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Orthogonality in the category of N-complexes
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Abstract. Let A be an exact category and Cy(A) be the category of all N-complexes in A.
If X is a sufficiently nice class of objects in Cx(.A), then, we give a characterization of elements
in the right orthogonal X* of X in Cy(A) with respect to the induced exact structure.
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1 Introduction

The theory of complexes in a given abelian category K is a well-studied topic in Homological
algebra. Recall that a chain X = (X?, (’9&) of objects and morphisms in K is said to be a complex
if 8)2( = 0. As a natural generalization, an N-complex has the same structure as X = (X?, (9;()
but we have 0 = 0 instead of 9> = 0 where N > 2 is a fix positive integer. We know
that complexes are used to study representations of groups and N-complexes are used to study
quantum groups (see [3] and [8]).

Let N > 2 be a fix positive integer. N-complexes were first introduced by Mayer [13]. He
studied this objects as an alternative homology theory on topological spaces. But, his approach
did not receive significant attention because it is equivalent to the ordinary homology theory.
Later, Kapranov was studied algebraic properties of N-complexes in [10] and Dubois-Violette
developed the homological properties of N-complexes in [4] (see also [5]). Recently, N-complexes
have been studied by several authors in, [7], [12], [14], [2], [15], [16] [1], ... . In particular,
cotorsion theories in the category of N-complexes was completely studied by Bahiraei in [1]. It
is known that orthogonal pairs are primary tools in cotorsion theories and cotorsion theories
have an essential role in the relative homological algebra. In this article, if A is an exact category
and X is a nice class of N-complexes in A, we characterize elements in the right orthogonal of
X with respect to the induced exact structure.
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Recall from [11] that an additive category A is said to be exact if it has a class of conflations

x-Jt.y 9. g4

(f (resp. g) is called an inflation (resp. deflation)) such that the following axioms hold.

(i) For any object A € A, the identity morphism 14 is an inflation.
(i

) For any object A € A, the identity morphism 14 is a deflation.
ii) Deflations (resp. Inflations) are closed under composition.
iii) Deflati Inflati losed und iti

)

(iv) The pullback (resp. pushout) of a deflation (resp. inflation) along an arbitrary morphism
exists and yields a deflation (resp. inflation).

A class X of objects in A is called coresolving if for any conflation X ——=Y —*= 7 with
X,Y € X then so is Z. The right orthogonal of X in A is defined by

X+t :={BeA|ExtY(X,B)=0, forall X X}

where Ext}‘l(X , B) is the group of all equivalence classes of conflations B - T — X in A. An
object A € A has a special X -preenvelope if there exists a conflation A — C — X such
that C € X' and X € X. The class X* is called preenveloping if any object in A has a special
Xt-preenvelope.

Throughout this paper, we assume that A is a fixed exact category. Before starting, let us
recall some notations and definitions that we need in the whole of the paper.

1.1 N-Complexes

A cochain

LR i R i X
of objects and morphisms in A is said to be an N-complex if composing of any N-consecutive
maps gives 0, i.e. 0¥ = 0. Let X = (X", 9") and Y = (Y?,§') be N-complexes in A. A
morphism f : X — Y of N-complexes is a collection of morphisms f*: X* — Y in A making all
the rectangles commute. The category of N-complexes in A is denoted by Cy(A). Deflations
(resp. inflations), conflations, pullbacks (resp. pushouts) are defined componentwise. So, Cx(.A)
admits an exact structure in the sense of [11]. An N-complex X = (X?,9) is called N-acyclic
if Z{(X) = Bi(X) for alli € Z and all 7 = 1,2,..., N — 1 where

Z(X) = Ker(@ ™ 0%),  BUX) = Tm(d ' 0% ).

For a given class S in A, Sy is the class of all N -acyclic N-complexes S in § such that for all
iandr=1,...,N —1, Zi(S) € S. Let M be an object in A, n be an integer and 1 < r < N.
The N-acyclic N-complex D]'(M) is defined by

0 Mn—T’-i—lan_r-H o on— on—1

2
M2 M" 0

such that M" =M (0<i<r—1)and 0" =1y (0<i<r—1).
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1.2 The homotopy category of N-Complexes

A morphism f : X = (X4 0%) — Y = (Y%, 9%) of N-complexes is called null-homotopic if
there exists a set {s’ : X’ — Y=N+11, 7 such that for any i € Z,

N-1
i i—1 i—(N=j) it+j—1qi+j—2 i
fr=> oyt -0y sTHIT19I 72 9k
3=0

A given morphism g : X — Y of N-complexes is homotopic to f, denoted by g ~ f, if g — f
is null-homotopic. The homotopy catgeory of N-complexes in A, denoted by Ky (.A), is defined
as follows. Objects in Ky (A) are N-complexes in A and morphisms are maps of N-complexes
modulo homotopy equivalence, i.e. for each pair X, Y of N-complexes,

HOHI]KN(A) (X, Y) = HOHICN(A) (X, Y)/Ht(X, Y)

where Ht(X,Y) is the subgroup of Homc (4)(X,Y) consisting of homotopic morphisms. Recall
from [9], the suspension functor ¥ : Ky(A) — Ky(A) is defined as follows. For a given N-
complex Y in A, XY is defined by

i 0 1 0 O 0 |
0 0
m m+N—-1_ m 0
(EY) - @i:m—l-l Y, aEY -
0 0 cee e 0 1
_oIv-1y _p{nN-=2y .. L. 92 )
and XYY is defined by
[ -0 1 0 0]
o2 0 1
-1 m m—1 i m 0
(E7Y)™ = @i:mfNJrlY ’ 051y =
-
—otN=2t ¢ 0 1
—otN-1k ¢ 0 0

Let f: X = (X!,0') — Y = (Y*,46") be a morphism of N-complexes in .A. The mapping
cone of f, denoted by C(f), is defined by

m+N—1

coHm=yrell_ X,

=m-+1
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— 5 fm+1 0 0 0 _
0 0 1
) ; - 1 0
0 —otN- _pv-2 L g2 _gmiN-L |

Thus we have a conflation Y — C(f) — XX in Cy(A) and a triangle X - Y — C(f) - £X
in Ky (A).

