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Abstract. Let G = (V(G), E(G)) be a graph, (A,+) be an Abelian group with identity 04,
and (R,+,-) be a ring. The A-vertex-magic labeling of G is a mapping from V(G) to A— {04}
such that the total labels of every adjacent vertex with u are equal for every u in V(G). The
prime graph over R, denoted by PG(R), is a graph with V(PG(R)) = R such that uv is an edge
if and only if uRv = {Or} or vRu = {0g}, for every vertex u # v. In this article, we discuss
the Zj-vertex-magic labeling of the prime graph over the ring Z,,. We study some literature to
develop the properties of Zg-vertex-magic labeling of PG(R). We investigate some classes of
prime graphs over ring Z, for n = p,n = p?, and n = pq, with p # ¢ primes.
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1 Introduction

A graph G is a system consisting of a finite non-empty vertex set and a finite edge set such that
every element is identified with a pair of vertices [6]. Many fields have applied graph theory,
such as networks, cryptography, transportation, coding theory, chemistry, crystallography, and
information systems (see [7], [15], [19], [23], [26], [27], [28], [30], and [33]). The construction
of graphs can be related to algebraic structures. Unit graphs [3], zero divisor graphs [1], total
graphs [2], and prime graphs [5] are a few examples of the various types of graphs made from
rings. The prime graph over a ring R, which is denoted by PG(R), was introduced by Bhavanari
et al. in 2010 [5].

Graph labeling is a mapping from its vertex set, edge set, or both into the set of positive
integers such that it satisfies a certain condition [9]. Rosa first introduced graph labeling in
1966 [29]. Several types of graph labeling are illustrated in, [10], [13], [14], [32], and [34]. There
are connections between graph labeling and groups, as Lee et al. first introduced the concept
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of graph labeling using Abelian groups in 2001, which is known as group-magic labeling [17].
Many results about group-magic graphs can be seen in [16], [20], [21], [22], and [31]. Recently,
in 2020, Kamatchi et al. introduced a new concept of graph labeling using Abelian groups
called group-vertex-magic labeling [11]. Many results about group-vertex-magic in some classes
of graphs can be seen in [4], [12], [18], [24], and [25].

In this article, we specifically discuss the group-vertex-magic labeling of PG(Z,,) using the
Abelian group Z. In this research, we investigate the PG(Z,) for cases n = p, n = p?, and
n = pq, with primes p # ¢. There are four sections in this article. In the second section, we
give a literature review used in this article. In the third section, we obtain some results about
group vertex-magic labeling of prime graphs over rings. The last section concludes the contents
of this article.

2 Preliminaries

This study of graph theory is restricted to simple graphs, that is, undirected graphs that have
no loops and multiple edges. More content on graph theory can be studied in [6], while topics
on algebraic structure can be studied in [8].

A group (A, x) is a system which consists of the non-empty set .4 and the binary operation
7 %7 where (A, x) is associative, has an identity element, and every element of A has an inverse
element. A group (A, x) is said to be Abelian if the operation is commutative. The order of A,
denoted by |A[, is the cardinality of A, while the order of a € A, denoted by |a|, is the least
positive integer n such that a™ = e, with e being the identity element of A. A ring (R,+,-) is a
system that consists of the non-empty set R with two binary operations ” +” and ” - 7, where
(R,+) is an Abelian group, (R,-) is associative, and (R, +,-) is distributive. In this research,
we concentrate on the ring (Z,, +, ), which is also an Abelian group under addition. We give
the special properties of the Abelian group as follows:

”

Lemma 1. Let (A,+) be an Abelian group with |A| > 2 and identity 04. Then, for every
k€ N,04 #a € A can be expressed as

ay +az+---+ap = a, (1)
with non-identity elements ai,as,...,a € A.

