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ON DOMINIONS AND DETERMINATION OF CLOSED
VARIETIES OF SEMIGROUPS

SH. ABBAS * AND W. ASHRAF

ABSTRACT. It is known that all subvarieties of variety of all semi-
groups are not absolutely closed. So, it is a natural question to
find out those subvarieties of variety of all semigroups that are
closed in itself or close in larger subvarieties of variety of all semi-
groups. We have gone through this open problem and able to
determine some closed varieties of semigroups defined by the iden-
tities axry = yrax [axy = zryza] and axry = yrza by using Isbell’s
zigzag theorem as an essential tool. Further, we partially generalize
a result of Isbell on semigroup dominions from the class of com-
mutative semigroups to some generalized classes of commutative
semigroups by showing that dominions of such semigroups belong
to the same class.

1. INTRODUCTION AND PRELIMINARIES

Let U be a subsemigroup of a semigroup S. Following Isbell [10], we
say that U dominates an element d of S'if for every semigroup T and for
all homomorphisms 3,v : S — T and uf=u~ for every u in U implies
dp=d~. The set of all elements of S dominated by U is called dominion
of U in S and we denote it by Dom(U, S). It can be easily verified that
Dom(U, S) is a subsemigroup of S containing U. A subsemigroup U of
a semigroup S is called closed in S if Dom(U,S) = U. A semigroup U
is called absolutely closed if it is closed in every containing semigroup.
Let C be a class of semigroups. A semigroup U is said to be C-closed
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if Dom(U,S) = U for all S € C such that U C S. Let B and C be
classes of semigroups such that B is a subclass of C. We say that B is
C-closed if every member of B is C-closed. A class C of semigroups is
said to be closed if Dom(U,S) = U for all U, S € C with U as a sub-
semigroup of S. Let A and D be two categories of semigroups with A
as a subcategory of D. Then it can be easily verified that a semigroup
U is A-closed if it is D-closed.

The following theorem provided by Isbell [10], known as Isbell’s
zigzag theorem, is a most useful characterization of semigroup domin-
ions and is of basic importance to our investigations.

Theorem 1.1. ([10], Theorem 2.3) Let U be a subsemigroup of a semi-
group S and let d € S. Then d € Dom(U,S) if and only if d € U or
there exists a series of factorizations of d as follows:

d = apty = yrarty = yragts = yaasts = -+ = YnGom—1tm = Ymaam (1.1)
where m > 1, a; € U (1 = 0,1,...,2m), y;,t; € S (1 = 1,2,...,m),
and

ap = Y101, Aom—1tm = Aom,
agi—1t; = Qglit1, Yil2i = Yit102i+1 (1<i<m-—1).
Such a series of factorization is called a zigzag in S over U with

value d, length m and spine ag, ay, ..., dop,.

The following result is from Khan [11] and is also necessary for our
investigations.

Theorem 1.2. ([11], Result 3) Let U and S be semigroups with U as
a subsemigroup of S. Take any d € S\U such that d € Dom(U,S). If

(1.1) is a zigzag of shortest possible length m over U with value d, then
tj,y; € S\U forallj=1,2,...,m.

Definition 1.3. Let
T1ToT3 = Tjy TiyTiy (1.2)
and
T1ToT3T4 = Tj, T, TjyLj, (1.3)

be permutation identities, where ¢ and j are nontrivial permutations
of the sets {1,2,3} and {1,2, 3,4} respectively. Then a semigroup sat-
isfying (1.2) is called
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(i) an externally commutative semigroup if i; = 3 and i3 = 1;

(ii) a right commutative semigroup if i = 3 and i3 = 2;

(iii) a left commutative semigroup if i; = 2 and iy = 1;

(iv) a Cyclic commutative semigroup if i; = 2 , i5 = 3 and i3 = 1;
(v) a Dual-Cyclic commutative semigroup if i1 = 3, io = 1 and i3 = 2;

while satisfying (1.3) is called

(i) a paramedial semigroup if j; =4 and j; = 1;

(ii) a right semicommutative semigroup if j3 = 4 and j; = 3;

(iii) a left cyclic commutative semigroup if j; = 2, jo = 3 and js = 1;
(iv) a paracyclic commutative semigroup if j; =2, jo =3, j3 = 4
and j, = 1;

(v) a dual paracyclic commutative semigroup if j3 =4, jo =1, j3 =2
and j4 = 3;

The semigroup theoretic notations and conventions of Clifford and
Preston [7] and Howie [9] will be used throughout without explicit
mention.

