subset N of a left Rr— semimodule M is a left Rr— subsemi-
module M if and only if

1. z+y€eN.
2. rax € N forallx,y € Nyr € R and a € T'.

It is obvious that Op; € N.
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Definition 10 ([5]). A proper Rr— subsemimodule N of an Rr— semimodule M is called k
—Rr— subsemimodule if x,x +y € N and y € M implies that y € N.

Definition 11 ([5]). A proper Rr— subsemimodule N of an Rpr— semimodule M is called strong
Rr— subsemimodule if for some x,y € M such that x +y € N implies that xt € N and y € N.

Example 7. By Example 1, R is a '— semiring, where R = ZS' and ' = 5ZS'. Let M = Za' X ZS'
be an additive commutative monoid. Then M is an Rr— semimodule. Consider N = 2Z0+ X 2Z0+
be an Rpr— subsemimodule of an Rpr— semimodule M. Then N is a k- Rp— subsemimodule of M,
while N is not a strong Rr— subsemimodule, since (3,5) 4 (5,7) € N but neither (3,5) € N nor
(5,7) € N.

All through here, R will signify with 0 and 1 as zero element and identity element except if
in any case expressed.

3 2-absorbing Rr— semimodules

In this section, we introduce and study the notion of 2-absorbing Rr— semimodules and inves-
tigate the properties in commutative I'— semirings.

Definition 12 ([7]). Let R be a I'— semiring and M be an Rr— semimodule and N be a proper
Rr— subsemimodule of M. Then (N : M) ={r € R:rI'M C N} is called associated ideal of N.

Theorem 1. Let M be an Rp— semimodule and N be a proper k-Rp— subsemimodule of M.
Then (N : M) is a k- ideal of R.

Proof. Since the intersection of an arbitrary family of k- ideals of R is again k-ideals. Now, we
show that (IV : M) is a k-ideal of R. Let r € R,m; € (N : M) and a € I" with r+m; € (N : M).
Then for some m € M, we have ram + miam € N and miam € N. Therefore, ram € N, as
N is k-Rp— subsemimodule of M. So r € (N : M). Hence, (N : M) is a k- ideal of R. O

Definition 13. Let M be an Rr— semimodule. A proper Rr— subsemimodule N of M is called
prime if r € R, © € M and o € I such that rax € N, then either r € (N : M) or x € N.

Definition 14. Let M be an Rr— semimodule and N be a proper Rr— subsemimodule of M.
Then N is said to be 2-absorbing Rr— subsemimodule of M, if whenever r;s € R, m € M and
a, B €T such that rasfm € N implies that ras € (N : M) or rBm € N or sfm € N.

It is obvious that each prime Rr— subsemimodule is a 2-absorbing Rr— subsemimodule of
M. The following example shows that the converse need not be true.

Example 8. (i). Let R = Z; and I' = 2Z; be an additive commutative semi-group of
positive integers and M = R x R be an additive commutative monoid. Then M is an Rr—
semimodule. Let N = {0} x 4Z; be an Rp— subsemimodule of M, then (N : M) = {0}. Since
1,2 € R, (0,1) € M and 2 € I" such that 1.2.2.2.(0,1) € N which gives 2.2.(0,1) € N. Hence, N
is a 2-absorbing Rp— subsemimodule of M. While, N is not a prime Rpr— subsemimodule of M,
since 2.2.(0,1) € N but neither 2 € (N : M) nor (0,1) € N.
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(ii). By Example (i), M is an Rp— semimodule. Let N = {0} x 6Z; be an Rp— subsemimodule
of M, then the associated ideal of N is {0}. Consider 1,3 € R,(0,1) € M and 2 € I" such that
1.2.3.2.(0,1) € N which gives 3.2.(0,1) € N. Hence, N is a 2-absorbing Rr— subsemimodule of
M. But, N is not a prime Rp— subsemimodule of M, since 3.2.(0,1) € N but neither 3 € (N : M)
nor (0,1) € N.