Proof. Let a € A be a non-identity element.

e Case 1: k is odd.
We can choose a; = a if j is odd and a; = —a if j is even, where j € {1,2,...,k}, so than

ai+ay+---+ay=a+(—a)+---+a+(—a)+a=a.
e Case 2: k is even.
Since the order of A is greater than 2, for every non-identity element a,b € A where a # b,

there exists 04 # ¢ € A such that b+ ¢ = a. Now, we can choose a1 = b,a3 = ¢,a3 =a =
5.---=ag_1=aand ag =ag =--+- = ap = —a, so than

ait+a+--+a=b+tcta+(—a) - +a+(—a)=a.
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This completes the proof. O

A graph G = (V(G), E(G)) is a system containing a finite non-empty vertex set V(G) and a
finite edge set E(G), which is a subset of V(G) x V(G). Two vertices u and v are called adjacent
if uv is an edge. The open neighborhood set of u € V(G), denoted by N(u), is the set of vertices
that are adjacent to u, and the cardinality of N(u) is called the degree of u, denoted by deg(u).
An isomorphism of graphs G and G’ is a bijection f : V(G) — V(G’), such that uv € E(G) if
and only if f(u)f(v) € E(G’). If there is an isomorphism between G and G’, then we say that
G and G’ are isomorphic, denoted by G = G'.

In this article, we discuss prime graphs over the ring Z,. The definition of prime graphs over
rings is given as follows:

Definition 1 ([5]). Let (R,+,-) be a ring. The prime graph over R, denoted by PG(R), is a
graph with V(PG(R)) =R and

E(PG(R)) = {uwv|uRv = {0r} or vRu = {Or} and u # v}.

In what follows, we present several properties of PG(R). Further properties can be found
in [5].
Theorem 1. Let (R,+,-) be a ring and PG(R) be its prime graph.

1. FEvery non-zero vertex v € R is adjacent to Og.

2. d(u,v) = 2 if and only if the vertices u and v are not adjacent.

3. If R is commutative ring unity 1, then the vertices u and v are adjacent if and only if
uv = Og.

4. If 1g #u € R is a unit, then u is only adjacent to Og.
5. If R =7, for p primes or p =4, then PG(Zp) = K1 p—1.

Kamatchi et al. [11] developed a new concept of graph labeling using Abelian groups, called
group-vertex-magic labeling using Abelian groups, as follows:

Definition 2 ([11]). Let G = (V(G), E(QG)) be a graph and (A,+) be an Abelian group with
identity 04. The A—wvertex-magic labeling of G is a mapping £ : V(G) — A — {04} such that
w: V(G) — A given by

wv)= Y lu),

ueN (v)

is a constant map, that is, there exists a € A such that w(v) = a for every v € V(G). We say
G that has its labeling as A-vertez-magic graph.

Next, we introduce the definition of a vertex-magic integer set. This definition is a special
case for graphs labeled with the group Zj.
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Definition 3 ([11]). Let G be a graph. The vertex integer-magic set of G, denoted by VIM (G),
is the set of all k € N such that G is Zy—vertex-magic graph, or can be written as

VIM(G) = {k € N|G is a Zy — vertex-magic graph}.
Here are some previous results that we will use in the next section.
Proposition 1 ([12]). For every integer k > 1, the path graph Py is a Zi—wvertez-magic graph.
Proposition 2 ([12]). Let K1, be a star graph with n > 2.
1. If n is even, then Ky, is not a Zs—vertez-magic graph.
2. If n is odd, then K1, is a Zo—vertex-magic graph.

Theorem 2 ([12]). For every integer k > 1 andn > 2, the star graph K ,, is a Zi—vertez-magic
graph.

Theorem 3 ([12]). Let k > 1 and n > 2 be integers. The complete graph K,, is Zy—vertex-magic
graph if and only if £ : V(K,) — Zi, — {0} is a constant map.

3 Main Result

In this section, we obtain results on group-vertex-magic labeling of PG(Z,,) using an Abelian
group Zj, for certain values of n. In addition, we give a result on the set of vertex integer magic
of group-vertex-magic labeling on PG(Z,,) using the Abelian group Z.

