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Abstract. Let £ be a bounded distributive lattice. Following the concept of 1-absorbing prime
ideals, we define 1-absorbing prime filters of £. A proper filter F' of £ is called 1-absorbing
prime filter of £ if whenever non-zero elements a,b,c € £ and aVbVe € F, then either aVb € F
or ¢ € F. We will make an intensive investigate the basic properties and possible structures of
these filters.
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1 Introduction

All lattices considered in this paper are assumed to have a least element denoted by 0 and
a greatest element denoted by 1, in other words they are bounded. As algebraic structures,
lattices are definitely a natural choice of generalizations of rings, and it is appropriate to ask
which properties of rings can be extended to lattices. The main aim of this article is that of
extending some results obtained for ring theory to the theory of lattices. Nevertheless, growing
interest in developing the algebraic theory of lattices can be found in several papers and books
(see for example [2,4-10]).

Since prime ideals have an important role in the theory of commutative rings, there are
several ways to generalize the concept of prime ideals. In 2021, Yassine et al. in [13] defined
1-absorbing prime ideals which is a generalization of prime ideals . A proper ideal I of R is said
to be a 1-absorbing prime ideal if whenever abc € I for some non-units a,b,c € R, then ab € I
or ¢ € I (also see [1,3] and [5,11]). Let £ be a bounded distributive lattice. Our objective in
this paper is to extend the notion of 1-absorbing property in commutative rings to 1-absorbing
property in the lattices, and to investigate the relations between 1l-absorbing prime filters, 2-
absorbing filters and prime filters. Among many results in this paper, the first, preliminaries
section contains elementary observations needed later on.
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In Section 3, we give basic properties of 1-absorbing prime filters. At first, we give the
definition of 1-absorbing prime filters (Definition 1 and we give an example (Example 1) of a
1-absorbing prime filter of £ which is not that a prime filter. It is shown (Theorem 1) that if
£ admits a 1-absorbing prime filter that is not a prime filter, then £ is a local lattice. We give
an example (Example 2) of a 2-absorbing filter of £ that is not a 1-absorbing prime filter. It is
shown (Theorem 3) that If every 2-absorbing filter of a lattice £ is a 1l-absorbing prime filter,
then prime filters of £ are comparable; in particular, £ is a local lattice. It is proved (Theorem
4) that F' is a l-absorbing prime filter of £ if and only if for any proper filters F1, Fy, F3 of £
such that Fy V Fo V F3 C F implies that either Fy V F, C F or F3 C F. It is shown (Theorem
5) that if £ is a non-local lattice, then every nontrivial filter of £ is a 1-absorbing prime filter
if and only if £ = 51 @& S5, where S and S are simple filters of £. In the rest of this section,
we provide an example of lattices for which their 1-absorbing prime filters and prime filters are
the same. It is proved (Theorem 6) that if £ = £1 x £3 is a direct product of lattices £1 and
£9, then P is a 1-absorbing prime filter of £ if and only if P is a prime filter of £.

Section 4 is dedicated to the study the stability of 1-absorbing prime filters in various lattice-
theoretic constructions. Quotient lattices are determined by equivalence relations rather than by
ideals as in the ring case. There are many different definition of a quotient lattice appearing in
the literature. Here, quotient 1-absorbing prime filters are studied and some possible properties
of these filters are investigated. It is proved (Theorem 8) that if F' and G are proper filters of
a complemented lattice £ with G C F', then F' is a 1-absorbing prime filter of £ if and only if
F/G is a l-absorbing prime filter of £/G. It is shown (Theorem 9) that if F' is a proper filter
of £ and £ is a V-lattice, then £/F is a V-lattice. It is proved (Theorem 12) that if F' is a
proper filter of £, then the following hold: (1) F' = (\yepin,, () H, (2) If F is a l-absorbing
prime filter, then |ming,(F)| = 1 and (3) If F' has a V-factorization, then ming,(F') is finite. It
is shown (Theorem 14) that if F' is a 1-absorbing prime filter of a divided lattice £ and (F : ¢ a)
is a minimal prime filter over F for some a € £\ F, then F is a prime filter.

Section 5 is devoted to prove that the 1-absorbing prime avoidance theorem. More precisely,
by using the technique of efficient covering of filters, in Theorem 15, the l-absorbing prime
avoidance theorem for 1-absorbing prime filters of £ is proved (also, some applications of this
theorem are given (Theorem 16 and Theorem 17)).

2 Preliminaries

A poset £,<) is a lattice if sup{a,b} = a Vb and inf{a,b} = a A b exist for all a,b € £ (and call
A the meet and V the join). A lattice £ is complete when each of its subsets X has a least upper
bound and a greatest lower bound in £. Setting X = £, we see that any nonvoid complete
lattice contains a least element 0 and greatest element 1 (in this case, we say that £ is a lattice
with 0 and 1). A lattice £ is called a distributive lattice if (a Vb) Ac= (aAc)V (bAc) for all
a,b,cin £ (equivalently, £ is distributive if (a Ab)Ve= (aVe)A(bVe) for all a,b,cin £). A
non-empty subset F' of a lattice £ is called a filter, if for a € F', b € £, a < b implies b € F,
and z Ay € F for all z,y € F (so if £ is a lattice with 0,1, then 1 € F', 0 € F if and only if
F = £ and {1} is a filter of £). A proper filter F' of £ is called prime if x Vy € F, then z € F
or y € F. A proper filter F' of £ is said to be mazimal if G is a filter in £ with F ;Cé G, then
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G = £. The intersection of all filters containing a given subset A of £ is the filter generated by
it, is denoted by T'(A). A filter F is called finitely generated if there is a finite subset A of F'
such that F' = T(A). A proper filter F' of a lattice £ is called a 2-absorbing filter if whenever
a,bce £andaVvbVcece F,thenavbe ForaVee ForbVvceF.