Theorem 2. Let M be an Rpr— semimodule and N be a 2-absorbing k-Rr— subsemimodule of
M. Then (N : M) is a 2-absorbing ideal of R.

Proof. By Theorem 1, (N : M) is a k-ideal of R. We now show that (N : M) is a 2-absorbing
ideal of R. Let rasft € (N : M) for some r,s,t € R and «, 8 € I'. Assume that r5t ¢ (N : M)
or sft ¢ (N : M), then rBtym ¢ N or sftyn ¢ N for some m,n € M \ N and 3,7 € T.
Since rasft € (N : M) then rasftI'M C N implies that rasg(ty(m + n)) € N, which gives
ras € (N : M) or rfty(m+n) € N or sfty(m+n) € N. If rfty(m+n) € N and rftym ¢ N
then we have rf8tyn ¢ N, as N is a k- Rp— subsemimodule of M. Now as rasfB(tyn) € N and N is
a 2-absorbing Rp— subsemimodule of M, so either ras € (N : M) or sftyn € N or rfStyn € N.
Consequently, ras € (N : M). If spty(m +n) € N and sftyn ¢ N then we have sftym ¢ N.
Since N is a 2-absorbing Rr— subsemimodule of M and rasf(tym) € N, either ras € (N : M)
or sftym € N or rfftym € N. Thus, ras € (N : M). Hence, (N : M) is a 2-absorbing ideal of
R. O

Corollary 1. Let R be a I'— semiring, M be an Rp— semimodule and N be a 2-absorbing k-Rp—
subsemimodule of M. Then K = VN : M = {r € R:rar € (N : M),a € I'} is a 2-absorbing
ideal of R with KK C (N : M) C K.

Proof. Let N be a 2-absorbing Rr— subsemimodule of an Rr— semimodule M. Then by Theorem
2, (N : M) is a 2-absorbing ideal of R. By [9, Theorem 3.9], /(N : M) is a 2-absorbing ideal of
R. O

In general, the converse of Theorem 2 is not true.

Example 9. By Example 8 (i), M is an Rp— semimodule, where R = Z§, I' = 2Z; and
M = Rx R. Let N = {0} x 8Z§ be an Rp— subsemimodule of M, then (N : M) = {0},
which is a 2-absorbing ideal of R. While N is not a 2-absorbing Rr— subsemimodule of M, since
1,2 € R,(0,1) € M and 2 € I" such that (2)(2)(1)(2)(0,1) € N, neither (2)(2)(1) € (N : M) nor
(2)(2)(0,1) € N nor (1)(2)(0,1) € N.

The converse of the Theorem 2 is true in the case of cyclic Rr— semimodules.

Definition 15 ([7]). An Rr— semimodule M is called cyclic Rr— semimodule if M can be
generated by a single element, that is, M = (m) = RI'm = {ram| r € R,a € T'} for some
m e M.

Theorem 3. Let N be a 2-absorbing Rr— subsemimodule of a cyclic Rp— semimodule M. Then
(N : M) is a 2-absorbing ideal of R if and only if N is a 2-absorbing Rr— subsemimodule of M.
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Proof. Let (N : M) be a 2-absorbing ideal of R and M = RI'm, for some m € M. Suppose
that rasfpm; € N for r,s € R,m; € M and «,8 € I'. Then there exists t € R and v € I
such that m; = tym, and we have rasftym € N. Thus, rasft € (N : m) = (N : M), gives
either ras € (N : M) or rft € (N : M) or st € (N : M), as (N : M) be a 2-absorbing ideal
of R. Therefore, ras € (N : M) or rBx € N or sfz € N. Hence, N is a 2-absorbing Rp—
subsemimodule of M. The converse is true by Theorem 2. O

Theorem 4. Let M be an Rr— semimodule and N be a 2-absorbing k-Rr— subsemimodule of
M such that /(N : M) = J. If (N : M) # J, then for allr € J\ (N : M) by N, = {m € M :
ram € N,«a € T'} is a prime Rp— subsemimodule of M containing N with K C (N, : M).

