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Abstract. Hesitant fuzzy sets are very useful for dealing with group decision-making prob-
lems when experts have hesitation among several possible memberships for an element in a
set. Recently, many researchers have used these concepts in clustering analysis and decision
-making. In this article, the notions of hesitant hybrid subsemigroups and hesitant hybrid left
(resp., right) ideals in a semigroup are introduced, and several properties are investigated. The
concept of hesitant hybrid product is also introduced, and properties of hesitant hybrid subsemi-
groups and hybrid left (resp., right) ideals are considered using the notion of hesitant hybrid
product. Relations between hesitant hybrid intersection and hesitant hybrid product are exhib-
ited. Additionally, we establish hesitant hybrid interior ideals in semigroups and study their
properties. Furthermore, we prove that in regular and intra-regular semigroups, the hesitant
hybrid ideal and the hesitant hybrid interior ideals are coincide.

Keywords: Semigroup, Ideals, Hesitant hybrid structure, Hesitant hybrid ideal, Hesitant hybrid interior
ideal.
AMS Subject Classification 2010: 20M12, 03E72, 20M17.

1 Introduction

L. A. Zadeh [20] proposed the idea of fuzzy subsets in 1965 and investigated their properties.
This idea was applied in group theory and semigroup theory by Rosenfeld [15]. X. Yang et al. [19]
interpreted the level set, support, kernel for bipolar complex fuzzy (BCF) set, bipolar complex
characteristic function, and BCF point. Also interpreted the BCF subgroup, BCF normal
subgroup, BCF conjugate, normalizer for BCF subgroup, cosets, BCF abelian subgroup, and
BCF factor group. U. Ur . Rehman et al. [14] expanded the notion of BCFS by giving a general
algebraic structure for tackling bipolar complex fuzzy (BCF) data by fusing the conception of

*Corresponding author
Received: 16 October 2023/ Revised: 17 July 2024/ Accepted: 24 November 2024
DOI: 10.22124/JART.2024.25776.1589

© 2025 University of Guilan http://jart.guilan.ac.ir


https://doi.org/10.22124/JART.2024.25776.1589
http://jart.guilan.ac.ir

16 M. Deepika, B. Elavarasan, J. Catherine grace John

BCFS and semigroup. T. Mahmood et al. [11] developed the concept of bipolar complex fuzzy
I'— subsemigroup, bipolar complex fuzzy I'— ideal, bipolar complex fuzzy I'— bi-ideal, bipolar
complex fuzzy I' — (1,2) ideal, bipolar complex fuzzy left I'—duo, bipolar complex fuzzy right
I'— duo and their related outcomes in the environment of I'— semigroup. Numerous researchers
have developed fuzzy set theory in a variety of directions, and it has stimulated the interest of
mathematicians working in a variety of fields. Fuzzy set theory has a broad range of applications,
from robot design, water resource planning, and computer simulation to engineering.

As a fresh method, D. Molodtsov [12]introduced the soft set theory. The connections between
fuzzy sets and soft sets have been examined by Y. B. Jun et al. [8]. The ideas of hybrid sub-
semigroups, hybrid ideals in semigroup were presented by S. Anis et al. in [2], and a number
of features were examined. B. Elavarasan et al. [5] were the first to discuss hybrid generalised
bi-ideal in semigroup. K. Porselvi et al. [13] introduced the notion of hybrid interior ideals and
hybrid characteristic interior ideals of a semigroup. J. Catherine Grace John et al. [3] explored
the concept of hybrid interior ideals, hybrid bi-ideals and the hybrid characteristic interior ideals
of a ternary semigroup. M. Deepika et al. [4] examined ternary semigroups in the context of
hybrid quasi-ideals and hybrid A-ideals.

