Journal of Algebra and Related Topics JQT
Vol. 13, No. 01, 2025, pp. 1-14. '<

New models of four dimensional absolute valued
algebras

Noureddine Motya ™*, Mouanis Hakima’, Abdelhadi Moutassim?

¥ Department of Mathematics, Sidi Mohamed Ben Abdellah University, Faculty of Scinces
Dhar El Mahraz, Fez-Atlas, Morocco
tDepartment of Mathematics, Sidi Mohamed Ben Abdellah University, Faculty of Scinces
Dhar El Mahraz, Fez-Atlas, Morocco
8 Regional Center For Education And Training Professions, Casablanca-Settat, Morocco
Emails: noureddine.motya@usmba.ac.ma, hmouanis@yahoo.fr, moutassim-1972@hotmail. fr

Abstract. This paper deals with some results concerning the 4-dimensional absolute valued
algebras with left omnipresent unit. We also construct, by algebraic methods some new models
of 4-dimensional absolute valued algebras with left omnipresent unit. These new algebras contain
at least one 2-dimensional sub-algebra, and aren’t isomorphic to H ( The quaternion algebra).
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1 Introduction

Let A be a non necessarily associative real algebra which is normed as real vector space.

We say that A is a pre-Hilbert algebra, if it’s norm ||.|| comes from an inner product (./.)
(See [12,13,19,21] and [10]), and is said to be absolute valued algebra (AVA), if it’s satisfy the
equality |lab|| = ||a]|||b]|, for all a,b € A. The readers are referred to [1], for basis facts and

intrinsic characterizations of these classical AVA. The last decades have known several works in
the theme for algebras which either having left-unit ( [14,15,17] and [7]). Or finite-dimensional
( [4] and [9]). We recall that every AVA, A is a normed algebra. Note that, the norm of any AVA
with left unit (or finite dimensional) comes from an inner product (see [5,15]). In 1947 Albert
proved that the finite dimensional unital AVA are classified by R, C, H, O and that every finite
dimensional AVA is isotopic to one of the algebras R, C, H, O and so has dimension 1, 2, 4 or 8
(See [1]). Urbanik and Wright proved in 1960 that all unital AVA are classified by R, C, H, O
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(See [20]). It is easily seen that the 1-dimensional AVAs are classified by R, and it is well-known

that the 2-dimensional AVAs are isomorphic to C, *C, C* or C (see [16]). The 4-dimensional
one have been described by M.I. Ramirez Alvarez in 1997 ( See [14]). Moreover, El-Mallah( [6])
proved that if an AVA, A satisfies the identities (22, 2,7) = 0 and contains a nonzero central
element a which is orthogonal to a?, then A has a left unit e = —a? and is isomorphic to C.
This result was extended to the following case: if A has a left unit and contains a nonzero
central element a, then A is finite dimensional and isomorphic to R, C or new classes of 4 and
8-dimensional AVAs with left unit ( see [2] and [3]). In the other hand we classify algebraically
all 4-dimensional AVAs containing a non zero omnipresent idempotent ( [11]). The problem of
classifying all (4 or 8)-dimensional AVAs seems still to be open.

Motivated by these facts, we became interested in the study of 4-dimensional AVAs with left
omnipresent unit, such an algebra contains at least one 2-dimensional subalgebra. On the other
hand we note that there exists a 4-dimensional AVAs with left unit containing no 2-dimensional
subalgebra ( see [14])). We get that a left omnipresent unit is a left unit, but the reciprocal case
does not hold in general. So, a natural question may be posed as: what is the classification of
4-dimensional AVA with left omnipresent unit? This paper is devoted to shed some light on this
problem.

In Section 2, we introduce the basic tools for the study of 4-dimensional AVAs with left om-
nipresent unit. Moreover, in Section 3, we construct by an algebraic method, all 4-dimensional
AVAs with left omnipresent unit, namely M («, ), Ma(a, ), *M;(«, 5) and *Ma(a, 8), with
(a,B) € R? such that a? + 32 = 1. These new algebras contains at least one 2-dimensional
subalgebra. In Section 4 we give the algebraic calssification of all four dimensional AVA with
left omnipresent unit.

The paper ends, with the following main result.

Theorem 1. Let A be a 4-dimensional AVA with left omnipresent unit e, and B a 2-dimensional
subalgebra of A. Then the following table specifies the isomorphisms classes,

Table 1
B isomorphic to A isomorphic to
C Ml(aaﬂ)a MQ(Oéaﬂ)v M1(07:|:1)3 MQ(Oai]-)
*(C *Ml(aaﬁ)v *MQ(aaﬁ), *Ml(ovil)v *M2(07i1)

with (a, 3) € R? such that o + 32 = 1.