Proof. Let s € R\ (N, : M), m € M and 8 € I such that sfm € N,. Then rasfm € N, so
either ras € (N : M) or rBm € N or sfm € N, as N is a 2-absorbing Rr— subsemimodule of M.
If ras € (N : M), then s € (N, : M), which is a contradiction. By definition of N,, if rfm € N
then m € N,, then there is nothing to prove. If sfm € N and ryr € KI'K C (N : M),y €T,
then for some m € M and 8 € IT" such that r8m € N,. Now, (r + s)fm € N, implies that
ry(r+s)Bm € N, thus we have either rm € N or (r+s)fm € N or ry(r+s) € (N : M),asNisa
2-absorbing Rp— subsemimodule of M. Moreover, if (r+s)8m € N and sfm € N, thenrfm € N
implies that m € N,, as N is a k-ideal. If ry(r +s) € (N : M) and ryr € KI'K C (N : M),
which gives rys € (N : M) implies that s € (N, : M), a contradiction. Hence, N, is a prime
Rr— subsemimodule of M. ]

Theorem 5. Let M be an Rp— semimodule and N be a k-Rr— subsemimodule of M, then the
following statements hold:

1. N, is a k-Rpr— subsemimodule of M.
2. (N, : M) is a k-ideal of R.

Proof. 1. Let m,(m +n) € N, and n € M. Then ram, (ram + ran) € N, a € I'. So
ran € N implies that n € N,., as N is a k-Rp— subsemimodule of M. Thus, N, is a k-Rp—
subsemimodule of M.

2. By (1), N, is a k-Rp— subsemimodule of M, then by Theorem 1, (N, : M) is a k-ideal of
R.
O

Theorem 6. Let M be an Rpr— semimodule and N be a 2-absorbing Rr— subsemimodule of M.
If Ny is an Rp— subsemimodule of M, then Ny NN is a 2-absorbing Rr— subsemimodule of Nj.

Proof. Since N is a proper Rpr— subsemimodule of M, then N1 N N is a proper Rpr— subsemi-
module of Ni. Assume that rasfn; € Ny NN for some r,s € R,n; € N1 and «, 8 € I'. Since N
is a 2-absorbing Rpr— subsemimodule of M and rasfn; € N, either ras € (N : M) or rfiny; € N
or sfny € N. If rBny € N or sfny € N, then rBny € N1 NN or sBny € N1 N N. In case
ras € (N : M), then rasI'M C N. Especially, rasI'N; € N implies that rasI'N; € N; N N.
Therefore, ras € (NN N : N1). Hence, Ny NN is a 2-absorbing Rp— subsemimodule of Ny. [
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Theorem 7. Let M be an Rr— semimodule and N be intersection of two prime Rpr— subsemi-
modules of M. Then N is a 2-absorbing Rr— subsemimodule.

Proof. Assume that Ny and Ny be two prime Rpr— subsemimodules of M. Now we have to show
that N1 N Ny is a 2-absorbing Rr— subsemimodule of M. Let r,s € R, m € M and o,8 € I
such that rasfm € N1 N Ny. Then rasfm € Ny and rasfm € No. Since Nj is a prime Rp—
subsemimodules of M and rasfm € N; implies r € (N1 : M) or s € (N1 : M) or m € N;. Also,
rasfm € Ny impliesr € (Na: M) ors € (No: M) orm € Ny. If r € (N : M) then rI'M C Nj.
In a similar way, if » € (Na : M), then rI'M C Ny. Thus rI'M C N; N N2 which infers that
r € (N1 N Ny : M). Similarly, s € (Ny N Ny : M). Hence ras € (N; N Ny : M). Further, if
r € (N1 : M) and m € Ny, then rfm € N3 N Na. In a similar way, we can prove other cases.
Hence, N1 N Ns is a 2-absorbing Rpr— subsemimodule of M. O

While the intersection of two distinct nonzero 2-absorbing Rr— subsemimodules need not
be a 2-absorbing Rr— subsemimodule of M.