The introduction of hesitant fuzzy sets was motivated by the observation that it can be
challenging to determine the membership of an element belongs to a set in some circumstances,
and that in some cases, this difficulty is caused by uncertainty surrounding a few possible values,
e.g, two decision makers debate the membership degree of x into A, and one wishing to allocate
0.5 but the other wants to assign 0.8. The range of the possible values uncertainty consequently
becomes somewhat restricted. In such situations, Torra [17] and Torra and Narukawa [18],
developed the hesitant fuzzy set, a novel generalisation of the fuzzy set. The hesitant fuzzy set
is used to manage reluctant problems that were challenging for prior enlargements to handle.
The hesitant fuzzy set enables a collection of potential values ranging from zero to one to
be used to express the degree of membership of an element to a set. It is not necessary for
potential memberships to just have crisp values in the range [0,1] during the review process.
The values might include intervals. A. Ali et al. [1] investigated AG-groupoids hesitant fuzzy
sets. Y. B. Jun et al. [9] utilised semigroups to apply the idea of hesitant fuzzy sets. In addition,
they proposed the concepts of hesitant fuzzy bi-ideals and hesitant fuzzy generalised bi-ideal in
semigroup, as well as hesitant fuzzy left ideal and hesitant fuzzy right ideal. In semigroup, A.F.
Talee et al. [16] studied some properties of hesitant fuzzy ideals and hesitant fuzzy bi-ideals and
discussed their properties. Also proposed the idea of hesitant fuzzy interior ideals. T. Mahmood
et al. [10] introduced cubic hesitant fuzzy set and defined internal (external) cubic hesitant fuzzy
set, P(R)-union and P(R)-intersection of cubic hesitant fuzzy sets. Furthermore they defined
P(R)-addition and P(R)-multiplication of cubic hesitant fuzzy sets.

Following [16], we are going to study the hesitant hybrid ideals in semigroups. The short
review of the composition of the article is as: In section 2, the basic notion of semigroup, its
related theory are reviewed. In section 3, we establish hesitant hybrid structure in semigroup
and discuss their related properties. We initiate hybrid interior ideals in semigroup and look at
their features. A hesitant hybrid ideal is a hesitant hybrid interior ideal in a semigroup, but the
converse is not true, as we showed. Furthermore, we illustrate that the hesitant hybrid ideals
and the hesitant hybrid interior ideal coincide in regular and intra-regular semigroups.
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2 Preliminaries

A semigroup is an algebraic structure consisting of a non-empty set F together with an as-
sociative binary operation [7]. Semigroups are important in many areas of mathematics and
the concepts of semigroups have been studied by several researchers [6]. We collect a few fun-
damental definitions in this section that are related to semigroup, which we will use in this
paper.

Definition 1. [6] Let F be a semigroup and R, B C F. Then, multiplication of R and B can be
defined as RB = {ab:a € R and b € B}.

Definition 2. [6] A semigroup F is described as

(1) a regular if each element is reqular, meaning that for each element c € F, there exists an
element g € F such that g = gcg.

(13) an intra-regular if each element is an intra-reqular, meaning that for every element ¢ € F,
there exists an element g,m € F such that ¢ = gm?c.

(7i1) a completely reqular if each element is competely reqular, meaning that for every element
c € IF, there exists an element g € F such that ¢ = cgc and cg = gc.

(iv) a right (resp., left) zero if gm = m(resp.,gm = g) for all g,m € F.

Definition 3. [6] If an element ¢ of a semigroup F satisfies the form g = cg®(resp., g = g°c),
for some g € F, then the element is termed to be left (resp.,right)regular.

Definition 4. [6] Let R(# ¢) C F. Then

(i) R is called a subsemigroup of F if R? C R.

(13) R is known as a left (resp., right) ideal of F if FR C R (resp.,RF CR).

(7i1) R 1is referred to as a two-sided ideal or ideal of F if it is both a left and a right ideal of
F.

(iv) R is referred to as a interior ideal of F if FRF C R.

Definition 5. [9] If every left (resp., right) ideal of F is a two-sided ideal of F, then F is known
as a left (resp., right) duo. If F is both a right and a left duo, then it is known as a duo.

Note: For g € F, the principal

(7) left ideal generated by g is provided by (g);, = {g} UTFyg.

(7i) right ideal generated by g is provided by (g)r = {g} U gF.

(7i1) two -sided ideal generated by g is provided by (g) = {g} U gF U Fg.

3 Hesitant Hybrid subsemigroups and ideals

Traditional fuzzy sets do not account for this complexity, leading to inaccurate representations
of the decision-making process. To address this issue, hesitant fuzzy sets was introduced. The
concept of hesitant fuzzy ideals was first introduced to semigroup by Y. B. Jun et al. [9]. Here
we describe a brief definition of the hesitant hybrid ideals in semigroups.