A lattice £ is called local if it has exactly one maximal filter that contains all proper filters.
If x € £, then a complement of x in £ is an element y € £ such that x Vy =1and x Ay = 0.
The lattice £ is complemented if every element of £ has a complement in £. If F' is a proper
filter of £, then by a V-factorization of F' we mean an expression of F' as an intersection (', F;
of 1-absorbing prime filters. We call £ a V-lattice if every proper filter has a V-factorization. We
denote by abSpec(£) the set of all 1-absorbing prime filters of £. If F' is a filter in £, the set of
all minimal 1-absorbing prime filters over F' will be denoted by ming,(F) and Vi, (F) = {H €
abSpec(£) : F C H}. If £ and £’ are lattices, then a lattice homomorphism f : £ — £ is a
map from £ to £ satisfying f(zVy) = f(z)V f(y) and f(xAy) = f(z) A f(y) for z,y € £. We
say that a subset S C £ is join subset if 0 € S and s1 V so € S for all s1,s9 € S ( clearly, if P is
a prime filter of £, then £\ P is a join subset of £). For undefined notations or terminologies in
lattice theory, we refer the reader to [2,4]. First we need the following lemma proved in [2,5,9].

Lemma 1. Let F and G be filters of a lattice £ and x € £.

(1) A non-empty subset K of £ is a filter of £ if and only if xVz € K and x ANy € K for all
x,y € K, z € £. Moreover, sincex =z V (x ANy),y=yV (xANy) and K is a filter, z Ny € K
gives x,y € K for all x,y € £.

(2) Let A be an arbitrary non-empty subset of £. Then

T(A)={xe€L: aiNagN---Nap, <z for somea; € A (1 <i<n)}.

Moreover, if a € £, then T({a}) =T(a) ={zVa:z € £}.

(3) FVG ={aVb:aec FFbe G} andxVF ={xVy:y e F} are filters of £ with
FVG=FnG.

(4) If £ is distributive, then FAG = {aAb:a € F,b € G} is a filter of £ with F,G C FAG.

(5) If £ is distributive, F,G are filters of £, andy € £, then (G :g F)={x € £:2VF C G}
and (F:p T({y})) =(F:py)={a€L:aVyeF} are filters of L.

(6) If f : L — L is a lattice homomorphism with f(1) =1, then Ker(f) ={x € L: f(z) =1}
is a filter of L.

A proper filter F' of £ is said to be a direct meet of £ if £ = FAG and F NG = {1} for
some filter G of £. In this case we write L = F ® G. A simple filter is a filter that has no filters
besides the {1} and itself.

3 Characterization of 1-absorbing prime filters

In this section, we collect some basic properties concerning 1-absorbing prime filters. We remind
the reader with the following definition.

Definition 1. A proper filter F' of a lattice £ is called 1-absorbing prime if for all non-zero
elements a,b,c € £ such that aV bV c € F, then eitheravVb e F orcée€ F.
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Proposition 1. If F is a 1-absorbing prime filter of £, then (F :z a) is a prime filter of £ for
everya € £\ F.

Proof. Let xVy € (F :¢ a) for some non-zero elements z,y € £ withx ¢ (F :z a) (soxVa ¢ F).
Then by assumption, zVyVa € Fand xVa ¢ F givesy € FFC (F :z a). Hence (F :y a) is a
prime filter. O

It can be easily seen that every prime filter of £ is l-absorbing prime. But generally these
two classes are different. The following result provides an example to construct a 1-absorbing
prime filter that is not a prime filter (which is mentioned in [6, Example 2.4]).

Example 1. Let N be the set of natural numbers and £ = H U {N}, where H = {X C N:
X is finite}. Then £ is a distributive lattice (note that if X, Y € £, then X VY = X UY and
XAY = XNY). Every (resp. prime) filter of £ has the form [X) = {G € £ : X C G},
where X € £ (resp. [{a}) ={G € £ :a € G}, where a € N). Set X = {1,2}. Then [X) is a
l-absorbing prime filter of £ which is not that a prime filter. Thus a 1-absorbing prime filter
need not be a prime filter.

In the following theorem, we prove that if £ is not a local lattice, then every l-absorbing
prime filter is prime. Compare the next theorem with Theorem 2.4 in [13].

Theorem 1. If F' is a 1-absorbing prime filter of a lattice £ that is not prime for some filter
F of £, then £ is a local lattice.

Proof. By hypothesis, there are non-zero elements a,b € £ such that a Vb € F and a,b ¢ F.
Assume to the contrary, let M; and Ms be two distinct maximal filters of £. Then M, ;
Mi AN Mo C £ gives My AN My = £; 80 0 =mq1 Amg for some m1 € My and my € My. Therefore
aVbVmy € Fand b ¢ F implies that a Vmy € F, as F is a 1l-absorbing prime filter. Similarly,
aV mg € F. It follows that (aVmi) A (aVmg) =aV (mi Amsz)=a € F which is impossible.
This completes the proof. O

Corollary 1. If a lattice £ is not local, then a proper filter F' is a 1-absorbing prime filter if
and only if F' is a prime filter of £.