2 Notations and Preliminaries Results

Throughout this paper, the word algebra refers to a non-necessarily associative algebra over the
field of real numbers R.

Definition 1. Let A be an arbitrary algebra.

i) A is called a normed algebra (resp, absolute valued algebra) if it is endowed with a space
norm: || such that llzyl| < |2lllly| (resp, layll = |=lliyl), for allz,y € A.
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ii) A is called a pre-Hilbert algebra if it is endowed with a space norm comes from an inner
product (./.) such that

(/) AxA—R  (2,y)— (z/y) = %(Ilfvﬂ/ll2 —llz —yl*)

iii) We mean by a left omnipresent unit e, an idempotent (e? = e) which is contained in every
two-dimensional subalgebra of A, and ex = x for all x € A.

The most natural examples of AVA are R, C, H (the Quaternion of Hamilton) and O (the

algebra of Cayley numbers), with norms equal to their usual absolute values(see [8] and [17]).
*

The algebras *C, C*, and C (obtained by endowing the space C with the products defined by
xxy =2y, rxy = xy and z *xy = Ty, respectively) where x — Z is the standard conjugation of
C. Note that the algebras C and *C are the only 2-dimensional AVA with left unit.

We need the following theorems which proved respectively in [15] and [18]:

Theorem 2. The norm of any AVA A with left unit e comes from an inner product (./.),
satisfying (vy/z) = —(y/z2) and x(xy) = —||z||?>y for all x,y,z € A with x orthogonal to e.

Theorem 3. Every algebra in which x*> = 0 only if x = 0 contains a nonzero idempotent.

Lemma 1. Let A be a finite-dimensional AVA and e be a nonzero idempotent in A, then
(zy/yx) = —(2%/y?) for all x,y € e* such that (x/y) = 0.

Proof. We get this identity by a simple linearisation of the identity ||z2| = ||z/|?. O
Lemma 2. The 2-dimensional AVA with left unit are isomorphic to C, or *C.

Proof. See [10]. O

3 New Models of 4-dimensional absolute valued algebras with
left omnipresent unit

Now we construct all 4-dimensional absolute valued algebras with left omnipresent unit.

3.1 Construction of M;(«, 5) and My («, )

Let F' = {e,1,j,k} be an orthonormal basis (where e is a nonzero idempotent), and let M («, /3)
and My (e, #), with (o, 8) € R? such that a? 4+ 32 = 1, be the real pre-Hilbert algebras defined
by the multiplication tables relatively to the basis F'.
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Table 2: M;(«, 5)

i j k

e e i j k

i i -e k -j
j| —aj—pBk —Bj4+ak ae+pi Pe—ai
k| Bj—ak —aj—pk —Pe+ai «ae+ pPi

Table 3: My (a, 5)

e i j k

e e i j k

i i -e k -j
j| —aj—pBk —Bj4+ak ae+pi Pe—ai
k| -Bj+ak «aj+Bk pe—ai —ae—pi

Proposition 1. The algebras M («, 3) and May(a, B) are AVAs with left omnipresent unit e.

Proof. Tt suffices to show that Mj(a, §) is AVA with left omnipresent unit e, and in the same
way we prove the other one.
Let x = aje + B1i +yj + 01k € My(«, 5). Then, we have

|zel|> = [lare + Bri + y1je + dike]®
= |ate+ Bii+ (—na+ 618)j + (=118 — S1a)k|?
= of+ 7+ (—ma+618)% + (B - d1a)?
= o2+ B+ 20 +028% — 2811, + 262 4 610”4 271881
= af+ 87 +97 + 67 (@®+ 8% =1)

= =l

||;m|]2 = \|a1i—ﬁle—|—71jz’+61ki||2
= |- Bie+ari+ (—mB - da)j + (ma — a1 B)k|?
= Bi+ai+(—mB—d&a)’+ (ma—dap)?
_ 2 2 202 2 2 2 2 2 02
= a7+ B] +118° +0ia” + 2y B0+ yia® + 01 5° — 2v1a61 8
= of+B+7i+ 6 (@®+p%=1)
]|,
lzj|? = |lonej + Brig + yj* + diki|?

= |l(ma—=61B8)e+ (mB+ d1a)i + arj + Bik|?