Definition 6. Let [0,1] be a unit interval, 22(W) denotes the power set of a universal set W
and Z([0,1]) denotes the power set of [0,1]. A hesitant hybrid structure in F over W is defined
to be a mapping
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ba = (h,a) : F — 2(W) x 2((0,1]), g (hg, ag)
where h : F — P(W) and o : F — ([0, 1]) are mappings.

_Let the collection of all hesitant hybrid structures in F over W is denoted by HH(F).
For b, € HH(F) and a,b,c € F, we use the notations (ha)a = ba(a), () = (ha)a ™ (Ba)p,

(02)2(c) = (ba)a M (5a)p A (ha)e- Obviously, (5a)% = (ha)f. Construct an order relation < in
HH(F) as:

(¥ bas 50 € HE(F) ) (b < 5  hE5, a0)

where hCj means Gg C 94 and aDp means that ag D 04 Vg € F. Then, the set (HH(F), <) is
partially ordered.

Definition 7. For b, € HH(F), T € 2(W) and ¢ € 2(]0,1]), the set

bo[l',€] :={g €F:b(g) 2T, ag) C &}
is described as [I',€]— hesitant hybrid cut of hq.

Definition 8. Let jj,,h, € HH(F). Then i i i
() the hesitant hybrid intersection of §J, and b in F is defined as g, Mho = (N h, 0U )
in F over W, where

Jo Mo : F — Z(W) x 2([0,1]),9 = ((401h)g, (¢ U a)g)

gHggmhga

where §0b: F — P(W),
1]),9 = 04Uy

oUa:F — 2([0,

forall g € F. 3 . .
(i7) the hesitant hybrid union of §, and bho in F is defined as G, U by = (U, oNa) in F
over W, where
JoUba : F— Z2(W) x 2([0,1]),9 — ((§Uh)g, (0 N a)g)

where §Oh:F — P (W), g — ?JgUilgv
QﬁOé:IE‘_> 9([0,1]),9I—>Q900{q

forall g € F. ) ) .
(tii) the hesitant hybrid product of §, and by in F is defined as §, © bo = (40h, eda) in F
over W, where

; U {wmnba} ifg=mn

(Hoh)g = § g=mn
0} otherwise,
5 m {Qmuan} if g =mn
(e0a)g= { g=mn

[0, 1] otherwise.
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Definition 9. Let R(# ¢) C F and €,6 € Z(W) with € D 6, and v,t € Z([0,1]) with v C t.

Consider the hesitant hybrid structure (X%(i) t)(f) )) (X%(?), X%%) where

(€0) e ifgeER (vt) v ifgeR
XR () * F— 2(W),g { 0  otherwise, XR(a) * F— P([0.1]).9 = { t  otherwise,

which is known as the Ee’ig characteristic hesitant hybrid structure in F over W. The hesitant

hybrid structure <X]F ot (f)a)) is called the EZ(B identity hesitant hybrid structure in F over W.

Note: (ng(qb 0,1])) (ha)) = (X,(Iy(lb?),xg([) D) is called the hesitant hybrid characteristic
\%Y%
structure in F over W. If F =W, then (XFM}([]Q)) (X;(rz)’ Xijfz} ))

Definition 10. A hesitant hybrid structure Do in F over W is referred to as a hesitant hybrid
subsemigroup of F over W if it meets the following criteria:

(Va,beF) (hay 20 and ag Cad).
The below is the example of hesitant hybrid subsemigroup.
Example 1. Let F = {0,1,2,3,4,5} be a semigroup with the following Cayley table (Table 1):

Table 1: Cayley table

QY | WIN | O] *
o|lo|o|o|o|o| o
el el R e e R =l
R RN RO
= O =W O W
=N = =] O
QU = | W[ =] =] O] Ot

Define a hesitant hybrid structure b, in F over W = Z which is given by :
Z if b =0 [0,0.3] fb 0
Z if b =1 [0,0.3] if b 1
- 47 if b = 2 _ [0, 1] if b =2
b = 27 if b =3 W= 0,0.3)U[0.3,0.8] if b = 3
AN if b = 4 [0,0.9] fb 4
AN if b = 5, L [0,1] fb 5.

Then b, is a hesitant hybrid subsemigroup in F over W = Z.

Definition 11. A hesitant hybrid structure Ba in F over W is referred to as a hesitant hybrid
left (resp., right) ideal of W if it meets the following criteria:

(Va,b€F) (hap 2 by and ag C ap (resp.,hap 2 ha and  ag, C ag)).
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A hesitant hybrid structure B in F over W is classified to be a hesitant hybrid two-sided
ideal in F over W if it has a hesitant hybrid left ideal and a hesitant hybrid right ideal in F over
W.