Proof. This is a direct consequence of Theorem 1. O

Theorem 2. If P is a 1-absorbing prime filter of a local lattice £ with unique mazimal filter
M, then either P is prime or PAM C P C M.

Proof. Let P be a 1-absorbing prime filter such that P is not a prime filter. Since P is proper,
we infer that P G M by [7, Lemma 2.1]. There are a,b € M\ P such that aVb € P, as P is not
prime. To see that P A M C P, it is enough to show that z Ay € P for all x € P and y € M.
Let ze Pandy € M. Set z=xz Ay (soaVbVz € P). Since a,b, z are non-zero, b ¢ P and P
is a l-absorbing prime filter, we have z V a € P. Again, since z,a are non-zero, a ¢ p and P is
1-absorbing prime, we have z € P, as required. O

It is obvious that any 1-absorbing prime filter of £ is a 2-absorbing filter. The following
example shows that 1-absorbing prime filters and 2-absorbing filters are not coincide generally.
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Example 2. Let £ = {0,a,b,c,1} be a lattice with the relations 0 <a <c¢<1,0<b<c¢ <1,
aVb=cand aAb=0. An inspection will show that the nontrivial filters of £ (i.e. different
from {1} and £) are F1 = {1,a,c}, F» = {1,b,c} and I3 = {1,c}.

(1) £ is not a local lattice and F3 is not a prime filter of £ since Fj, F5 are distinct maximal
filters, aVb = c € F3 and a,b ¢ F3. Then it follows from Corollary 1 that F3 is not a 1-absorbing
prime filter of £.

(2) Using [5, Theorem 2.8 (iii)], F1NFy = F3 is a 2-absorbing filter, but it is not a 1-absorbing
prime filter by (1). Thus a 2-absorbing filter need not be a 1-absorbing prime filter.

Theorem 3. If every 2-absorbing filter of a lattice £ is a 1-absorbing prime, then prime filters
of £ are comparable; in particular, £ is a local lattice.

Proof. Let P, and P» be two prime filters of £. Using [5, Theorem 2.8 (iii)], P, N P; is a
2-absorbing filter; so by assumption, it is a l-absorbing prime filter which gives (P1 N Py ¢
x) = (P1:g x) N (P :g x) is a prime filter for every x € £\ (P1 N P2) by Proposition 1. Let
z € £\ (P1UP,). Then by [6, Lemma 2.1], either (P :x ) C (P g 2)N(Py:gz)or (Py:gx) C
(Py :g x) N (P : g x) which implies that either (P, :x ) C (P2 :p x) or (Py:g x) C (P :f x).

Therefore, without loss of generality, we can assume that (P 1z ) C (P2 :p x). Let p; € Py.

Then py € P C (P :p x) C (P :p x) gives py € Py, as P is a prime filter; so P; C P,. This
shows that the prime filters of £ are comparable. Accordingly, £ is a local lattice. O

Lemma 2. Let F be a 1-absorbing prime filter of £. If (a Vb))V G C F for some non-zero
elements a,b € £ and a proper filter G of £, thenaVbe F or G C F.

Proof. Suppose on the contrary that (aVb)VG C F,but aVb¢ F and G € F. Then there is
an element g € G such that g ¢ F. By assumption, aVbV g € F givesaVb € F or g € F which
is impossible. O

Theorem 4. Let F' be a proper filter of £. The following statements are equivalent:

(1) F is a 1-absorbing prime filter of £;

(2) For any proper filters Fy, Fs, F5 of £ such that Fy V Fo V F3 C F implies that either
FiVF,CF orF;CF.

Proof. (1) = (2) Suppose that Fy V Fy V F3 C F for some filters I, Fy, F3 of £ and Fy V Fy ¢
F. Then there are non-zero elements f; € Fj and fo € Fy such that f; V fo ¢ F. Since
(fiV fo)VEF3 C Fand f1V fo ¢ F, it follows from lemma 2 that F3 C F.

(2) = (1) Suppose that z Vy V z € F for some non-zero elements z,y,z of £ and xVy ¢ F.
Set Iy = T({z}), F> = T({y}) and F3 = T({z}). Then by (2), 4 VF,VF3 C Fand F1VF, ¢ F
gives z € F3 C F, as needed. O

We need the following lemma proved in [8, Lemma 2.2].

Lemma 3. If A and B are nontrivial filters of £ such that £ = AN B, then F is a filter of £
if and only if F = C A D for some subfilter C of A and some subfilter D of B.

The following theorem is a lattice counterpart of Theorem 2 in [3] describing the structure
of 1-absorbing prime filters.
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Theorem 5. Let £ be a non-local lattice. The following statements are equivalent:
(1) Every nontrivial filter of £ is a 1-absorbing prime filter;
(2) £ =51 ®S,, where S1 and S are simple filters of £.

Proof. (1) = (2) By assumption, £ has at least two maximal filters. Let S; and S2 be two
distinct maximal filters of £. Then S; g S1 NSy C £ gives £ = S1 A Sy. We claim that
S1 NSy = {1}. On the contrary, assume that S; N Sy # {1}. Then by using Corollary 1
and our hypothesis, we conclude that Sy NS; is a prime filter of £. Then by [6, Lemma 2.1],
S1 NSy € 51 NSy gives S; = So which is impossible. So S; N Sy = {1} and then £ = 51 & Ss.
It remains to show that S| and Sy are simple filters. If S7 is not simple, then there exists a
nontrivial filter S of £ such that S ;Cé S with S 52 Ss. It follows that SA Sy = £. If x € 5,
then z =x A1 € 51 ASy =5ASy which implies that z = s A b for some s € S and b € S5. Now
Sy is a filter gives b € S1 NSy = {1} and so x = s € S; hence S; = S, a contradiction. Similarly,
Ss is a simple filter, i.e. (2) holds.