Example 10. By Example 8, N; = {0} x 4Z; and N = {0} x 6Z; are 2-absorbing Rp—
subsemimodules of M. Then N = Ny N Ny = ({0} x 4Z;) N ({0} x 6Z7) = {0} x 12Z;. Then
(N :M)=1{0}. Let 1,3 € R, (0,1) € M and 2 € I' such that 1.2.3.2.(0,1) € N which gives
neither 1.2.3 € (N : M) nor 3.2.(0,1) € N nor 1.2.(0,1) € N. Hence, N is not a 2-absorbing
Rr— subsemimodule of M.

Definition 16. An Rpr— semimodule M is said to be a multiplication Rpr— semimodule if for
each Rpr— subsemimodules N of M is of the form N = JI'M, where J an ideal of R.

Definition 17 ([13]). An element x of a I'— semiring R is said to be a multiplicative T'—
idempotent if there exists v € I' such that x = xyx. If every element of R is a multiplicative I'—
idempotent, then R is called a multiplicative I'— idempotent I'— semiring.

Example 11. Let R be a multiplicatively I'— idempotent I'— semiring. Then every ideal of
R is a multiplication Rpr— semimodule. Assume that K is an ideal of R and J C K. If a € J
and o € I', then we have a = aca € JTK. Thus, J = JI'K. Hence, K is a multiplication Rr—
semimodule.

Theorem 8. FEvery cyclic Rr— semimodule is a multiplication Rr— semimodule.

Proof. Let M(= RI'm) be a cyclic Rp— semimodule and N be an Rp— subsemimodule of M,
then N = RI'n where n = ram for some r € R and a € I'. Since N = RI'n = RI'(ram) =
(RT'r)am = (RI'r)I'(RT'm) = JT'M for J = RI'r. Hence, M is a multiplication Rp— semimod-
ule. O

Theorem 9. Let N be an Rr— subsemimodule of a cyclic Rr— semimodule M. Then N is
a 2-absorbing Rr— subsemimodule of M if and only if XI'YT'Z C N implies XI'Y C N or
YI'Z C N or XI'Z C N for some Rr— subsemimodules X, Y and Z of M.

Proof. Let N be a 2-absorbing Rr— subsemimodule of M. Assume that for some Rr— subsemi-
modules X, Y and Z of M such that XI'YT'Z C N. Since M is cyclic, then by Theorem 8, M
is a multiplication Rr— semimodule. Thus, X = JI'M, Y = KI'M and Z = LI'M for some
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ideals J, K and L of R. Then, XI'YTZ = (JITKT'L)I'M C N implies that JITKT'L C (N : M).
As N is a 2-absorbing Rp— subsemimodule of M, then by Theorem 3, (N : M) is a 2-absorbing
ideal of R. So either JTK C (N : M) or KI'L C (N : M) or JTL C (N : M). Thus,
JITKI'M C N or KI'LI'M C N or JI'LI'M C N which implies that (JI'M)I'(KT'M) C N
or (KTM)I'(LTM) C N or (JITM)I'(LI'M) C N, Hence, either XI'Y C N or YI'Z C N or
XT'Z C N. Conversely, assume that for some ideals J, K and L of R such that JITKT'L C
(N : M). Then JTKTLT'M C N. As M is a cyclic, then by Theorem 8, M is a multiplica-
tion Rp— semimodule. So (JITKTL)I'M C N implies (JITM)I'(KTM)I'(LTM) C N. Thus,
either (JI'M)I'(KTM) C N or (KI'M)I'(LT'M) C N or (JTM)I'(LT'M) C N. Consequently,
JI'K C(N:M)or KI'L C (N :M)or JI'L C (N :M). Thus, (N : M) is a 2-absorbing ideal
of R. Therefore, by Theorem 3, N is a 2-absorbing Rr— subsemimodule of M. O