Example 2. Consider a semigroup F = {r, j, k, m} with the binary operation * as in table 2

Table 2: Tabular representation of * in F

x |r|j|k|m
r|lr|r|r|r
jlrlr|r|r
k|r|r|j|r
mlri|r|j|J

Define the hesitant hybrid structure 6a in F over W = {uy, ug,us, uq,us} is given by Table 3.

Table 3: Tabular representation of the hesitant hybrid structure b,

F b «

r W {0.2}

J | {ug,us,us} [0,0.5]

Fl () 0,1

m | {ug,us} [0,0.5] U [0.5,0.7]

Then b, is a hesitant hybrid subsemigroup and hybrid ideal in F over W.
Note: It is clear that, all hesitant hybrid right(resp., left) ideal in F over W is a hesitant hybrid
subsemigroup on F. The opposite, however, is not always true. In fact, the hesitant hybrid
subsemigroup ba in Example 1 is not a hesitant hybrid right ideal of F over W = Z since
h(3*4)—f) —4Z;éf) )=2Z and a(3*4) = a(2) =1[0,1] € a(3) =[0,0.3) U [0.3,0.8].

Theorem 1. Let R,B € P(W)\ {¢} and b, € HH(F). Then the below conditions are hold:
€,0 €,0 €,0 "’
(9 (XR( )t>( )) (XB( )t>(ba)) (X%r‘%w t>(h )> ’

(i) (x5, () © (x5 (ha)) = (x5, (b)) -
Proof. (i) Let g € F. If g € RN B, then

<X( ’(h))mX;(%) o <X§;§2>) U (ng((;;) s 7 (X;ﬁ;(h}) .

(Xg(g) U (Xg](ﬁ)»g = (X(Rv(g)>g U (X(Bv(ﬁ)))g U= (nggs(a)> :

<
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If g¢ RN B, then g ¢ R or g ¢ B. Hence
(6,9) x. (€90) . (&,9) (&,9) e (&,9)
(sz(h)mxzs(rf))g = (erf))g : (Xzs(rf))g =0= (Xms(rf))g’

. U (Xg(g))g = (ng;;gg(a))g.

It follows that

(652,605, 60), ={ (), (4 o)}
- { (X%’%@)g ’ (X%C%(a))g}
= (58 (0a)) -

(ii) For any g € F, if g € RB, then g = rb for some r € R and b € B. Now,

(sigoni), = U {0), ().}

Since g € RB, we get (X%ﬁ?ﬁ))q = e and (X(Rvgza)>
n

Suppose g ¢ RB. Then g # rb for all r € R a
c¢ R orx ¢ B. Now,

(ng(n)) Xé(éi) _ggx { (X;’(?))C n (Xééi)x} =0= (ngg ;
t) t

) 5(+ (@it

(s, = ﬂ {00), 0 (), = 1= (i),
In any case, we have
(et Xé‘(g) (Xieatp), 2 (X501, =

(et (5a) © Xy () = {(ng<?> ) (R )>)}

= (et ) () } = (it (00))-

t)

(X%é(a)) for all g € F. Hence,

21
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Theorem 2. For the identity hesitant hybrid structure (XI(E‘E(f)t) (70)), let b, € HH(F) such that

f~)g Ceand ag D v for all g €F, the below statements are equivalent:

(i) B is a hesitant hybrid left ideal of F,
.. €,0 ~ ~ ~
(“)<XI(F(U,)t) (yg)) O by < by

Proof. (i) = (ii) Assume that b, of F is a hesitant hybrid left ideal and g € F. If g = ca for
some c,x € F, then

(i) = U {<X§<’§§>cﬂ(6)x} < |Jfenbur} = by,

g=cx g=cx
(XIE}E t)oa> ﬂ {(x cUag} 2 ﬂ {vUaen} = a4
g=cx g=cx

-

. (6,0) ~r- . r (v,t) ~
Otherwise, we have (XF(g)ob>g = ¢ C by and <X]F(g ot

So, (X](;(’g?t)(ﬂg)> © 6a < 6a~

(14) = (i) Assume that (Xg(,g)t) (3]9)) ® by < bg. For any ¢,z € F, we have

)g: [0,1] 2 ay.