(2) = (1) If £ = S1 @& S2, where S; and Sy are simple filters of £, it is clear that every
nontrivial filter of £ is of the form {1} ASy = Sy and S;A{1} = S; by Lemma 3. Let S; C S C £
for some filter S of £. If SNSy # {1}, then So C S;s0 S = £. Assume that SNSy = {1} and let
x € S. Then x = s1 A s9 for some s; € S7 and s € Sy. Then S is a filter gives s, € SN Sy = {1}
and so z = s; € Sy; hence S = S. Thus S is a maximal filter (so prime by [7, Lemma 2.1]).
Similarly, So is a maximal filter. Hence, every nontrivial filter of £ is prime and so is 1-absorbing
prime, as needed. O

Suppose that R; and Ry are commutative rings with identity. It is well known that the
ideals of Ry x R9 have the form I; x Iy where I; is an ideal of Ry and I is an ideal of Rs. It
easily follows that the prime (resp. maximal) ideals of R; x Ry have the form P X Ry or Ry X Q
where P is a prime (resp. maximal) ideal of R; or @ is a prime (resp. maximal) ideal of Ra.
The following results (i.e. Lemma 4, Lemma 5, Lemma 6, Proposition 2 and Proposition 3) are
lattice counterpart of these results. In fact, we provide an example of lattices for which their
1-absorbing prime filters and prime filters are the same.

Assume that (£)1,<1),(L)2, <2) are lattices and let £ = £1 x Lo. We set up a partial order
<. on L as follows: for each z = (21, x2),y = (y1,y2) € L, we write x <. y if and only if x; <; y;
for each i € {1,2}. The following notation below will be used in this paper: It is straightforward
to check that (£, <.) is a lattice with x V. y = (21 Vy1,22 Vy2) and z Acy = (21 Ay1, 2 A y2).
In this case, we say that L is a decomposable lattice.

Lemma 4. If £ = £1 X £9 is a decomposable lattice, then every filter of £ is of the form
Py X Py, where Py is a filter of £1 and Ps is a filter of £1.

Proof. Let P be any filter of £, Py = {x1 € £1: (x1,y2) € P for some ys € £9} and Py = {ys €
£9: (x1,y2) € P for some 1 € £1}. Let xq,2] € P; and t1 € £1. Then (z1,v1), (2},y]) € P
for some y1,y] € £2. Therefore, (x1 Azl y1 Ay)) = (1, 51) Ae (2, 9)) € P and (x1 Vi, p1) =
(x1,11) Ve (t1,0) € P gives 1 A xl,x1 Vt; € Pi. Thus P, is a filter of £1. Similarly, P» is a
filter of £5. We claim that P = P; x P,. Since the inclusion P C P; x Py is clear, we will
prove the reverse inclusion. Let (a,b) € Py x P5. There exist b/ € £5 and @’ € £7 such that
(a,V'),(a’,b) € P. Since P is a filter, (0,1) V¢ (a,b') = (a,1) € P and (1,0) V. (d’,b) = (1,b) € P
which gives (a,1) A (1,b) = (a,b) € P, and so we have equality. O
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Lemma 5. Suppose that £ = £1 X £9 1s a decomposable lattice and let P, Py and P be as in
Lemma 4. If P is a prime filter of £, then Py is a prime filter of £1 and Py is a prime filter of
£9.

Proof. Let aV b€ P for some a,b € £1. Then (aVb,c) = (a,c) V¢ (b,0) € P for some ¢ € £5.
Then P is prime gives either (a,c) € P or (b,0) € P; hence either a € P; or b € P;. Thus P is
a prime filter of £1. Similarly, P, is a prime filter of £5. O

Lemma 6. Suppose that £ = £1 X £9 is a decomposable lattice and let P, P, and Py be as in
Lemma 4. If P is a maximal filter of £, then Py is a maximal filter of £1 and Ps is a maximal
filter of £4.

Proof. Let P1 & K C £ for some filter K of £1. Then there exist k € K\ Py and y € £
such that (k,y) ¢ P. Then P ANT{(k,y)}) = £ gives (0,0) = ((k,y) V (a,b)) A (¢,d) =
((kVa)ANe,((yVvd) Ad) for some (a,b) € £ and (¢,d) € P (so ¢ € P, C K). It follows that
0=(kVa)Ace K, as K is a filter; so K = £1. Thus P; is a maximal filter of £;. Similarly,
P, is a maximal filter of £5. O

Proposition 2. Suppose that £ = £1 X £2 is a decomposable lattice and let P be a proper filter
of £. Then P is a prime filter of £ if and only if P = P x £9 for some prime filter Py of £1
or P = £1 x Py for some prime filter Py of £4.

