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Abstract. A proper ideal P of a ring R is called 2-prime if for all z,y € R such that zy € P,
then either 22 € P or y> € P. In this paper, we introduce a Zariski topology on the set of
all 2-prime ideals of commutative rings. We investigate this topology and clarify the interplay
between the properties of this topological space and the algebraic properties of the ring under
consideration.
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1 Introduction

Throughout the paper, R is a commutative ring with the nonzero element 1r and the set of all
prime ideals of R is denoted by Spec(R).

The concept of the prime ideal is one of the significant concepts in the field of commuta-
tive algebra and algebraic geometry, and therefore it has been extensively studied by many
researchers in recent decades. Some researchers have only investigated this concept from an
algebraic point of view, and some have also investigated its application aspects in geometry.
There are various generalizations of the concept of prime ideals in the articles, which somehow
measure how far an ideal is from being prime. Among the existing research about the definitions
related to the prime ideal or the generalizations of the prime ideal, we can mention the concepts
of strongly prime ideals (see [15]), weakly prime ideals (see [5]), and almost prime ideals (see [9])
and 2-absorbing ideals (see [6]).

Also, some existing research has also extended the concept of prime ideals to modules, and
sometimes they have defined a topology similar to the classic Zariski topology with their help.
Among these, we can mention articles such as [1-4,8,10-14,16-21]

*Corresponding author
Received: 03 March 2024/ Revised: 07 June 2024/ Accepted: 08 June 2024
DOI: 10.22124/JART.2024.26914.1640

© 2025 University of Guilan http://jart.guilan.ac.ir


https://doi.org/10.22124/JART.2024.26914.1640
http://jart.guilan.ac.ir

76 H. R. Shekalgourabi, D. H. Lelekaami

The concept of 2-prime ideals was introduced and studied by Beddani and Messirdi in [7]
and then it was used in the characterization of valuation rings. Based on [7], a proper ideal P
of a ring R is called 2-prime if for all 2,y € R such that zy € P, then either 22 € P or 3? € P.

Obviously, every prime ideal is 2-prime. However, the opposite is not true. For example, 47
is a 2-prime ideal of Z that is not prime. Recall that an element e € R is said to be idempotent if
e? = e. If every element of R is idempotent, then R is called a Boolean ring. By this definition,
the prime ideals and 2-prime ideals of a Boolean ring R are the same. For more information on
2-prime ideals see also [23].

In this paper, we are going to define a topology similar to the classic Zariski topology on
the set of all 2-prime ideals of a commutative ring. We investigate this topology and clarify
the interplay between the properties of this topological space, and the algebraic properties of
the ring under consideration. In Section 2, we will introduce the notion of 2-Zariski topology
and we will investigate the basic properties of this topology. In Lemma 1, we use the notion
of 2-prime ideals to introduce a new expression for the radical of an ideal of R. Also, Sections
3, 4 and 5 are devoted to study of some properties of 2-Zariski topology, such as irreducibility,
connectedness, and separation axioms, respectively.

2 Basic results

We define the 2-prime spectrum of R to be the set of all 2-prime ideals of R and denote it by
Specy(R). Note that if P is a 2-prime ideal, then VP is a prime ideal. Using this fact, we
provide the following definition.

Definition 1. For a subset T' of R we define 2-variety of T as follows:
Va(T) := {P € Specy(R) | T C VP}.

Clearly, for a subset T" of R, the variety V(T') of T in the prime spectrum Spec(R) is a subset
of Vo(T). But, in general these two concepts are different (see the following example).

Example 1. Since Z is a principal ideal domain, by [23, Theorem 2.3] we have Specy(Z) = {p"Z |
p is a prime number and n € N}U{0}, while Spec(Z) = {pZ | p is a prime number}U{0}. Now,
consider I = 27Z. Then V(I) = {3Z}, while V,(I) = {3Z, 9Z, 27Z}.

Now, we give the following result, which will be used frequently throughout this article.
Theorem 1. The following statements hold.