- €,0 €,0 s s -
b 2 (x45030) 2 (i5)) Nbe = €Nbo = b,
(v,t) ~ (v,t) _ _
Qe © (XF(Q)Oa)cx - (XF(Q))C Uaz =vUa, = ay.
Hence, b, is a hesitant hybrid left ideal of F over W. O

Theorem 3. For the identity hesitant hybrid structure (Xg(f)t)(gg)), and b € HH(F) such that

69 C e and ag D v for all g € F, the below statements are equivalent:
(i) Yo is a hesitant hybrid right ideal of IF,

ey €,0 r
(1) ho © (X%(v)t)(y9)> < bg.
Proof. This theorem’s proof is similar to that of Theorem 2. O

The subsequent theorem results from the combined result of Theorems 2 and 3.

Theorem 4. For the identity hesitant hybrid structure (XI(F‘E(f)t) (7)) and b, € HH(F) such that

Eg C e and ag D v for all g € F, the following assertions are equivalent:
(1) bo is a hesitant hybrid two-sided ideal of F,

ol (e8) o~ ~ ~ ~
(ZZ)<XI(F(U,)t) (yg)) © ba < bha and ho © (X](F(U)t)( )) < ha
Theorem 5. For R(# ¢) C F and b, € HH(F), the below assertions are equivalent:
(i) R is a subsemigroup of IF,

(i7) (XR (.[0.1]) ([]a)) is a hesitant hybrid subsemigroup of F.
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Proof. (i) = (ii) Let R be a subsemigroup of F and g,b € F. Then we now prove that

b
NG

(X%Qf[)o,m(ﬁa))g 5 (i (b))

We consider the following three cases:

Case 1: If g,b € R, then gb € R. So (Xgh(;))) = (X(Wl¢)>b = <X(Wl¢)>gb = W and

(™), = (™), = (™) = o

Case 2: If g ¢ Rorb ¢ R and gb ¢ R, then (Xg%(h?)) = ¢ and ( ({?})[O 1])) = [0,1] or
g

W0\ _ (@0,1)) _ : W,o)\  _ (¢0.1)) _
(XR( ) >b = ¢ and <XR(a) )b = [0,1] imply that (XR(h) ) = ¢, (X'R(a) >gb =10, 1].
707
Case 3: If g ¢ Rorb ¢ R, and gb € R, then <X§3(5)))gb =W, (X%L)m)gb = ¢. So (x*)
satisfied. )
(i) = (i) Assume that <X§¥f[)0 1])([) )) of F is a hesitant hybrid subsemigroup and let

g,b € R, then (X%?)) = (ng)>b = W and (X%?})[Ol]))g = (ng([o)”))b = ¢. So

(Xg(/b?)) (ng( f)) = W and ( (¢([o?)71]))gb - (ng(’[o?jn )g = ¢ which imply gb € R. Thus R

is a subsemlgroup of IF O
Theorem 6. For R(# ¢) CF and b, € HH(F), the below assertions are equivalent:

(1) R is a left (resp., right, two sided)ideal of F,

(i) (ngm (ha)> is a hesitant hybrid left (resp., right, two-sided) ideal of F .

Proof. (i) = (ii) Assume that R is a left ideal of F and g,b € F. We now prove that
(W,¢) r = (L (W) G
(i D(ha)>g (@), ¢

If b ¢ R, then (X%?) —6C (vah?)) and (Xg([o)m) 0.1] (Xg g n))
If be R and g € F, then gb € R. Hence ( (W ’¢)> " — W and ( 1}))91) — ¢. Hence (%) is

XR ()
satisfied.
(19) = (i) Assume that (XR (,[0.1] (ha)) of F is a hybrid left ideal and ¢ € F,b € R. Then

(47, = ond (W), = (432, 2 (55), =7 ot (1287, <

(Xg(g))l]) >b = ¢. Hence gb € R. So R is a left ideal of F. Similarly, we can prove the other
cases. O

Theorem 7. Let b, € HH(F). Then, the below statements are equivalent:

(7) Bo is a hesitant hybrid subsemigroup of I,
(13) ForT'e (W) and £ € 2([0,1)), ba[l', ](F @) is a subsemigroup of .
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Proof. (i) = (ii) Let a,b € bu[T',€]. Then b = bh, Nhy C hyy DT and ol = oy Uy, D agy C &.
So ab € hu[I, €] and ho[T, €] is a subsemigroup of F.