Proof. Suppose that P is a prime filter of £; we show that either P = P; X £5 or P = £1 X Py,
where P} and P» are as in Lemma 4. On the contrary, assume that P g Py x£9and P g £1X Py.
There are elements p; € Pp, yo2 € £9, 1 € £1 and py € P such that (p1,y2) € (Py x £3) \ P
and (z1,p2) € (£1 x Py) \ P. Since 1 Vp; € Py, (x V p1,2z) € P for some z € L9, we have

(21 Vp1,2) Ve (0,2 V p2) =
(1 Vp1,2Vy2 Vp2) = (p1,Y2) Ve (1,2 V p2) € P,

as P is a filter. Then P is prime gives (x1,p2) V. (0,2) € P; hence (0, z) € P. This shows that
0 € P, a contradiction. Therefore either P = P; X £9 or P = £1 x P,. Conversely, suppose
that either P =G x £9 or P = £1 X H, where GG is prime in £1 and H is prime in £5. Let

(z,y) Ve (2',y) = (xVva',yvy)eP

for some (z,y), (¢',y") € £. We can assume that P = G x £9. Then z V 2’ € G gives either
x € G or ¥’ € G which implies that either (z,y) € P or (2/,y') € P; so P is prime. O

Proposition 3. Suppose that £ = £1 X £9 is a decomposable lattice and let P be a proper filter
of £. Then P is a maximal filter of £ if and only if P = P1 X £2 for some mazimal filter Py of
£1 or P = £1 X Py for some maximal filter Py of £5.

Proof. If P is a maximal filter of £, then by an argument like that in Proposition 2, we have
either P = P; X £9 or P = £1 X P,, where P} and P» are as in Lemma 4. Conversely, suppose
that either P = G x £9 or P = £1 X H, where GG is a maximal filter of £1 and H is a maximal
filter of £5. On the contrary, suppose that P ;Cé H ; L for some filter H of £. We may assume
that P = G' x £2. So by Lemma 4, H is of the form Fy x £5 such that G G F1 G £1. Consider
z € F1\G. Then T{z}) NG = £ gives 0 = g A (zVa) = (gAa)V (g Ax) which gives
gNz=0€ [y, as F} is a filter, a contradiction. Thus P is a maximal filter of £. O
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By our previous result, it can be easily seen that every direct product of lattices is not a
local lattice.

Corollary 2. If £ = £1 x £9 is a decomposable lattice, then a proper filter P of £ is a
1-absorbing prime filter of £ if and only if P is a prime filter of £.

Proof. This is a direct consequence of Corollary 1. O
In view of Corollary 2 and Proposition 2, we have the following result.

Theorem 6. Suppose that £ = £1 X £9 is a decomposable lattice and let P be a proper filter of
£. The following statements are equivalent:

(1) P is a 1-absorbing prime filter of £;

(2) P is a prime filter of £;

(8) P = Py x £9 for some prime filter Py of £1 or P = £1 x Py for some prime filter Pa of
£9.

4 Further results

We begin this section by investigation the stability of prime 1-absorbing filters in various lattice-
theoretic constructions.

Theorem 7. Let £1 and £o be lattices and f : £1 — £9 be a lattice homomorphism such
that f(1) = 1 and f(a) is non-zero in Lo for every non-zero element a of £1. The following
statements hold:
(1) If F is a 1-absorbing prime filter of £4, then f~1(F)) is a 1-absorbing prime filter of £1.
(2) Let £1 be a complemented lattice. If f is epimorphism and H is a 1-absorbing prime
filter of £1 with Ker(f) C H, then f(H) is a 1-absorbing prime filter of £3.

Proof. (1) Let z,y € f~}(F)andt € £1. Then f(zAy) = f(x)Af(y), f(xVt) = f(x)V f(t) € F
gives z Ay,x Vt € f7HF), as F is a filter. Thus f~1(F) is a filter of £1. Suppose that
aVbVe € f~1(F) for some non-zero elements a,b,c € £1. Then f(aVbVc) = f(a)Vf(b)Vf(c) € F
which implies that f(a) V f(b) = f(aVb) € F or f(c) € F. It follows that a Vb € f~1(F) or
c € f7Y(F). Thus f~(F) is a l-absorbing prime filter of £;.

(2) Clearly, f(H) is a filter of £9. Suppose that xVyV z € f(H) for some non-zero elements
x,y,z € £9. Then there are non-zero elements a,b,c € £1 such that z = f(a), y = f(b) and
z = f(c). Therefore f(aVbVe)= f(a)V f(b)V f(c)=azVyVze f(H);so flaVbVe)= f(d)
for some d € H. By the hypothesis, there exists e € £1 such that eVd=1and d Ae =0. Set
u=aVbVe(souVvde H). Then f(uVe)= f(u)V fle) = f(d)V f(e) = f(1) = 1; hence
uVe € Ker(f) C H. Now H is a filter gives (uV d) A (uVe) =u € H. Therefore a Vb € H or
ce€ HyandsoxVyé€ f(H)or z€ f(H). Hence f(H) is a 1l-absorbing prime filter of £5. O

Quotient lattices are determined by equivalence relations rather than by ideals as in the ring
case. If F' is a filter of a lattice (£, <), we define a relation on £, given by x ~ y if and only
if there exist a,b € F satisfying A a = y Ab. Then ~ is an equivalence relation on £, and
we denote the equivalence class of a by a A F' and these collection of all equivalence classes by
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£/F. We set up a partial order <g on £/F as follows: for each a A F,b A F € £/F, we write
aNF <g bAF if and only if a < b. The following notation below will be kept in this paper:
It is straightforward to check that (£/F, <q) is a lattice with (¢ A F) Vo (bAF) = (aVb) A F
and (a A F)Ag (bAF) = (aAb)AF for all elements a AN F,bA F € £/F. Note that fAF = F
if and only if f € F (see [10, Remark 4.2 and Lemma 4.3]).