Firstly, we establish some properties of the Zj—vertex-magic labeling of PG(Zj), where p is
a prime number.

Proposition 3. For every natural number k > 1, the prime graph PG(Zs) is Zi—vertex-magic
graph.

Proof. Since PG(Z3) = P, it follows from Proposition 1 that PG(Zs) is Zy—vertex-magic
graph. O

Proposition 4. For every prime number p > 2, the prime graph PG(Zy) is not a Zy—vertex-
magic graph.

Proof. Since PG(Zy) = K1 p—1 with p — 1 even, it follows from Proposition 2 that PG(Z,) is
not a Zo—vertex-magic graph. O

Theorem 4. If p > 2 is prime and k > 2 is a natural number, then the prime graph PG(Zy) is
Zy—vertex-magic graph.

Proof. Since PG(Zy,) = Kjp—1 with p — 1 even, it follows from Theorem 2 that PG(Z,) is
Zi,—vertex-magic graph. O

Based on Proposition 3, Proposition 4, and Theorem 4, we can compute the vertex integer
magic set of PG(Z,) as follows:
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Corollary 1. If p is prime and k > 1 is a positive integer, then

vimrez) = (it 173

In the next results, we have some properties of Z;—vertex-magic labeling of PG(Z,2), where
p prime numbers.

Proposition 5. Let k > 1 be a natural number.

1. The prime graph PG(Z4) is Zi—vertez-magic graph.

2. The prime graph PG(Zg) is not a Zp—vertez-magic graph.
Proof. Let k > 1 be a natural number.

1. Since PG(Z4) = Kig3, it follows from Proposition 2 and Theorem 2 that PG(Z4) is
Zj,—vertex-magic graph.

2. In PG(Zy), the vertex 3 is adjacent to 0 and 6, while 1 is adjacent to 0. Suppose that
PG(Zy) is a Zi—vertex-magic graph. This means that

£(0) + £(6) = w(3) = w(T) = £(0).

This result implies £(6) = 0 which is a contradiction. Thus, PG(Zg) is not a Zy—vertex-
magic graph.

O]

Proposition 6. For every prime number p > 3, the prime graph PG(Z,2) is not a Zo—uverter-
magic graph.

Proof. Suppose that PG(Z,2) is a Zo—vertex-magic graph, and ¢ : V(PG(Z,2)) — Zy — {0}.
Then, the only possible label for every vertex in PG(Z,2) is £(z) = 1 for all x € Z,2. Observe
that
w(0) = (p? —1)-1=0.
On the other hand,
w(l) =£4(0) =1.

This is a contradiction, so PG(Z,2) is not a Zg—vertex-magic graph. O

Theorem 5. For every natural number k > 2 and prime number p > 3, the prime graph
PG(Z,2) is Zy—vertez-magic graph if and only if ged(k,p —2) # 1.

Proof. For any prime number p > 3, the ring Z,> has p?> — p units and p — 1 nontrivial zero
divisors. The nontrivial zero divisors in Z,2 is Z = {v;lv; = ip,i = 1,2,...p —1}. Let U =
{t1 = 1,to,... ,tpz_p} be the set of vertices, which is the unit of the ring Z,2. Note that every
non-zero vertex in PG(Z,2) is adjacent to 0, and every two distinct vertices in Z are adjacent.
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Suppose that PG(Z,z2) is a Zj—vertex-magic graph, and the map £ : V(PG(Z,2)) — Z—{0}.
It follows that
(O)+ D ) = w(vy) = w(v) =L0)+ > £(v),
vjAUEL v, FVEZ
for every v;,v; € Z, with i # j. This implies ¢(v;) = £(v;), so every vertex in Z must have the
same label. Suppose £(v;) = @ # 0. Furthermore, for every v; € Z, the following also holds

which implies (p — 2) - @ = 0. This means |a| > 1 must divide p — 2. Since |a| also divides k, it
must be ged(k,p — 2) > |a| > 1 so that ged(k,p — 2) # 1.