1. If I denotes the ideal generated by the subset T C R, then Vo(T) = Va(I) = Va(V1);

2. Vo(R) =0 and V5(0) = Specy(R);

3. If {Ji}ien is any family of ideals of R, then NieaVa(J;) = Va(Uieadi);

4. Vo(I) U Va(J) = Vo(INJ)=Vo(IJ) for any ideals I1,J of R.
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Proof. 1. It is obvious that Va(T') = Va(I). Since I C V1, we have VQ(\/T) C Vo(I). Now,
let P € Va(I). Then I C VP and VP is a prime ideal. Thus, v'I C /v P = v/P. Hence
Va(I) € Va(V1I).

2. Let P € Specy(R). If P € Va(R), then by definition we have R C /P. So, 1z € P, a
contradiction. Hence, we have Vo(R) = (). The claim V2(0) = Specy(R) is clear.

3. It is easy to see that P € N;cpVa(J;) if and only if J; C VP for all i € A if and only if
UieaJi € VP if and only if P € Va(UjenJ;). Therefore, NicaVa(J;) = Va(Usea Ji).

4. By part (i), for any ideals I, J of R we have
Vo(INJ) =Va(VINJ) = Va(VIJ) = Va(1J).

Clearly, INJ C /P whenever [ C VP or J - V/P. The converse holds since v P is a
prime ideal. Therefore, Vo(I) U Va(J) = Vo(I N J).
O

Corollary 1. Let I be an ideal of R. Then Va(I) = 0 if and only if I = R.

Proof. If I = R, then V5(I) = (. Conversely, there exists P € Spec(R) such that I C P = +/P.
Thus, P € Va(I) and so Va(I) # 0. O

From the above theorem, it is clear that the set {Vo(T') | T C R} satisfies all axioms of
closed sets for a topology on Specy(R). This topology is said to be a 2-Zariski topology of R and
denoted by Specy(R). Thus, any open set of Specy(R) has the form X2 = Specy(R) \ Va(T) for
any subset T' C R.

In the following theorem we determine the basis for 2-Zariski topology.

Theorem 2. Fora € R, let X2 = {P € Specy(R) | a ¢ VP}. Then, the collection {X? | a € R}
forms a basis for Specy(R).

Proof. Tt is easy to see that X2 = Specy(R) \ Va((a)). So, X2 is open. Now if Specy(R) \ Va(T)

is a general open set, then by Theorem 1 we have

Specy (R) \ Va(T) = Specsy (R) \ V(| {a}) = Specy(R)\ () Vala) = | J X2

a€T a€T a€T
So, we conclude that {X?2 | a € R} is a basis for Specy(R). O
In the next lemma, we introduce a new expression for radical of an ideal of R.
Lemma 1. Let I be an ideal of R. Then, /I = ﬂPeVQ(I) VP.
Proof. Since V(I) C Va(I), we have

N vPc () VP=VI.

PeVy(I) PeV(I)

Conversely, let z € VI and P € Vo(I). Then, z € VI < VP =+/P. So, = € ﬂPeVQ(I) VP.
Therefore, VI C ﬂPeVQ(I) \/P. O
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Corollary 2. Let nil(R) denotes the set of all nilpotent elements of R. Then, nil(R) =
ﬂPGSpeCQ(R) \/F

Proof. Set I =0 and apply Lemma 1. O

Proposition 1. Let a,b € R. The elements of the basis of Specy(R) satisfy the following
properties:

1 X220 X2 = X2,

ab’

2. X2 =0 if and only if a is a nilpotent element of R.

3. X2 = Specy(R) if and only if a is a unit element of R.

4. X2 = Xl? if and only if\/@: \/@

Proof. 1.

Xay = Specy(R) \ Va(ab) = Specy(R) \ Va((a)(b))
= Specy(R) \ (Va((a)) U Va((b)))
= (Specy(R) \ Va((a))) N (Specy(R) \ Va((b)))
= X2nX}

2. X2 = () precisely when a € V/P for every 2-prime ideal of R. This occurs precisely when
a€<) PESpecy(R) VP and by Corollary 2 precisely when a is nilpotent.

3. If a is a unit element of R, then there is no 2-prime ideal P of R such that a € v/P and so
X2 = Specy(R). If a is nonunit, then (a) is contained in some maximal ideal, and hence
Va((a)) # 0. Therefore, Xg # Specy(R).

4. Suppose that X2 = X?. Then Vg(( ) = ) ) and so /(a) = +/(b) by Lemma 1. On
the other hand, if \/ = 4/(b), then Vg = Wa(y/(a)) = Vg( (b)) = Va((b)). Thus,
X2 =X}

O

Proposition 2. Specy(R) is a compact topological space.