Compare the next theorem with Corollary 2.17 in [13].

Theorem 8. Let F' and G be proper filters of a complemented lattice £ with G C F. Then F
is a 1-absorbing prime filter of £ if and only if F/G is a 1-absorbing prime filter of £/G.

Proof. Let f: £ — £/G such that f(x) =2 A G. So we have

favy) =@Vy NG =(@AG)Vq (yNG) = [(x) Vo f(y)-

similarly, f(z Ay) = f(z) Ag f(y). Then f is a lattice homomorphism from £ onto £/G,
f)=1ANG =1g/q, Ker(f) ={r € L:2AG=1NG} =G C F by [9, Lemma 4.2 (2)] and
f(F)=Af(z) :z2€ F} ={z NG :z € F} = F/G by [10, Lemma 4.2 (4)]. Suppose that F' is
a l-absorbing prime filter. Since Ker(f) C F and f is onto, we conclude that f(F) = F/G is a
prime 1-absorbing filter of £/G by Theorem 7 (2). Suppose that F/G is a 1-absorbing prime
filter of £/G. Then f~'(F/G) = F by [10, Lemma 4.2 (4)]; so F is a l-absorbing prime filter
of £ by Theorem 7 (1). O

Theorem 9. Let F' be a proper filter of £. If £ is a \V-lattice, then £/F is a \V-lattice.

Proof. Let H be a proper filter of £/F. Then H = K/F for some proper filter K of £ by [10,
Lemma 4.2 (5)]. Let K = (', F; be a V-factorization. Then H = (N, F;)/F = (), Fi/F
by [10, Lemma 4.2 (7)]. It is enough to show that F;/F is a 1-absorbing prime filter of £/F for
each i € {1,2,...,n}. Let

(aNF)Vg(OANF)Vg (cNF)=aVbVcANF € F;/F

for some non-zero elements a A F,b A F,c N F € £/F. Clearly, a,b, c are non-zero elements of
£ and aVbVce F; by [10, Lemma 4.2 (2)]. Since F; is a 1-absorbing prime filter, we get that
a Vb€ F; or c € F; which implies that (a A F) Vg (DA F) € F;/F or c AN F € F;/F. Therefore
£/F is a V-lattice. O

Theorem 10. For each 1l-absorbing prime filter P and a join subset S, a 1-absorbing prime
filter Q that satisfies P C Q is constructible.

Proof. Set Q ={x € £:xVs € Pforsomes e S}. If pe P,thenpVsec P (secS) gives
PCQ. Let 21,20 € Qand t € £. Then x1 V 51,22V so € P for some s1,59 € S (s0 51V 892 € 5)
gives (x1 Ax2)V (s1V s2), (21 VE) Vs € P; hence x1 Axg, 21Vt € Q. Thus @ is a filter of £. Let
aVbVc e Q for some non-zero elements a, b, c € £ such that aVb ¢ Q. ThenaVbVeVseP
for some s € S and aVb ¢ P. Now P is a 1l-absorbing prime filter gives ¢V s € @ which implies
that ¢ € Q). Hence @ is a 1-absorbing prime filter of £ such that P C Q. O

Let F(£) be the set of all filters of £.
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Lemma 7. If F is a filter and S a join subset S with SN F = (), then the set Q = {G €
F(£): F CG and SNG = 0} of filters under the relation of inclusion has at least one maximal
element, and any such mazimal element of 1 is a 1-absorbing prime filter.

Proof. Clearly, F € Q, and so Q # (. Moreover, (£2,C) is a partial order. It is easy to see
that © is closed under taking unions of chains and so ) has at least one maximal element
by Zorn’s Lemma, say M. Since SN M = () and 0 € S, we see that 0 ¢ M and M ; £.
It remains to show that M is a l-absorbing prime filter. Now let a V b,¢c ¢ M; we must
show that a VbV c ¢ M for some non-zero elements a,b,c € £. Since a Vb ¢ M, we have
FCMGMAT({aVb}). By maximality of M in Q, we must have S N (M AT ({a V b})) # 0,
and so there exist s € S, t € £ and e € M such that s = e A (a VbV t). Similarly, there exist
sse S, t'e £and e € M such that s =’ A(cVHt). Put A=aVvbVtand ¢Vt = B. Then
sVs =((eNA)VeE)N(eNA)VB)=((eNA)VeE)N(eVB)A(aVbVeViEVt). Since sVs' €S
and ((eNA)Ve)A(eV B) e M, wemust have a VbV e ¢ M since SN M = (), as needed. [

Theorem 11. If F is a filter of £, then F = mHeVab(F) H.

Proof. Since the inclusion F' C ) HeV,,(F) H is clear, we will prove the reverse inclusion. Let
z € Nyev,,r) H. We suppose that z ¢ I, and look for a contradiction. Set S = {0,z}. Then
S is a join subset of £ with SN F = (). Hence, by Lemma 7, there exists a 1-absorbing prime
filter P of £ such that FF C P and PN S = (). It follows that P € V,(F), so that z € SN P, a

contradiction, i.e. we have equality. O

Proposition 4. If F,G are filters with G a 1-absorbing prime and F C G, then there exists a
minimal 1-absorbing prime H over F' such that H C G.