(i4) = (i) Suppose that for any T' € (W) and & € Z2([0,1]), ba|L, £](# ¢) is a subsemigroup
of F. Let z,c € F. Then b, = ', = & and b, = La, ac = & for some ', I'y € &(W) and
&1,& € 2([0,1]). fI' =T1 Ny and € = & U &, then hx or ) O C ¢ and []c oT, Q¢ Cc g,
so x,¢ € hu[T,€]. Since ha[F €] is a subsemigroup, we have zc € ha[F €], which gives bz D
bc oOI'=I'1nTy = bm Nbhe and agze Cal CE=E UE = az Uae. So ha is a hesitant hybrid
subsemigroup of F. O

The idea of a hesitant fuzzy duo was presented to semigroup theory by A. F. Talee et al. [16].
The notion of a hesitant hybrid duo in a semigroup is now presented below:

Definition 12. If each hesitant hybrid right (resp., left) ideal of F is a hesitant hybrid two-sided
ideal of F, then F is known as a right (resp., left) duo. If F is both a hesitant hybrid right and
a hesitant hybrid left duo, then F is known as a hesitant hybrid duo.

Theorem 8. The below statements are equivalent for a regular semigroup F:
(1) F is left(resp., right, two-sided) duo,
(13) F is a hesitant hybrid left(resp., hesitant hybrid right, hesitant hybrid two-sided ) duo.

Proof. (1) = (2) Let b of F be a hesitant hybrid left ideal and a,b € F. As the left ideal Fa is
a two-sided ideal of IF, and F is regular, we have ab € (aFa)b C (Fa)F C Fa. This indicates that
3 g € F such that ab = ga. Since ha of F is a hesitant hybrid left ideal, we have f)ab = hga D) ha,

Qgh = Qgq € . This means that B of F is a hesitant hybrid right ideal, and so Bo of F is
a hesitant hybrid two-sided ideal. (2) : (1) Let F be a hesitant hybrid left duo and R be

a left ideal of F. By Theorem 6, ( [0 1] (ha)> of R(# ¢) is a hesitant hybrid left ideal of

F. By our assumption (XR (6,00,1] (ha)) is a hesitant hybrid ideal of F. Since R # ¢, it follows

from Theorem 6 that R is an ideal of F. Hence F is left duo. Likewise, we can verify another
claim. O

Theorem 9. The following statements are equivalent for a regular semigroup F :

(1) A left (resp., right) zero semigroup of F is formed by the set of all idempotent elements G of
F,

(i1) For every hesitant hybrid left (resp., right) ideal by of F, (5a)s = (ba)m holds for b and m
of F.

Proof. (i) = (ii) Assume that the left zero semigroup of F is formed by the set G of all
idempotents and let b, m be any elements of ho be any hesitant hybrid left ideal of F. Since
bm = b and mb = m, we have 6b=6bm26m:6mb26b, ap = Qpy, S Q= Qyp = o and So
(ha)b = (ha)m' B 5 5

(19) == (i) Suppose that for every hesitant hybrid left ideal by of F, (ha)s = (ha)m for all
idempotent elements b and m of F. Let (b)r = {b} UFb. Since (b)r, is a left ideal of F then by

Theorem 6 we have, (XE (.[0.1]) (ha)> for by, is hesitant hybrid left ideal of F. Since b € (b),

: . (W) _ (W,¢) _ (¢,[0,1]) _ (&0,1)) _ _
implies (x{,/% ) = (X<b>L<6>>b =wand (XG10) = (X)), = ¢ and som € ()1 =
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Fb. Then for some g € F, we have m = ¢b = ¢bb = mb. Hence the set of all idempotent elements
G of F is a left zero semigroup. O

Theorem 10. Let F be a monoid with identity e. For ba € HH(F), the smallest hesitant hybrid
left ideal (ho); on F containing b, is described below:

(Ba)l F— Q(W) X @([O, ”)’

where (6)1 F— 2W),m — {69|m =cg,c,g € F},
(@) : F — 2([0,1]),m — N{ag|lm = cg,c,g € F}.