Theorem 10. Let N be an Rr— subsemimodule of a cyclic Rr— semimodule M. Then the
following statements are equivalent:

1. N is a 2-absorbing Rr— subsemimodule.
2. (N : M) is a 2-absorbing ideal of R.

3. N = PI'M, where P is a 2-absorbing ideal of R. If JI'M C N with J C P, then P is
mazximal.

Proof. (1) = (2). By Theorem 3, (N : M) is a 2-absorbing ideal of R.

(2) = (3). By Theorem 8, M is a multiplicative Rp— semimodule. Then N = PT'M for some
ideal P of R. Thus P = (N : M), which is a 2-absorbing ideal of R, by (ii). Assume that
JI'M C N for some ideal J of R such that J C (N : M) = P. Thus, P is maximal, if JI'TM C N,
then J C P.

(3) = (1). Assume that for some ideals J, K and L of R such that JITKT'L C (N : M). Then
JIKT'LI'M C N. As M is a cyclic, then by Theorem 8, M is a multiplicative Rp— semimodule.
Since P is a 2-absorbing ideal of R, so (JITKT'L)IM C N = PT'M. Then JI'KTL C P,
as P is maximal ideal. Hence, J C P. As P is a 2-absorbing ideal of R so, JI'TK C P or
KI'L C P or JI'L C P implies that JITKI'M C PI'M = N or KI'L'M C PITM = N or
JILTM C PT'M = N. Hence, JTK C (N : M) or KI'L C (N : M) or JTL C (N : M). Thus,
(N : M) is a 2-absorbing ideal of R. By Theorem 3, N is a 2-absorbing Rr— semimodule of
M. O

Definition 18. An Rr— subsemimodule N of an Rr— semimodule M is called pure if rTN =
NNrI'M for allr € R.

Definition 19. An Rp— semimodule M is called Mr— cancellative Rr— semimodule if m,n €
M,r € R and o € ' such that ram = ran, then m = n.

Theorem 11. Let N be a proper Rr— subsemimodule of Mr— cancellative Rpr— semimodule
M. Then N is a 2-absorbing Rr— subsemimodule of M with (N : M) = {0} if and only if N is a
pure Rp— subsemimodule of M.
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Proof. Let N be a 2-absorbing Rr— subsemimodule of M. Assume that for some r,s € R,m; € M
and «a,f € T such that rasfmi € ras’'M NN and ras # 0. As N is a 2-absorbing Rr—
subsemimodule of M so either r8m; € N or sfmy € N. If sfm; € N, then rasfm; € rasI'N
for some r € R. Thus rasI'M NN C ras'N. In a similar way, we may prove the other
cases r0mi1 € N. The converse is clear. So rasI'M NN = rasI'N. Hence, N is a pure Rp—
subsemimodule of M.

Conversely, let N be a pure Rr— subsemimodule of M. Assume that for some r,s € R,m € M
and o, f € " with rasfm € N such that ras ¢ (N : M). Then rasfm € rasI’MNN = rasI'N.
Therefore, rasfm = rasfn for some n € N. Since M is a Mr— cancellative Rr— semimodule,
then spm = sfn € N. Consequently, N is a 2-absorbing Rr— subsemimodule of M. Moreover,
assume that r € (N : M) with » # 0. Since N # M, then rau € yI'M N M = rI'N for
some u € M \ N, so rau = rav for some v € N. Therefore v = v, a contradiction. Hence,
(N : M) = {0}. O

Definition 20. Let M and My be two Rr— semimodules. A mapping f : M — My is an Rp—
homomorphism if m,n € M,r € R and o € I" then

1. f(m+n) = f(m)+ f(n)
2. f(ram) =raf(m).
An Rp— homomorphism f is an Rpr— epimorphism if f is surjective.