Proof. Set Q = {K € abSpec(£) : F C K CG}. Then G € Q,andso Q # 0. Put S = £\ (G ¢
x) for every non-zero element x € £\ G. Then S is a join closed subset of £ by Proposition 1.
By an argument like that in Lemma 7, the set 2 of 1-absorbing prime filters of £ has a minimal
member with respect to inclusion (by partially ordering €2 by reverse inclusion and using Zorn’s
Lemma) which is a 1-absorbing prime filter, i.e. the result holds. O

Theorem 12. Let F be a proper filter of £. The following hold:
(1) F = ﬂHeminab(F) H;
(2) If F is a 1-absorbing prime filter, then |ming,(F)| = 1;
(8) If F' has a V-factorization, then ming,(F') is finite.

Proof. (1) Since ming(F) C Vop(F), it is clear that ey, ) H is a subset of (yepin,, (r) H
by Theorem 11. However, the reverse inclusion is immediate from Proposition 4 (since every
prime l-absorbing filter in V,;(F") contains a minimal 1-absorbing prime filter over F).

(2) This follows from (1).

B)UF = ﬂi.c:l F; is a V-factorization, then min,,(F) C Ule ming,(F;), and so |ming, (F)| <
k by (2), i.e. (3) holds. O

Compare the next Theorem with Theorem 2.1, p. 2 in [12].
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Theorem 13. Let F' C G be filters of £ with G is a 1-absorbing prime filter and a € £\ G.
The following statements are equivalent:

(1) (G : £ a) is a minimal 1-absorbing prime filter over F';

(2) S = £\ (G :¢a) is a join subset that is mazimal with SO F = ();

(8) For each x € (G :p a), there is a y ¢ (G : ¢ a) such that x Vy € F.

Proof. (1) = (2) Since F C (G :g a), (£\ (G :x a)) N F = (. Then the set Q of all join
closed sets, say U, with U N F = () is not empty. Of course, the relation of inclusion, C, is a
partial order on 2. Now (2 is easily seen to be inductive under inclusion, so by Zorn’s Lemma
Q2 has a maximal element S (so F NS = ()). By Lemma 7, there is a 1-absorbing prime filter
H of £ containing F' that is maximal with respect to being disjoint from S which implies that
(£\(G:ga))NH =0. It follows that H = (G : £ a) by (1); hence S = £\ (G :¢ a).

(2)=B)Let 1l A#x € (G:ra)andset S={zVy:y € £\ (G:ra)}. Then S is a join
subset that properly contains £\ (G : £ a); so F NS # () by maximality of £\ (G :£ a). Thus
there exists y € £\ (G :¢ a) such that x Vy € F.

(3) = (1) Let K be a 1-absorbing prime filter such that F & K C (G :¢ a). If K # (G :¢ a),
then there is an element © € (G iz a) with 2 ¢ K; so zVy € F G K for some y ¢ (G :¢ a)
which is a contradiction. Therefore (G : ¢ a) = K. O

Theorem 14. Suppose that F is a l-absorbing prime filter of a divided lattice £ and let
P = (F :z a) be a minimal prime filter over F for some a € £\ F. Then F is a prime filter.
In particular, F = (F : ¢ a).

Proof. Let xVy € F for some x,y € £ such that y ¢ F. We claim that y ¢ P. On the contrary,
assume that y € P. Then by Theorem 13, there exists z ¢ P such that yVyVz=2Vy e F.
But y ¢ F and F is a 1-absorbing prime filter of £, so z € F, a contradiction. Thus y ¢ P. Now
xVy € F C P gives x € P and since £ is divided, we conclude that P C T({y}); soz =y Vu
for some u € £. Then zVy =yVyVu € F. But y ¢ F and F is a 1-absorbing prime filter of .£;
hence v € F. Therefore x € F', and thus F is a prime filter of £. The ”in particular” statement
is clear. O

5 1-Absorbing prime avoidance theorem

In this section, we state the 1-absorbing prime avoidance theorem for 1-absorbing prime filters
of a lattice £.

Let F, Fy, Fy,..., F, be filters of £. We call a covering F' C U?:1 F; efficient if no F; is
superfluous. Analogously, we say that F' = |J;"_; F; is an efficient union if none of the F; may be
excluded. Any cover or union consisting of filters of £ can be reduced to an efficient one, called
an efficient reduction, by deleting any unnecessary terms. We need the following lemma proved
in [5, Lemma 3.2] and [5, Remark 2.3 (i)], respectively.

Lemma 8. For the lattice £ the following hold:

(1) Let F and F; (i =1,2,...,n) be filters such that F C \J_, F; is an efficient covering of
filters of £, where n > 3. Then The intersection of any n — 1 of the filters F'N F; coincides with
ﬂ?:l(F NE;).

(2) If F, Fy, Fs are filters of £ with F' C Fy U Fy, then either F C Fy or F C Fy.
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Proposition 5. Let F and Fi (i =1,2,..., ) be filters such that F C \J;_, F; is an efficient
covering of filters of £, where n > 2. If F; € (Fj,:¢ x) for all x € £\ Fj whenever i # j, then
no F; is a 1-absorbing prime filter of £, for every 1 <1i < n.