Proof. Let k; be a hesitant hybrid structure in F over W defined as follows:
k= U {Eg]m =cg, ¢, g € F}, Tm = [J{aglm = cg, ¢,g € F} for any m € F. Since m = em,
we have (kNT)miD(ffa)m and so (k;)i)(ffa) For any ¢, g € F, we have
kg == {5.:2\69 = cicy, c1,02 € F}
ol {5p2|69 = (cp1)p2, g=p1,p2 € IF}
2 U {6172’9 = pip2, P1,P2 € IF} = ky,
Teg i= ﬂ {Teylcg = c1c2, c1,c0 € F}
g m {TpQICg = (Cpl)p27 g = P1,P2 S IF}

C({7p2l9 = p1p2, p1,p2 €F} =1,

Thus k. of F is any hesitant hybrid left ideal. Assume that g, of F is a hesitant hybrid left ideal
S0 haégg- Then (ba)mé(gg)m VmekF.

ko, ::U {602|m =cico, C€1,C0 € ]F}
C Ui lm = 1z, c1,00 € F}

c U{?Jcm\m =cicz, c1,¢2 € F} =G,

T i =( {Tealm = c1c2, 91,92 € F}
= ﬂ {Teym = c1¢2, c1,09 € F}

- ﬂ {Terenlm = c1e2, c1,c2 € F} = o4y,
Thus k,C3, and hence (ha); = k.. -

The right dual of Theorem 10 is as described below.



26 M. Deepika, B. Elavarasan, J. Catherine grace John

Theorem 11. Let F be a monoid with identity e. For ba € HH(F), the smallest hesitant hybrid
right ideal (o), on F containing b, is described below:

(604)7" F— Q(W) X y([oa ”)7

where (§), : F — P(W),m — | {60|m =cg,c,g € IF‘} ,
(@) : F — 2([0,1]),m — ({aclm = cg,c,g € F}.

(604)9 = (Ea)c Vg,ceR.
The concept of hesitant fuzzy interior ideals was first introduced to semigroup by A.F. Talee
et al. [18]. Here we define the notion of the hesitant hybrid interior ideals in semigroups.

Definition 13. A hesitant hybrid subsemigroup 6,7 in F over W is known as hesitant hybrid
interior ideal in F over W if it satisfies

(v a, ba cc ]F) (Eabc 2 6() and Tabc c TIb)-

Example 3. Consider a F = {mj, m2, m3, m4} semigroup with the below multiplication table
(Table 4).

Table 4: Multiplication table of a semigroup f~)a

Let fN)n be a hesitant hybrid structure in F over W = [0, 1] defined by fN](ml) = [0, 1],6(m2) =
[0,0.7], 6(m3) = [0,0.4], 6(m4) = [0,0.2] and 7 be any constant mapping from F to I. Then 677 is
a hesitant hybrid interior ideal in F over W.

Theorem 12. For 6,7 € HH(F). If 6,7 is a hesitant hybrid ideal of F, then [Njn is a hesitant hybrid
interior ideal of .

Proof. Consider a hesitant hybrid ideal bn of F. For any a,b, ¢ € F, we have hape = [)a be) 2 By 2
by and Nabe = Na(be) S Moe S M- SO, bn is a hesitant hybrid interior ideal of F. O

The example below illustrates the above theorem is not true in general.

Example 4. Consider F = {2bU{0}|b is a natural number}. Then F forms a semigroup with re-
spect to the usual multiplication. Consider a hesitant hybrid structure b, in F over W = [0, 1] by:

0,082] if b =0
by = {8 gig 2; 2 z i 19 and 7 : F — [0, 1] is constant.
[0,0.79]  otherwise,
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~ Then 6,,1 is a hesitant hybrid interior ideal of F but it is not a hesitant hybrid ideal of F as
h(6 x 2) 2 h(2)

Theorem 13. For R(# ¢) CF and 677 € HH(F), the below statements are equivalent:

(i) R is an interior ideal of I,

(ii) <XR (.0.1]) (hn)) is hesitant hybrid interior ideal of F.

Proof. (i) = (ii) Assume that R is an interior ideal of F. For any g,p,m € F.