= (ma—0p8)?+ B+ d&a)*+ai + 57

= via® + 618 — 210618 + 71 B + 01’ + 21 8o + 37
= A+B+7+6 (a®+ B> =1)

= J=l?,
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and

|zk|? = |laiek + Biik + vk + 51k

[(mB + d1a)e + (—y1a + 818)i — Bij + aik|?

(mB+610)% + (—ma+618)* + B + of

V232 + 6202 + 2y 801 + 2ot 4 628% — 2v1a0. 8 + B + o
ai + B + i + 67 (@*+8%=1)

=l

Moreover, we have
re =are+ Pri+ (—yia+ np)j+ (=1 b — ha)k,
ri=—pie+ ari+ (—1B — dha)j + (na — 618k,
zj = (ma —d0fe+ (B +ha)i+aj+ Bik,

and
zk = B+ ha)e+ (—na+ 618)i — B1j + aik.

The equalities (3.1) and (3.2) imply
(xe/xi) = —a1fr+ frioa + (—na+616)(—np — dia)

+ (=B = dia)(y1a — 618)
= 0.

The equalities (3.1) and (3.3) give us

(we/zj) = ai(yia—080)+ Bi(mp +dia) + (=i + 616)
+ fi(—mp — )
= 0.

By the equalities (3.1) and (3.4), we get

(we/zk) = oa1(mB+dia) = Bi(—na+818) + Bi(—ma+6158)
+ a1(—mpB — 01@)
= 0.

Also the equalities (3.2) and (3.3) give us

(wifzj) = —prlna—618)+ar(mB+dia)+ai(—np — i)
+ Bi(ma—a18)
= 0.

According to equalities (3.2) and (3.4) we have

(wi/wk) = —Bi(mpB+da)+ai(-na+68) - Bi(-mB — ha)
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+ ai(yia—816)
= 0.

Similarly, the equalities (3.3) and (3.4) entail that

(zj/zk) = (na—88)(mB+da)+ (B + d1a)(—ya+ 618)
- Brag + frog
= 0.

Finally, if y = age + B2i + v275 + d2k € M («v, 5), we have

eyl = (zy/zy)
(e + Poxi + yoxj + doxk/agxe + Poxi + Yyoxj + doxk)
ajllzel|* + B3 l|zil|* + A2 lldl® + o3|k
a3llzl* + B3Nz + A3 ll|? + 63|l
= (a3 + 55 + 3 + 63)
= ||yl
On the other hand if B is a subalgebra of Mj(«, 3), then B contains a nonzero idempotent
f (Theorem 3). We have ef = f = f2, therefore, e = f € B. This implies that e is a left
omnipresent unit of M (a, ).

By the same way, we may show that Ms(c, 8) is an absolute valued algebra with left omnipresent
unit e. O

3.2 Construction of *M;(«, 5) and *My(«, ),

We set M(a, ), with (o, 3) € R? such that a? + 32 = 1, one of principal AVAs M (a, 3) or
M (e, 8) and *M(a, 8) the standard isotope of M(«, ), other than M(«, 3), that is the algebra
having M(«, 3) as vectorial space and product given by z*y = Ty, where x — Z is the standard
conjugation of M(«, 3). We denote these new algebras by *M; («, 5) and *My(«, ).

Proposition 2. The algebras M («, 5) and *Ma(a, B) are some AVAs with left omnipresent
unit e.

Proof. Let M(a, ) be one of the principal AVAs M («, 8) or My(a, ), and z,y € *M(a, ).
We have

o+ yll = |2yl = lZ[lllyll = l|=[]y]l
Therefore, *M; (o, §) and *Ma(a, §) are AVA. Moreover, if B is a two-dimensional subalgebra
of M(«, 3), then *B is a two-dimensional subalgebra of *M(«, ). Which means that M(«, /3)
and *M(a, ) have same left omnipresent unit e, hence The algebras *M; («, §) and *Ma(«, )
are AVAs with left omnipresent unit e. O

Remark 1. Let F = {e,i,j,k} be the orthonormal basis of the algebra M(«, 8), where e is a
left omnipresent unit of M(«, 8). The multiplication tables relatively to the basis F of *M;(a, f)
and *Ms(a, B) are given by
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Table 4: *M;(a, )

i ] k
e e i j k
i A e k j
j aj+ Bk  pBj—ak —ae—pi —Pe+ i
k| -Bj+ak aj+pBk fe—ai —ae—pi

Table 5: *Ms(a, )

i ] k
e i j k
i -i e -k j
jlaj+Bk Bj—ak —ae—pi —Pe+ i
k| Bj—ak —aj—pBk —-Pe+ai ae+ Gi

4 Main results

In this section we classify algebraically all 4-dimensional AVAs A, contains a left omnipresent
unit e.