Proof. On the contrary, assume that Fj is a 1-absorbing prime filter for some j € {1,2,...,n}.
Since F' C | J;_, F; is an efficient union, we have F' = [ !, (FNF;) is an efficient union. Therefore
there is an element a; € F'\ F} for every 1 < j < n. Since F = |J;",(F N F;) is an efficient
union, we conclude that (), ,;(F' N F;) € F'N F; by Lemma 8 (1). By assumption, there is an
element b; € F; such that b ¢ (Fj :£ a;) for every i # j. Set b =\/,,;b;. Then F' and F; are
filters gives bV a; € (), (F N F;) . We claim that bV a; ¢ F'N Fj. Assume to the contrary,
that bV a; € F; N F. Since Fj is 1-absorbing prime and (F} :¢ a]) is a prime filter of £ by
Proposition 1, we have b; € (F] :£ aj) for some i # j which is a contradiction. It follows that
bV a; ¢ F'N Fj and this contradicts the fact that (), ,;(F' N F;) C F N F}, as required. O

Theorem 15. (1-Absorbing prime avoidance theorem). Let F', Fy, Fs, ..., F,, (n >2) be filters
of £ such that at most two of Fi,Fs,...,F, are not 1-absorbing prime. If F C |J;_, F; and
F, ¢ (Fj:gx) forallz € £\ F; wheneverz;éj, then F' C F; for some i € {1,2,...,n}.

Proof. By Lemma 8 (2), we may assume that n > 3. Let F' C F; for all ¢ with 1 < ¢ < n. Then
F C U, F, is an efficient covering of filters of £. So by Proposition 5, no Fj is 1-absorbing
prime that contradicts the assumption. Therefore F' C F; for some ¢ with 1 <7 < n. O

Compare the next theorem with Corollary 3.3 in [13].

Theorem 16. Let F = T({x1,z2,...,25}), where {x1,x9,..., 25} C £. Let Fy,Fy,--- ,F, be
1-absorbing prime filters of £, F ¢ F; for every1 < i <n and F; € (Fj : ¢ ) for every x € £\ F}
and i # j. Then There are elements by, b3, - ,bs € £ such that v = x1 A (N\j_o(bi V ;) ¢

U?:1 F;.

Proof. We use induction on n. If n = 1, then the result is clear. So assume that n > 2 and that
the result has been proved for smaller values than n. then there are elements co, ..., cs € £ such
that ¢ = 21 A (Ni_y(ci V 2)) ¢ U/ Fi (so ¢ ¢ F; for each i € {1,---,n —1}). If ¢ ¢ Fy, then
c¢ U, F; and so we are done. Thus we may assume that ¢ € F;,. This shows that x1 € F}, by
Lemma 1 (1). Since F' € F,, there is a 2 < i < n such that x; ¢ F),, say xg By assumption,
there exists d; € F; such that d; ¢ (F, :¢ x2) for every i # n. Set d = \/]] ' d;. Then d € F; for
every i #n but d ¢ (F, :z x2) by Proposition 3.2. Thus d € F; \ (F), : ¢ xg) for every i # n. Let
e=x1 A ((caNd) Vo) AN(Ni_5(ci V) =
S
21 A (22 Vea) A(ma Vd) A (N (e Vi) =cA (V).
i=3

If F C U, Fi, then F C F; for some 1 < ¢ < n by Theorem 15 which is impossible. So suppose
that F* ¢ (J;_; F;. Then by an argument like that as above, we assume zy ¢ F,. If e € F},, then
x2Vd € F,, by Lemma 1, a contradiction. If e € F; for some i (1 < i < n—1), then ¢ € F; which
is impossible. Thus e ¢ |J;_, F;, as needed. O

Compare the next theorem with Corollary 3.4 in [13].
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Theorem 17. Let Fy, Fy, ..., F, be 1-absorbing prime filters of £, F be a filter of £ and
F; ¢ (Fj:g x) for everyz € £\ Fj and i # j. Ifa € £ and T({a}) NF € \J}_, Fi, then there
exists x € F such that a Nz ¢ \J;_, Fi.

Proof. Let a € (\_, F; such that a ¢ Ur Fio Itk =0, then a A1 ¢ |, F;. So suppose
that k > 1. If F C Ule F;, then F' C F; for some i € {1,2,--- ,k} by Theorem 15 which gives
T({a})AF C F; C !, F;, a contradiction. So FF ¢ Ule F;. Thus there is an element b € F such
that b ¢ Ule Fi (sob ¢ F;foreveryi € {1,2,--- ,k}). We claim that (\_, .| F; € U?:l(Fj £ T)
for every # € £\ Fj. Let (V. F; € UV (Fj 1z b) for b € F\ F;. By Theorem 15,
we obtain (L, F; C (Fj :¢ b) for some 1 < j < k and b € F\ F;. Since (Fj :z D) is
a prime filter by Propositionl, we conclude by [6, Lemma 2.1] that F; C (F} :¢ b), where
1 <j<kandk+1<1i<n which contradicts the assumption. Therefore there is an element
¢ € (Nizpq1 Fi such that ¢ ¢ UE_[(Fj :£ b). Set z = bV e Since F and Niejy1 Fi are filters,
we get z € FN (L ). If z=bVece UleFi, then z € F; for some 1 < i < k and hence
c € (F;:gb) for some 1 <4 < k which is a contradiction. Thus z ¢ |J_; F; (so z ¢ F; for every
1<i<k). IfaAnzeJ,F,then a Az e F, for some i € {1,2,--- ,n}. If i <k, then Fj is
a filter gives z € F; by Lemma 1 (1), a contradiction. If k +1 <1 < n, then a € F; which is a
contradiction. Thus a A z ¢ U, F;. O
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