2. CLOSEDNESS AND VARIETIES OF SEMIGROUPS

In general varieties of bands containing the varieties of rectngular
and normal bands are not absolutely closed as Higgins [8, Chapter 4]
had given examples of a rectangular band and a normal band that
were not absolutely closed. So, it is worthy of mention to find out the
varieties which are closed in itself. Scheiblich [13], in this direction,
had shown that the variety of all normal bands was closed, Alam and
Khan in [3, 4, 5] had shown that the variety of left [right] regular bands,
left [right] quasi-normal bands and left [right] semi-normal bands were
closed. In [2], Ahanger and Shah had proved a stronger fact that the
variety of left [right] regular bands was closed in the variety of all
bands and, recently, Abbas and Ashraf [1] had shown that a variety
of left [right] normal bands was closed in some containing homotypical
varieties (varieties admitting an identity containing same variables on
both sides) of semigroups.

In this section, we have shown that some more varieties of semigroups
are closed in itself, but finding out a complete list of closed varieties of
semigroups still remains an open problem.

Lemma 2.1. Let U be a subsemigroup of semigroup S such that S
satisfies the identity axy = yxax and let d € Dom(U, S)\U having
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zigzag of type (1.1) in S over U with value d of shortest possible length
m. Then (HZZ_OI az)tm = ([ 1%, a2:)

Proof.

m—1

(H a2 )t

i=0

= Qo204 - - * A2m—402m—2lm

= (y1a1(agay - - - Agp—4a9m—2))t, (by zigzag equations)
= ((agayq - - - A2m—402m—2a1)Y101)

(since S satisfies the identity azy = yxax)

= (a1y1(a2ay - - - Qom—402m—201)Y1 ) tm

(since S satisfies the identity axy = yzax)

= ay1(yoas(ay - - - Agm_4G2m_2a1))¥1ty, (by zigzag equations)
= a1((as - - - G2m—102m—20103)Y2a3)Y1tm

(since S satisfies the identity axy = yxrax)

= a1(asy2(as - - - G2m—402m—20103)Y2)Y1tm

(since S satisfies the identity azy = yxax)

= Q103+ A2m—3Ym—102m—20103 * * * A2m—3Ym—1" " * Y2Y1lm

= ((a1a3 - - - a2;m—3) (YmG2m—1)(a103 - - Q2 —3Ym—1 " - Yoy1) )tm

(by zigzag equations)

= ((a1a3 - - G2m—3Ym—1 " Y2y1) (YmG2m—1)(a103 - - - A2m—3) (Ym2m—1))tm
(since S satisfies the identity azy = yxax)

= a1z Agm—3((Ym—1 " Y2Y1Ym)a2m—1(a103 - - - Q2n—3))Ym2m
(by zigzag equations)

= 103"+ Q230103 " * 2 —3((Q2m—1Ym—1 " * Y2U1)YmOG2m—1Ym ) G2m
(since S satisfies the identity azy = yxax)

= masg--- sz—s((a1a3 e 'sz—s)a2m—1yma2m—1)ym—1 ©rY2Y1Gom
(since S satisfies the identity axy = yxax)

= 103+ A2m—3(Ym@2m-1(103 - Q2m—3))Ym—1 " * * Y2Y1G2m

(since S satisfies the identity axy = yxax)
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=aas--- a?m—B(a2m—3ym—l(a2m—2ala3 e 'a2m—5a2m—3)ym—l)ym—2 T Y2l1G2m
(by zigzag equations)

= 103 - -+ Qam—5((A2m—20103 - * * A2m—5) Q2 —3Ym—102m—3)Ym—2 * * * Y2UY102m
(since S satisfies the identity axy = yxrax)

=aas--- a2m75(ym71a2m73(a2m72a1&3 - '@2m75))ym72 o Yalr1Gom

(since S satisfies the identity azy = yxax)

= a10a3 - A2m—5Ym—202m—402m—201043 * * * A2m—5Ym—2 * * * Y2Y102m

(by zigzag equations)

= (G1y1(aza4 te a2m—4a2m—2(l1)y1)a2m
= ((CL2G4 o 'a2m74a2m72)a1y1a1)&2m

since S satisfies the identity axy = yrax
( y axy =y
= (Z/lal(aza4 s a2mf4a2m72))a2m

since S satisfies the identity axy = yzrax
( y axy =y

= QpQ2Qy * * * A 4G 209, (Dy zigzag equations)

= (H Cl2z')>

as required. O

Theorem 2.2. The variety V = [axy = yxax| of semigroups, i.e. the
class of all semigroups satisfying the identity axy = yxrax, is closed.