Theorem 12. Let f : M — My be an Rr— epimorphism of Rr— semimodules M and My. If N
is a 2-absorbing Rr— subsemimodule of My, then f~1(N) is a 2-absorbing Rr— subsemimodule
of M.

Proof. Let raspm € f~Y(N) for some r,s € R,m € M and a,3 € I'. Then f(rasfm) =
raspf(m) € N. Soras € (N : My) or rBf(m) € N or sff(m) € N, as N is a 2-absorbing
Rp— subsemimodule of M;. If ras € (N : Mj) then rasI'M; C N implies that rasI'M =
rasUf~Y(My) = f~Y(rasTM;) C f~1(N). Thus, ras € (f~Y(N) : M). If rf(m) € N then
f(rBm) € N implies that rfm € f~1(N). Likewise, if s3f(m) € N then f(sfm) € N implies
that sfm € f~1(N). Consequently, ras € (f~1(N) : M) or rfm € f~Y(N) or spm € f~L1(N).
Hence, f~1(N) is a 2-absorbing Rp— subsemimodule of M. O

If f is not an Rp— epimorphism, then f~!(N) is not a proper Rr— subsemimodule of M.

Example 12. By Example 2, R is a I'— semiring, where R = (Zg,+¢) and I' = (Z3,+3).
Let M = (Zg,+¢) be additive commutative monoid of addition modulo 6. Then M is an Rr—
semimodule over R. Now, f : (Zs, +¢) — (Zs, +¢) with f(m) = 2m for all m € M is an Rpr—
homomorphism, while it is not an Rp— epimorphism. Let N = {0,2,4} then f~1(N) = M.

Theorem 13. Let f : M — My be an Rpr— epimorphism of Rr— semimodules M and My
with f(0) = 0 and N be a strong k-Rpr— subsemimodule of M. If N is a 2-absorbing Rr—
subsemimodule of M with ker(f) C N, then f(N) is a 2-absorbing Rp— subsemimodule of Mj .
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Proof. Let r;s € R,m; € My and «, 8 € T' such that rasfm; € f(N), then rasfm; = f(n) for
some n € N. As f is an Rp— epimorphism and m; € M, then f(m) = m; for some m € M.
Also, N is a strong Rr— subsemimodule of M and n € N, then n 4+ n; = 0 for some n; € N.
Thus f(n+ ni) = 0. Therefore, rasfmi + f(n1) = f(raspm) + f(n1) = f(raspm+mni) =0
which gives raspm +ny € ker(f) C N. So rasfm € N, as N is a k- Rp— subsemimodule of M.
Since N is a 2-absorbing Rp— subsemimodule, we have ras € (N : M) or rfm € N or sfm € N.
If ras € (N : M), then rasI'M C N implies that f(rasI'M) = rasI'f(m) = rasT’'M; C f(N).
Therefore ras € (f(N) : My). If rfm € N, then f(rBm) = rBf(m) = rfmy € f(N). If
spm € N, then sfmy € f(N). Thus ras € (f(IN) : My) or rfmy € f(N) or spmy € f(N).
Hence, f(N) is a 2-absorbing Rr— subsemimodule of Mj. O

Theorem 14. Let M be an Rr— semimodule, N and N1 be Rr— subsemimodules of M. If N
is a 2-absorbing k-Rr— subsemimodule of an Rr— semimodule M and rasI'N1 C N for some
r,s € R and a,B €T thenras € (N : M) orr'Ny C N or s'Ny C N.