Proof. Let Specy(R) = J;ep X2, where a; € R, be an open cover of Specy(R). Then we obtain
that

Specy(R) = U (Specy(R) \ Va(as))
ieA
= Specy(R) \ (7] Va(a))
ieA
= Specy(R) \ Va(|{ai}ien).

€A
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Assume that I is the ideal of R generated by the set {a;};ca. Thus, Vo(I) =@ and so I = R by
Corollary 1. This means that 1g = ra;, + ---rpa;, where r; € R and i1,--- ,i, € A. Hence,
0 =Va(R) = Va(I) = i, Va((ai;)). Therefore,

Specsy(R) = Specy(R) \ (m ((ai;)) U Specy(R) \ Va(ai;)) U X

j=1 j=1

Thus, Specy (R) is the union of finitely many X2 and so is compact by [22, Definition, p.164]. [

3 Irreducibility

In the sequel, the closure of a subset T’ of Specy(R) is denoted by 7.
Lemma 2. Let Y C Specy(R). Then'Y = Va((\pey VP).

Proof. Let Q@ € Y C Specy(R). Then /@ is a prime ideal such that poy VP C Q. So,

Q € Va(Npey VP). Hence, Y C Vao(Npey VP). This implies that Y C Vao(Npey VP). Now,
suppose that V2(T') is an arbitrary closed subset of Specy(R) such that Y C Vo(T'). Then, for
all P €Y we have T C v/P. Hence, T C Npey V/P. This yields that

2( ﬂ VP) C Vo(T).

PeY
Therefore, Va((pey VP) C Y. O
Corollary 3. Let (0) € Y C Specy(R). Then Y is dense in Specy(R).

Proof. For any P € Specy(R) we have 0 € P. So, by Lemma 2 and Theorem 1 we obtain that

2( ﬂ VP) = V5(1/(0)) = V2(0) = Specy(R).

pPey

Now, we characterize the closure {P} of the singleton {P} for all P € Specy(R).
Proposition 3. Let P € Specy(R).

1. ﬁ = Va(P);

2. Let Q € Specy(R). Then {P} = {Q} if and only if VP = /Q.
Proof. 1. By Lemma 2 and Theorem 1, {P} = Va(v/P) = Va(P).

2. Let {P} = {Q}. Then, by part (1) we have Vo(P) = V2(Q). Therefore, by Lemma 1 we

obtain that
VE- () vi- ) vi-va

peVa(P) peV2(Q)
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On the other hand, if VP = 1/Q, then

{P} = %(VP) = Va(\/Q) = {Q}.
O

Recall that R is said to be a von Neumann regular ring if for each x € R, there exists a € R
such that = z2a. It is clear that a ring R is a von Neumann regular ring if and only if for each
a € R, (a) = (e) for some idempotent e € R (see [24]).

Lemma 3. Let e be an idempotent element of R. Then Va(Re) = X7 .

Proof. Let P € Va(Re). Then P € Specy(R) and e € VP. If P € Va((1 —¢)), then 1 — e € VP
and so e + (1 —e) = 1 € /P, a contradiction. Thus, P € Specy(R) \ Va((1 —¢)) = X7 .. Now,
suppose that P ¢ V5((1 — e)). Hence, 1 — e ¢ /P. Since VP is a prime ideal of R, it follows
from e(1—e) = e—e? = 0 € /P that e € v/P. Thus, P € Va(Re). This completes the proof. [J

Proposition 4. Let R be a von Neumann regular ring and a € R. Then, the open set X? is
also closed in Specy(R).

Proof. Let a € R. By hypotheses, there is an idempotent e € R such that (a) = (e). Thus,
Va((a)) = Va((e)) and so Lemma 3 implies that V5((a)) = X7_,. Hence, X2 = V5((1 —€)) which
completes the proof. O

Recall that a topological space X is said to be irreducible if X # () and it cannot be written
as a union of two nonempty closed sets, i.e. for any decomposition X = A U B with nonempty
closed subsets A, B of X, we have A =X or B = X.

Proposition 5. Let P € Specy(R). Then Vo(P) is an irreducible set in Specy(R).