Conversely, suppose that ged(k,p —2) = d > 1. Since Zj, is a cyclic group, there exists
a € Zj with (@) = Zj and |a| = k. Since d|k and d|p — 2, there exist natural numbers m, r
such that k = md,p — 2 = rd, and m - a@ € Z; is an element of order d. Define the mapping
0:V(PG(Zy)) — Zy — {0} as

m-a, xr=v; € Z,
E(x) = 4 aj, r=t; € U,

m-a+y aj, x=0,

with @,a; € Zr, — {0} and m-a+ >_ a; # 0. Since

ZE +Z€UZ m-a+2aj,

t;eU v, €EZ
w(t;) =£(0)=m- a+2a], for all t; € U,
w(v) =L0) + Y Lv) =L0)+(p—2) (m-a),
ViFEV; €L
=L(0)+r-(md-a) =L0)+0=m-a+ ) _aj for all v; € Z,

it follows that w(z) = m-a+)_ ay, for all x € V(PG(Z,2). Thus, PG(Z,2) is Zy—vertex-magic
graph. O

Based on Proposition 5, Proposition 6, and Theorem 5, we can compute the vertex integer
magic set of PG(Z,2) as follows:

Corollary 2. If p is prime and k > 1 is a positive integer, then
N\ {1}7 p =2,
VIM(PG(Zy)) = 4 0, p=3,
N\ {k € N|ged(k,p—2) =1}, p>3.

Lastly, we have some properties of Z;—vertex-magic labeling of PG(Z,,), where p and g are
distinct primes.
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Theorem 6. For every natural number k > 1 and prime number p > 2, the prime graph
PG(Zsap) is not a Zy—vertez-magic graph.

Proof. For any prime number p > 2, the ring Zs, has p — 1 units and p nontrivial zero divisors.
The nontrivial zero divisors in Zsg, are Z; = {2,4,...,2(p — 1)} and Z, = {p}. Note that every
nonzero vertex in PG(Zy,) is adjacent to 0, also every vertex in Z; is adjacent to every vertex
in Z, and vice versa. Suppose PG(Zy,) is Zy—vertex-magic graph. This means that

£(p) + £(0) = w(2) = w(1) = £(0)

holds. This implies ¢(p) = 0, which is a contradiction. Thus, PG(Zs,) is not a Zj—vertex-magic
graph. O

Proposition 7. For every distinct primes p, q > 2, the prime graph PG(Zy,) is not a Zy—vertex-
magic graph.

Proof. Suppose that PG(Z,,) is a Zo—vertex-magic graph, and ¢ : V(PG(Zy)) — Zo — {0}.
Then, the only possible label for every vertex in PG(Zyq) is ¢(z) =1 for all © € Zp,. Observe
that

On the other hand,
w(1l) =£(0) =1.

This is a contradiction, so PG(Z,q) is not a Zy—vertex-magic graph. O

Theorem 7. For every natural number k > 1 and distinct primes p,q > 2, the prime graph
PG(Zyyq) is Zy—vertex-magic graph.

Proof. For any primes p, q > 2, the ring Z,, has (p—1)(¢—1) = pg—p—qg+1 units and p+q—2
nontrivial zero divisors. The nontrivial zero divisors in Z,, are

Zl = {'U]”U] :ﬁ’] = 1727'”7q_ 1}7
and B

Z2 = {ul]ul = lq,l = 1,2,...,p— 1}.