2 Right orthogonality

This section is devoted to the orthogonal pairs in the category of N-complexes in A. Recall
that, for a given class X in Cx(A),

Xt :={B e Cy(A) | Exth(A)(X, B) =0, for all X € X}

where ExtéN (4)(X, B) is the group of equivalence classes of conflations B — Z — X in Cn(A).

Also, Ext}, (X,Y) is the subgroup of ExtéN( A) (X,Y) consisting of all conflations which are
split in each degree.

Lemma 1. Let X and Y be N-complexes in A. Then, there exists an isomorphism
Extj,(X,Y) = Homy, (4)(X, 2Y)

of abelian groups.

Proof. See ( [1, Lemma 2.4]). O

Proposition 1. Let f € Homg, (4 (X,Y). Then the conflation,canonical exact sequence,
Y —C(f) — =X
splits if and only if f is nullhomotopic.
Proof. [16, Proposition 2.14] (3). O

Now, we prove the main result of this article. Let S be a coresolving class of objects in A
such that any A € A has a special ST-preenvelope, i.e. there exists a conflation A — § — C
such that S € S and C' € S*. Indeed, it is a generalization of the [6, Proposition 3.4] in the
category of N-complexes in A.

Theorem 1. Let X be an N-complex in A. Then, X € 3}] if and only if

(i) Vi, X' € S+
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(i) VF € Sy, Homg, (4)(F,X) =0

Proof. Let X € g‘]%, The proof contains two steps.
Stepl. For i € Z and N = 3, consider a special S*-preenvelope

Xi2 i~ F

of X', Let
xi___* Ci
82'[ tt
xitl s it
be the pushout of s* and 0 and
xitl s it
ai+1 ‘/ ti+1J
xit2 8 2

be the pushout of s'™! and 9"*!. By the universal property of pushouts, we have the following
commutative diagram

oit2 X3

which are induced the following commutative diagrams



6 E. Hosseini, K. Izadyar

X1 Xl i
gi—1 siodi—1 i
xi— i F
o t
xit1 s pit F
aifl ti+l
xit2 577 mit2 F
8i+2 ti+2
X3 —— X3 .
8i+3 8i+3
Xitt  xitd

of cochains in A. The first and the last co-chains are 3-complexes. It is enough to show that
the middle co-chain is an 3-complex. Due to the universal property of pushout, according to
previous pushout diagrams, we have t.s'19¢ = 0,¢/t's' = 0,tit; = 0,50 72T = 0 and
0200 + 1 = thsit] = pit2plgitl yi2git2it] — it 24itl oo §it3it24i+l = 0 Morever, by
the universal property of pushouts, we have the following commutative diagram

Xi+2 stz Ci+2

ai+2‘/ ti+2‘/
0

Xi+3 5 Xi+3

such that 9749"+3t1+2 = 0. Now, we deduce the following conflation
X — C — DL(F)

of 3-complex which is split by assumption. In particular, X* — C* — F splits. Hence, for each
integer i, X' € S*.
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Step 2. Let X € S‘% Then,by the same argument that used in the Step 1, we construct the
following pushout diagrams

Si+1

xi st cio. Xt i+l

ot ‘/ e oit+1 ‘ i+l ‘/

xitl sitl Ci+l X2 sit2 Cit?

i+N—-2

XitN-2 3 Ci+N=2
ai+N—2L ti+N—2‘
XitN-1 sitN-1 CitN-1

where X' —> C% —= F is the special S*-preenvelope of X*. So, we deduce the following
commutative diagram

Xifl X —1 .
D (o
o ke

| oo
Xi+N—1 s Ci+N—1 > F
¢8i+N—1 i/tiJrN—l i/
Xi+N Xi-l—N — 0
Xijz\?:N X¢+¢N—1 %g
v \ v

of cochains in A where the first and the last cochains are N-complexes (DﬁN 1(8) e g) By
the same argument used in the proof of Step 1 and the universally property of pushouts, the
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middle sequence is an N-complex. Therefore, we deduce a conflation of N-complexes which is
split by assumption. Hence, X € S+. Morever, by [15, Lemma 3.9], the condition (ii) obtained.

Conversely, let X ——=K ——=F be a given conflation. By assumption, it is degree-wise
pure and so is isomorphic to a conflation X —— C(f) ——=F where f is a morphism in
HomKN(A)(Ele,X). But, by [16, Lemma 2.17],

HOIIIKN(A) (F, EX) i HOmKN(A) (Ele7 X)

where is trivial by assumption by Lemma 1. Consequently, by Lemma 1, the conflation X ——= C(f) ——=F
splits and hence EXt%:N(A) (F,X) =0. O
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