Proof. Let Va(P) = Vo(I) U Va(J) where I, J are proper ideals of R. Clearly, Vo(I) C V5(P).
Also, P € V5(P) implies that P € Va(I) or P € Va(J). Assume that P € Vo(I) and Q € Va(P).
So, I € VP and P C /Q. Thus, I C VP C /V/Q = /Q yields that Q € V,(I) and so
Va(P) C Va(I). This completes the proof. O

Proposition 6. Let I be an ideal of R such that Va(I) is irreducible. Then VT is a prime ideal.

Proof. Let a,b € R such that ab € VI, but a ¢ /I and b ¢ v/I. So, by Lemma 1, there is
P,Q € Vi(I) such that a ¢ VP and b ¢ /Q. Thus, P € Vo(I) N X2 and Q € Vo(I) N X2
Hence, Vo(I)N X2 and V5(I) N X} are non-empty open subsets in V5(I) with respect to subspace
topology. Since Va(I) is irreducible, we obtain that (Va(I) N X2) N (Va(I) N X2) # 0. Let
P e Vo(I)N X2N X2. Then P’ € X2, NVa(VI). This implies that ab ¢ v P’ and VI C VP
Therefore, ab ¢ /I, a contradiction. Note that since Va(v/I) = Va(I) # 0, by Corollary 1 we
obtain that /T # R. Therefore, VTis a prime ideal of R. O

Theorem 3. Specy(R) is an irreducible space if and only if nil(R) is a prime ideal of R.

Proof. Let I = 0. Then, by Theorem 1 we have V5(I) = Specy(R) and v/T = nil(R). Therefore,
the assertion follows from Propositions 5 and 6. O
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Definition 2. A ring R is said to be 2-integral domain if whenever ab =0 for some a,b € R,
then either a®> =0 or b> = 0. Thus, a ring R is a 2-integral domain if and only if the zero ideal
is a 2-prime ideal of R.

Example 2. Note that every integral domain is a 2-integral domain, but the converse is not
true. For example, the ring Zo7 is a 2-integral domain which is not an integral domain.

Corollary 4. Let R be a 2-integral domain. Then, Specy(R) is an irreducible space.

Proof. Since R is a 2-integral domain, the zero ideal is a 2-prime ideal of R. Thus, v/0 = nil(R)
is a prime ideal. So, the assertion follows from Theorem 3. Ul

4 Connectedness

A topological space X is connected if it cannot be written as a union of two disjoint proper open
sets.

Theorem 4. Specy(R) is connected if and only if R contains no idempotents # 0 or 1.

Proof. (=) Let Specy(R) be connected and e be an idempotent of R. We claim that V5((e)) N
Va((1—e)) = 0 and Va((e))UVa((1—e)) = Specy(R). For do this, consider P € Va((e))NVa((1—e)).
Then P € Specy(R) such that e € /P and 1 — e € v/P. Thus, 1 € v/P which is a contradiction
since v P is a prime ideal of R. Also, we have

Va((e)) UV2((1 —e)) = Va((e)(1 —e)) = Va(e(l — e)) = V2(0) = Specy(R).

Thus, X2 N X2 , = 0 and X2 U X2 _ = Specy(R). So, by assumption, X2 = Specy(R) or
X2, = Specy(R). This implies that Va((e)) = 0 or Va((1 —e)) = 0 and so R = Re or
R = R(1—e). If R = Re, then there is € R such that 1 = re. Therefore, 1 —e =re(l1—e) =0
and so e = 1. Similarly, if R = R(1 — e), then e = 0.

(<) Suppose that U and V are open sets in Specy(R) such that Specy(R) = U UV and
UNV = (. Then there exist ideals I and J of R such that Specy(R)\U = Va(I), Specy(R)\V =
Vo(J), Va(I) N Va(J) = 0 and Va(I) U Va(J) = Specy(R). Thus, Va(I U J) = VoI +J) = 0
and V(I N J) = Specy(R) and so X7, = (. In the light of Corollary 1 and Proposition 1 we
obtain that I +J = R and IJ C I NJ C nil(R). Hence, there exist a € I, b € J and n € N
such that a +b = 1 and (ab)” = 0. Thus, 1 = (a +b)" = a” + V" + z where z € INJ. If
(@™) + (b™) # R, then Vo((a™)) NVa((b")) = Va((a™) + (b™)) # 0. So, there is P € Specy(R) such
that @™ € VP and b" € v/P. This implies that a,b € VP and so 1 = a + b € /P which is a
contradiction. Therefore, (a™) + (b") = R. Thus, there exist € (a™) C I and y € (b"™) C J
with # +y = 1. Now, we conclude that zy = (1 — x) € (a™)(b") = 0 which yields that 22 = z.
So by assumption, x =1 or x =0, i.e. x =1 or y = 1. Hence, I = R or J = R. This implies
that U = Specy(R) or V = Specy(R). Therefore, Specy(R) is a connected space. O