Note that every v; € Z; is adjacent to every u; € Zp, and vice versa. Suppose the mapping
0: V(PG (Zpqg)) — Zi, — {0}. For PG(Zyg) to be a Zy—vertex-magic graph, it must hold that

00) + D Lvy) = w(g) = w(l) = £(0),
HSYAN

which implies

Z {(v;) = 0. (2)

’l}jGZl

In a similar way, the following must hold:
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which implies

Then it must also hold

where U = {t; = 1,t2,...,tpg—p—q+1} 1S the set of vertices, which is the unit of the ring Z,,.
Therefore, define the mapping ¢ as

a;, x=t; €U,
Sa; =0,
() = 5,7 T =0 € Zl,]: even, (@)
—b, xr =vj € Z1,J odd,
c, T = € Zo,l even,
—¢, T = € Zo,1l odd,

with a;,b,¢ € Zj, — {0} such that > a; # 0. Since

w0) =Y L(t) = a,

t,eU
w(v) = £(0) + Z U(ug) = £(0) = Zai’ for all v € Z,
'LLZGZQ
w(u) =00)+ > L(vy) =L0) = a,; for all u € Zs,
'UjGZl
w(t) = £(0) = Zai, forall t € U,

it follows that w(z) = > a;, for every & € V(PG(Zyy). Thus, PG(Zy,) is Zi—vertex-magic
graph. O

Based on Theorem 6, Proposition 7, and Theorem 7, we can compute the vertex integer
magic set of PG(Zy,) as follows:

Corollary 3. If p and q are distinct primes and k > 1 is a positive integer, then

0, P=2,q>2,

VIM(PG(Zpa)) = {N\ (1,2}, p.g>2.

4 Conclusion

In this article, we first obtain that PG(Z,) is a Zj-vertex-magic graph, except for pairs k = 2 and
p > 2. Second, we have shown that the PG(Z,2) is a Zj-vertex-magic graph for p = 2 or pairs
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p >3 and k > 2 with ged(k,p — 2) # 1. Last, the PG(Z,q) is a Zy-vertex-magic graph for pairs
k > 2 and p,q > 2. For further research, we can investigate the group-vertex-magic labeling
of PG(Z,) for other cases n and the group-vertex-magic labeling for other graphs constructed
from algebraic structures.

Acknowledgments

The authors would like to thank the referee for careful reading.

References

[1] D. F. Anderson, M. C. Axtell and J. A. Stickles, Zero-divisor graphs in commutative rings,
Commutative algebra: Noetherian and non-Noetherian perspectives, (2011), 23-46.

[2] D. F. Anderson and A. Badawi, The total graph of a commutative ring, Journal of Algebra,
320 (2008), 2706-2719.

[3] N. Ashrafi, H. R. Maimani, M. R. Pournaki and S. Yassemi, Unit graphs associated with
rings, Communications in Algebra, 38 (2010), 2851-2871.

[4] S. Balamoorthy, S. V. Bharanedhar and N. Kamatchi, On the products of group vertez magic
graphs, AKCE International Journal of Graphs and Combinatorics, 19 (2022), 268-275.

[5] S. Bhavanari, S Kuncham and N. Dasari, Prime graph of a ring, Journal of Combinatorics,
Information & System Sciences, 35 (2010), 27-42.

[6] G. Chartrand, L. Lesniak and P. Zhang, Graphs & Digraphs, CRC Press, 2016.

[7] S. Derrible and C. Kennedy, Applications of graph theory and network science to transit
network design, Transp Rev, 31 (2011), 495-519.

[8] J. A. Gallian, Contemporary Abstract Algebra, Chapman Hall/CRC, 2021.
9] J. A. Gallian, A dynamic survey of graph labeling, Electron. J. Comb., 2022.

[10] I. Gray, J. MacDougall and W. Wallis, On vertez-magic labeling of complete graphs, Bull.
Inst. Combin. Appl, 38 (2003), 42-44.

[11] N. Kamatchi, K. Paramasivam, A. V. Prajeesh, K. M. Sabeel and S. Arumugam, On group
vertex magic graphs, AKCE International Journal of Graphs and Combinatorics, 17 (2020),
461-465.

[12] M. H. Khulug, V. H. Krisnawati and N. Hidayat, On Zi—vertez-magic labeling of simple
graphs, Cauchy : Jurnal Matematika Murni dan Aplikasi, 8 (2023), 167-174.

[13] A. Kotzig and A. Rosa, Magic valuation of finite graphs, Canadian Mathematical Bulletin,
17 (1970), 451-461.