Proof. Assume that ras ¢ (N : M) or TTNy € N or sSTN; € N for some a € I'. Then rfn’ ¢ N
and sfn” ¢ N for some n’,n” € Ny and € T'. Since N is a 2-absorbing Rp— subsemimodule of
M and rasfBn’ € N, rasBn” € N. We have sfn’ € N and r8n” € N. Now as rasf(n’+n") € N
and ras ¢ (N : M), then either r3(n’ +n”) € N or sf(n’ +n”") € N, since N is a 2-absorbing
Rp— subsemimodule of M. If r3(n’ +n") € N and r8n” € N. Then r8n’ € N, as N is a k-ideal,
which is a contradiction. Similarly, if s8(n’ +n”) € N, as N is a k- ideal and sfn’ € N, we get
spn” € N, which is a contradiction. Hence, ras € (N : M) or rT’N; C N or s'N; C N. O

Theorem 15. Let M be an Rr— semimodule, N be a k-Rp— subsemimodule of M and (N : M)
be a k-ideal of R. If N is a 2-absorbing Rr— subsemimodule of M, then JTKI'L C N for some
ideals J,K of R and an Rpr— subsemimodule L of M, such that JTK C (N : M) or JIL C N or
KT'L C N.

Proof. Let N be a 2-absorbing Rr— subsemimodule of M. Assume that for some ideals J, K of R
and an Rp— subsemimodule L of M such that JITKTL C N and JI'K ¢ (N : M). Suppose that
JIL ¢ N or KI'L ¢ N. Then jTL ¢ N and k'L ¢ N for some j € J,k € K and « € I'. Since
jak’L € N and jTL ¢ N or k'L ¢ N, then by Theorem 14, we have jak € (N : M). While
JUK ¢ (N : M), then jiaky ¢ (N : M) for some j; € J. k1 € K and o € I'. Also, jiakiI’'L C N
and jiak; ¢ (N : M), then by Theorem 14, we have j1I'L C N or k;I'L C N. Here three cases
arises:

Case 1: Suppose that 1L C N and k'L ¢ N. Since jak 'L C N, while k'L ¢ N and
JTL ¢ N, then by Theorem 14, we have jak; € (N : M). Since N is k-ideal, ;'L C N
and jIL ¢ N then (j + j1)I'L € N. However, (j + ji1)akiI'L C N and k'L C N and
(j+41)I'L € N, then by Theorem 14, we get (j+j1)aks € (N : M). Since (j+j1)aks € (N : M)
and jaky € (N : M), then jiak; € (N : M), which is a contradiction.

Case 2: Assume that j1I'L ¢ N and ki I'L C N. Since jijokI'L C N, while 1I'L ¢ N and
k'L ¢ N, then by Theorem 14, we have jiak € (N : M). Since N is a k- ideal, ;'L C N and
kTL ¢ N then (k+k1)T'L ¢ N. Now as, jia(k+k1)T'L C N and jiTL ¢ N and (k+k)TL ¢ N,
then by Theorem 14, we have jia(k + k1) € (N : M). Since jia(k + k1) € (N : M) and
jiak € (N : M), we have jiak; € (N : M), as (N : M) is k-ideal. Which is a contradiction.
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Case 3: Suppose that jiI'L € N and k& I'L C N. Since k1I'L C N and kI'L g N, and N is
k-Rp— subsemimodule of M, then we have (k + k1)I'L ¢ N. Since ja(k + k1)['L C N while
JTL ¢ N and (k + k1)IL ¢ N, we have ja(k + k1) € (N : M). As jak € (N : M) and
jo(k+ki) € (N : M), we have jak, € (N : M), as (N : M) is k-ideal. Moreover, j1I'L C N and
JTL ¢ N,so (j+j1)TL € N. Also, (j+j1)akI'L C N and neither (j+j;)['L € N nor k'L C N,
then we can deduce that (j+j1)ak € (N : M) and jak € (N : M) implies that jiak € (N : M).
Since (j + ji1)a(k + k1)I'L € N while neither (j + j1)I'L € N nor (k + k;)['L C N, then by
Theorem 14, we have (j + ji)a(k + k1) € (N : M). Since jiak, jaky,jak € (N : M), then we
have jiak; € (N : M), as (N : M) is k-ideal. Which is a contradiction. Hence, JI'L C N or
KT'L C N. Therefore, JITK C (N : M) or JILC N or KI'L C N. O
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