Example 3. By Theorem 4, Spec,y(Z) is a connected topological space.

Corollary 5. If Specy(R) is a disconnected topological space, then R = Ry @ Ry where Ry and
Ry are nonzero rings.
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Proof. By assumption and Theorem 4, R has an idempotent e = 0, 1. Define non-zero subrings
of R by Ry = (e) and Ry = (1 —e). Then, for any x € R we have z = ze + (1 —e) € R1 + R»
which implies that R = Ry + Ry. If y € R1 N Ry, then y = re and y = s(1 — e) for some
r,s € R. But re = ree = s(1 —e)e = 0, and so y = 0. Therefore, R; N Ry = {0}. Therefore,
R= R ® Ry O

5 Separation axioms

A topological space X is called a Ty-space if for each distinct x,y € X, there exists an open set
Usuch that x e U,y ¢ U ory € U, z ¢ U. It is easy to see that a topological space X is a
Ty-space if and only if for each x,y € X, m = @ implies that x = y. It is known that the
prime spectrum Spec(R) of a commutative ring R is always a Ty-space while this rule may not
hold for the 2-prime spectrum Specy(R). The following example shows that Specy(R) is not a
Th-space in general.

Example 4. It is known that Spec(Z) = {pZ | p is a prime number} U {0}, while Specy(Z) =
{p"Z | p is a prime number and n € N} U {0}. Let p be a prime integer. Then \/pZ = /p?Z.
So, {pZ} = {p*Z} by Proposition 3, while pZ # p>Z. Therefore, Spec,(R) is not a Ty-space.

Theorem 5. Specy(R) is a To-space if and only if every 2-prime ideal of R is prime.

Proof. Let Specy(R) is Ty-space and P € Specy(R). By definition, v/P is a prime ideal of R. So,
VVP = VP. Thus, in the light of Proposition 3 we have {v/P} = {P}. Now by assumption,
P = /P which implies that P is a prime ideal of R. Conversely, assume that P,Q € Specy(R)
such that {P} = {Q}. So, v'P = +/Q by Proposition 3. Therefore, P = Q since P,Q € Spec(R)
by assumption. This completes the proof. O

We recall that a topological space X is a Ti-space if for each distinct elements z,y € X there
exist open sets U and V such that x € U,y € U and x € V,y € V. Clearly, every Ti-space is a
Th-space and a topological space is a Ti-space if and only if every singleton subset is closed.

Theorem 6. Specy(R) is a Ty -space if and only if every 2-prime ideal of R is a mazimal ideal.

Proof. Let Specy(R) is Ti-space and P € Specy(R). Then, by Proposition 3 we obtain that
{P} = {P} = V,(P). Since every Ti-space is a Ty-space, P is a prime ideal by Theorem 5.
Let Q € Spec(R) such that P € Q S R. Then P = VP C /Q, that is, Q € Vo(P) = {P}.
Therefore, () = P which implies that P is a maximal ideal of R. Conversely, suppose that
P € Specy(R) and Q € {P} = Vo(P). Thus, P C /Q. Hence, it follows from the assumption
that P = /Q = Q, that is, {P} = {P}. So, Specy(R) is a Ti-space O]

A topological space X is called a Hausdorff space if for each distinct z,y € X, there exist
two disjoint open sets U and V such that x € U and y € V.

Theorem 7. If R is a 2-integral domain which is not a field, then Specy(R) cannot be Hausdorff.

Proof. Let Specy(R) is Hausdorf. Then by definition Specy(R) is a Ti-space and so by Theorem
6, every 2-prime ideal of R is a maximal ideal. Therefore, by assumption (0) is a maximal ideal
of R. This implies that R is a field, a contradiction. O
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