Let B denote a 2-dimensional sub-algebra of A, we know by Lemma 2 that B is isomorphic to
C, or *C. So we distinguish the two following case.

4.1 B isomorphic to C

Theorem 4. Let A be a four-dimensional absolute valued algebra with left omnipresent unit
e. If B is isomorphic to C, then A is isomorphic to My(«, 8), Ma(a, 8), M;(0,1), M;(0,—1),
MQ(O, 1) or MQ(O, —1).
Proof. We pose B = A(e, 1), such that

2

1“ = —e and ie =ei =1.

According to Theorem 2, A is an inner product space, hence there exists an orthonormal subset
{e,i} which can be extended to an orthonormal basis F' = {e, i, j, k} of A. We have

(ij/e) = —(j/ie) = —(j/i) =0,
(i /i) = =(j/i®) = (j/e) =0,

and (ij/7) = —(j/ij) from where (ij/j) = 0, therefore ij = £k. We can assume that ij = k,
this last implies i(ij) = ik that is ik = —||i||?j = —j. Always by Theorem 2 we have

(%/3) = —(j/i*) =0.

Since
172+ K[| = 172+ 5]l = (G + 93]l = |5 +éllll]] = 5 + il
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we have
(G*/k) = (5°/i3) = (/i) = 0.
So j? = ae + f3i, where (a, 8) € R? such that o? + 32 = 1. Also,
(je/e) = (je/e*) = (j/e) =0,

and
(Je/i) = (je/ie) = (j/i) = 0.
So je = a1j + Pk, where (aq, 31) € R? such that o} + 82 = 1. Since
(jife) = —(ji/i*) = =(j/i) = 0 and (ji/i) = (ji/ei) = (j/e) =0

we have ji = aaj + Bok, where (g, B2) € R? such that a3 + 35 = 1. Similarly,

(Jk/j) = =(jk/ik) = —(j/i) =0 and (jk/k) = —(k/jk)=0.
Thus, jk = age + B3i, where (as, 3) € R? such that o3 + 32 = 1. By the same way, we have

(K*/§) = = (K Jik) = —(k/i) = 0,

and
(k) = —(k/k2) = 0.

Then k2 = aye + B4i, where (au, 84) € R? such that a? + 87 = 1. Also,
(ke/e) = (ke/e®) = (k/e) =0,
and
(ke/i) = (ke/ie) = (k/i) = 0.
So, ke = asj + Bsk, where (s, B5) € R? such that o2 + 82 = 1. Further,
(kije) = —(ki/i®) = —(k/i) = 0,

and
(ki/i) = (ki/ei) = (k/e) = 0.
Hence, ki = agj + Bek, where (ag, 8s) € R? such that a2 + 82 = 1. Since
(kj/j) = —(i/kj) =0,
(kj/k) = (kj/ij) = (k/i) = 0.

We obtain kj = are + (7i, where (a7, B7) € R? such that o2 + 52 = 1.
According to the previous equalities and Theorem 2, we have the following relations

a=(j*/e) =—(j/je) = —m

B =(5°/i) = —(j/ji) = —aa,
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B = (je/k) = —(e/jk) = —as3,
and
B2 = (ji/k) = —(i/jk) = —PBs.
Using Lemma 1, we have
Ba = (ji/k) = (ji/ij) = =(5%/i%) = (5°/e) = o
We conclude that

32 = e+ Bi.

je = —aj+ Bik.

ji = —pj+ak.

jk = —pie— ai.

Similarly,

as = (k*/e) = —(k/ke) = —Ps
Bu= (K /i) = —(k/ki) = =5
as = (ke/j) = —(e/kj) = —az
ag = (ki/j) = —(i/kj) = —Pr.

By Lemma 1, we have

g = (ki/j) = —(kifik) = (k*/i%®) = —(k*/e) = —ay.

We obtain
kK = age + Pyi.
ke = asj — aqk.
ki = —Oé4j — 54k.
kj = —ase+ ayi.

From the equality k% = age + B4i, we get
jK = auje+ Baji
= au(—aj+ pik) + Ba(—Bj + ak)
= (~aua — BuB)j + (aaPr + Baa)k.

But since
0= (k/j) = (K*/jk) = —(jk*/k) = —(uB1 + Bac) = 0.
That is
J(GE*) = (—oua — B4f)j*
—k* = (~aua— BuB)j?