36 M. H. Khuluq, V. H. Krisnawati, N. Hidayat

[14] V. H. Krisnawati, A. A. G. Ngurah, N. Hidayat and A. R. Alghofari, On the (consecutively)
super edge-magic deficiency of subdivision of double stars, Journal of Mathematics, 2020
(2020), 1-16.

[15] A. Kumar and V. Kumar, Application of graph labeling in crystallography, Mater Today
Proc, 2020.

[16] S. M. Lee, F. Saba, E. Salehi and H. Sun, On the Vyj—magic graphs, Congressus Numeran-
tium, (2002), 59-68.

[17] S. M. Lee, H. Sun and I. Wen, On group-magic graphs, Journal of Combinatorial Mathe-
matics and Combinatorial Computing, 38 (2001), 197-207.

[18] Q. Liao and W. Liu, The group vertex magicness of unicyclic and bicyclic graphs, arXiv
preprint arXiv:2303.04588.

[19] R. Likaj, A. Shala, M. Mehmetaj, P. Hyseni and X. Bajrami, Application of graph theory
to find optimal paths for the transportation problem, IFAC Proceedings Volumes 46 (2013),
235-240.

[20] R. M. Low and S. M. Lee, On group-magic Eulerian graphs, Journal of Combinatorial
Mathematics and Combinatorial Computing, 50 (2004), 141-148.

[21] R. M. Low and S. M. Lee, On the product of group-magic graphs, Australasian Journal of
Combinatorics, (2006), 34-41.

[22] R. M. Low and S. M. Lee, On the integer-magic spectra of tessellation graphs, Australasian
Journal of Combinatorics, 34 (2006), 1-14.

[23] B. Molnar and A. Benczur, The application of directed hyper-graphs for analysis of models
of information systems, Mathematics, 10 (2022), 759-769.

[24] K. R. A. Navas, V. Ajitha and T. K. M. Varkey, On vertex integer-magic spectra of Cater-
pillar graphs, Malaya Journal of Matematik, 8 (2020), 1543-1546.

[25] A. V. Prajeesh, N. Kamatchi and S. Arumugam, A characterization of group vertex magic
trees of diameter up to 5. Australasian Journal of Combinatorics, 85 (2023), 49-60.

[26] N. L. Prasanna, K. Sravanthi and N. Sudhakar, Applications of graph labeling in communi-
cation networks, Oriental Journal of Computer Science and Technology, 7 (2014), 139-145.

[27] A. Prathik, K. Uma and J. Anuradha, An Overview of application of Graph theory, Inter-
national Journal of ChemTech Research 9 (2016), 242-248.

[28] G. Raeisi and M. Gholami, Edge coloring of graphs with applications in coding theory, China
Communications, 18 (2021), 181-195.

[29] A. Rosa, Edge coloring of graphs with applications in coding theory, In Theory of Graphs
(International Symposium, Rome), (1966), 349-355.



On Zy—vertex-magic labeling of prime graph PG (Zy,) 37

[30] D. Sensarma and S. S. Sarma, Application of graphs in security, International Journal of
Innovative Technology and Exploring Engineering, 8 (2019), 2273-2279.

[31] W. Shiu and R. Low, Z-magic labelings of fans and wheels with magic-value zero, Aus-
tralasian Journal of Combinatorics, 45 (2009), 309-316.

[32] S. Vaidya and N. Shah, Graceful and odd graceful labeling of some graphs, International
Journal of Mathematics and Soft Computing, 3 (2013),61-68.

[33] M. S. Vinutha and P. Arathi, Applications of graph coloring and labeling in computer sci-
ence, International Journal on Future Revolution in Computer Science and Communication
Engineering, 3 (2017), 14-16.

[34] T. M. Wang and C. C. Hsiao, On anti-magic labeling for graph products, Discrete Math,
308 (2008), 3624-3633.



	1 Introduction
	2 Preliminaries
	3 Main Result
	4 Conclusion