W,¢) c = (W,9) r
(ng(qg [0, 1])([] ))gpm 2 (XR(¢>,[O,1])(677)>p (*)

Ifp € R, then gpn € FRF C R. This implies < gﬁ) = <X§;W(I£)> = Wand (X%Lﬂ) 11)) =
gpm P gpm

(01D _

(i >p = ¢

(W,¢) (W,¢) (¢,001)) _ (¢,[0,1])
Ifp ¢ R jthen (XR(h) ) =¢C (XR(h )gpm and (XR(n) )p =1[0,1] O (XR( ) )gpm . Thus
*) is satisfie X in [F over is hesitant hybrid subsemigroup o v eorem
fied. R¢¢[)01] F W is h hybrid sub f F by Th

5. Hence ( ’¢[)0 1) (hn)) in F over W is hesitant hybrid interior ideal of F.

(ii) = (i) Assume that (ng (.0.1]) (6,7)) in F over W is a hesitant hybrid interior ideal

(W) (W)
of F. Let gpm € FRF such that ggm € F,p € R. Then (XR(E) )gpm D (XR( ) ) =W

and (X%LO) 1D>gpm C (ng(g)) 1])>p = ¢ which indicates gpm € R and FRF C F. So R is a

subsemigroup of F by Theorem 5 and R is an interior ideal are of F. O

The following theorem shows that in regular semigroup the concept of hesitant hybrid interior
ideal and hesitant hybrid ideal coincide.

Theorem 14. Let F be a reqular semigroup and 677 € HH(F). Then the below assertations are
equivalent:
(1) 677 is a hesitant hybrid ideal of F,

(i) fN]n s a hesitant hybrid interior ideal of F.

Proof. (i) = (1) By Theorem 12, every hesitant hybrid ideal is a hesitant hybrid interior ideal
of F.

(ii) = (ii) Let a,b € F. Since F is regular, 3 p,m € F such that a = apa,b = bmb. As 6,] is a
hybrid interior ideal of F, we have

hab = h (apa)b — b (ap)ab = 2 ha and 7 = N(apa)b = M(ap)ab C a-

Bab = ba(bmlz) = Bap(mp) 2 bo and Tab = Na(bmb) = Mab(mb) < -

Therefore, b, is a hesitant hybrid ideal of F. O

Next theorem shows that the notions of hesitant hybrid interior ideal and hesitant hybrid
ideal in an intra-regular semigroup are coincide.
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Theorem 15. Let F be an intra regular semigroup and 677 € HH(F). Then the following
conditions are equivalent:

(7) 677 is a hesitant hybrid ideal of TF,

(i) 67, s a hesistant hybrid interior ideal of TF.

Proof. (i) = (it) By Theorem 12, every hesitant hybrid ideal is a hesitant hybrid interior ideal.
(ii) = (ii) Let a,b € F. Since F is intra - regular, 3 p,m,r, s € F such that a = pa®m, b = rbs.
As 677 is hybrid interior ideal, we have

bab h (pa?2m)b :~h(pa)a(mb) % bo and gy = N(pa2m)b = MN(pa)a(mb) € 7Na-

Bab = Ba(raze) = Barpos) 2 Do and Tap = Na(rp2e) = Maryp(vs) S M-

Therefore, b g is a hesitant hybrid ideal of F. O

Theorem 16. Let F be an intra - reqular semigroup. Then for each hesitant hybrid interior
ideal bg of F, (bg)g = (bg)s2 and (hg)gs = (hg)yg holds for all g,b € F.

Proof. Let 65 be a hesitant hybrid ideal of F and g € F. Since F is intra-regular semigroup,

3 z,p € F such that g = z¢?p. Thus y }

hgz ) hg = hmgp ) bQQ and n,e C 1y = ag2p S Tg2- So we have (h,)y = (by)s2. Since

gb € F, we have hgb = bgb)2 = [](g (bg)b) D) bbg and By, = n(gb)2 = 1)(g(bg)b) C Mg Again,
Jbg-

9(bg
hbg lL)(bg 2= b (b(gb)g) = hgb and 7y = N(bg)2 = N(b(gb)g) < Ngb- S0, (bn)gb (bn 0

4 Conclusion

In the current work, we proposed the notion of hesitant hybrid subsemigroups, hybrid left (resp.,
right) ideals, and hesitant hybrid product, hesitant hybrid interior ideals and looked into their
associated features. Some important ideas for future work are as follows: (1) to develop strategies
for obtaining more valuable results and (2) to apply these notions and results for studying related
notions in other algebraic structures such as rings, hemirings, BL-algebras, M'TL-algebras, RO-
algebras, MV-algebras, EQalgebras, d-algebras, Q-algebras, and lattice implication algebras.
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