Hence k? = 52 (||k|| = ||j]| = 1), we have the following two cases
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1. If k? = j2, then ay = o and 4 = 3. By Lemma 1, we have
(7k/kj) = —(5°/k*) = —1,

then jk = —kj. Indeed

7k + kil|* = 2 + 2(jk/kj) = .
Hence jk = —kj that is —f1 = a5, this last imply that

j2

je
Ji
7k
and
k?
ke
ki
kj

Since

ae + i,
_aj + /Blk7
—Bj + ak,

—pBie — ai,

ae + [,
_/61.] - O[k?,
_aj - /Bka
Bie + ai.

0= (j/k) = (j*/jk) = (ae + Bi/ — Bie — ai) = —afi — Pa,

we get a(f + f1) = 0 and we have

i) If @ # 0, then §; = —f. Hence A is isomorphic to M («, ).
ii) If « = 0 then 82 = 82 = 1, we have the following cases

a) If g = 1, then

And

Since

j2

je
ji
jk

]{?2
ke
ki
kj

B,
Bk,
_ij
—pe.

pi,
_/8.]7
_/Bka
Be.

(i+j)e =i+ Bk and (i+j)j=k+ Bi=p(Bk+1i).
So (i +j)j = B(i + j)e, that is j = e which is absurd (A without divisors of

zero). Hence f # 1
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b) If 3 =1 and f; = —1, then

it o=
je = _ka
Jio= =J
jk = e.
And
K = i,
ke = J,
ki = —k,
kj = —e.
Hence A is isomorphic to M;(0,1).
c) If B =—1and ) =1, then
j2 = 1,
je =k,
Jio= 7
jk = —e
And
K = —i
ke = =1
ki = k,
ki = e

Hence A is isomorphic to M (0, —1).

2. If k? = —j2, then ay = —a and B4 = —f. By lemma 1, we have
(k/kj) = —(7°/k*) = 1.

then jk = kj, that is 81 = a5, this last imply that

j2 = e+ Pi,
je = —aj+ pik,
Jji = —Bj+ak,

]k = _516_ Oﬂ'a
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—ae — B,
/Blj + Oék',
aj + Bk,

—pre — ai.

0= (j/k) = (§°/k) = (ae + Bi/ — pre — ai) = —ap1 — Ba,

we get a(8 + B1) = 0. In a similar manner, we have

iii) If a # 0, then 81 = —f. Hence A is isomorphic to My (a, 3).
iv) If « = 0 then 3? = 32 = 1, according to ii)*) 8 # (1. We have the following cases

a) If 5 =1and 8 = —1, then

And

-2

Therefore, A is isomorphic to M (0, 1).

b) If 3 =—1 and f; = 1, then

And

So A is isomorphic to My (0, —1).

o=
je = —k,
Jio= =
jk = e.
K = —i,
ke = —j,
ki = k,
kj = e.
o=
je =k,
Jio= 7
Ik = —e.
K2 = i,
ke = 7,
ki = —k,
kj —e
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4.2 B isomorphic to *C

Theorem 5. Let A be a four-dimensional absolute valued algebra with left omnipresent unit e.
If B is isomorphic to *C, then A is isomorphic to *My(«, 8), *Ma(a, 8), *M;(0,1), *M;(0, —1),
M (0,1) or *Ma(0,—1).

Proof. If we define a new multiplication on A by z*y = Ty, then we obtain an algebra *A which
contains a subalgebra isomorphic to C. Therefore, applying Theorem 4, *A is isomorphic to
M («, 8), Ma(a, 5), M;(0,1), M;(0,—1), M2(0,1) or M2(0,—1). Consequently, A is isomorphic
to *Mj (v, 8), *Ma(c, 8), *M;(0,1), *M; (0, —1), *M3(0,1) or *My(0, —1). O

Remark 2. Assume that ij = —k, if we substitute —k =t we get ij = t, that is we again get
the same multiplication tables previously.

The following theorem summarizes our study.

Theorem 6. Let’s A be a J-dimensional AVA with left omnipresent unit e and B a 2-dimensional
sub-algebra of A. The following table specifies the isomorphisms classes.

Table 6
B isomorphic to A isomorphic to
(C Ml(avﬂ)a MQ(aaﬂ)7 Ml(()?:l:]')a MQ(()’:I:]')
*(C *Ml(aaﬁ)a *MQ(Oéaﬁ), *Ml(()?:t]-)a *MQ(Ovil)

With (a, 8) € R? such that o? + 82 = 1.
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