Proof. Take any U, S € V with U a subsemigroup of S and let d €
Dom(U, S)\U. Suppose that d has zigzag of type (1.1) in S over U
with value d of shortest possible length m. Now

d = apty (by zigzag equations)
= y1a1t; (by zigzag equations)
= (t1a1y1)aq (since S satisfies the identity axy = yxax)
= (y1a1t1aq)ay (since S satisfies the identity axy = yzraz)
= yyastaara; (by zigzag equations)
= (yaasta)ara; (by zigzag equations)

= (tgasyeas)aia; (since S satisfies the identity axy = yrax)
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= (taasyi)asaiay (by zigzag equations)
= y1((astaas)(agayr)ay) (since S satisfies the identity ary = yxrax)

= y1 (a1 (azaq)(astaas)(azar)) (since S satisfies the identity axy = yxax)

ap(asay (astsazas)ay) (by zigzag equations)
= apaste(asazaias) (since S satisfies the identity ary = yxax)

= (apas(teaiaz)as) (since S satisfies the identity axy = yrax)

((teajag)agag) (since S satisfies the identity axy = yzrax)
(

toas (azasyy)ar) (by zigzag equations)

((agaszyr)aits) (since S satisfies the identity axy = yxax)
= (agas(agts)) (by zigzag equations)

ao(taazaszas) (since S satisfies the identity ary = yrax)

ap(agasty) (since S satisfies the identity azy = yrax)

= (] J a2)(asto)

=0

= ([ @200 st

= QpU2Qy *  * A2y 402 oty (by zigzag equations)

= QpA204 * * * A2m—4A2m—202m (by Lemma 21)

= (H as;)

ceU

= Dom(U, S) =U.
Thus the proof of the theorem is complete. O

Dually, we may prove the following result.

Theorem 2.3. The variety V = [axy = xyxa| of semigroups, i.e. the
class of all semigroups satisfying the identity axy = xyxa, is closed.

Lemma 2.4. Let U be a subsemigroup of semigroup S such that S
satisfies the identity axy = yxxza and let d € Dom(U, S)\U having
zigzag of type (1.1) in S over U with value d of shortest possible length
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m. Then
m—1 m
(H agi)ty, = (H as;).
i=0 i=0
Proof.
m—1
(H agi)tm
i=0

= U204 * * * A2m—402m—2tm

= y1(aras(ayg - - - Agpm—4a9m—sty)) (by zigzag equations)
= y1((aq - - - G2m—1G2m—oty)az(azay))

(since S satisfies the identity azy = yxza)

= y1a2(a1a2a2(a4 ce a2m—4a2m—2tm>)

(since S satisfies the identity azy = yxxa)

= y1as((ayq - - - Qom—4G2m—otm)a2ay)

(since S satisfies the identity azy = yxxa)

= yo(azays(ag - - - Aopm—4a2m_otmas))a; (by zigzag equations)
= y2((ag - - - A2m—1G2m—otmas)as(asaz))ay

(since S satisfies the identity azy = yxza)

= yoaq(asasas(ag - - - Aam—aG2m—otmas))a

(since S satisfies the identity azy = yxza)

= yoaq((ag - - - Qam—102m—otma2)asas)ay

(since S satisfies the identity axy = yxxa)

= Ym—102m—2lm 0204 - - * A2p 2027, -3 * * * 3071

= (Ym@om—1tm)a2ay * - A2y 200, 3 - - - azaq (by zigzag equations)
= (tma2m—1a2m—l)yma2a4 cAom—202m—3 " * - A3y

(since S satisfies the identity axy = yxxa)

= (a2m—la2m—la?m—ltm)yma2a4 T dom—202m—3 " " - A301

(since S satisfies the identity axy = yxxa)

= (a2m71&2m71<a2mym))a2a4 © o Aom—202m-—3 " A3 (by zigzag equa,tions)
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= a2m(yma2m—1a2m—la2m—l)a2a4 c o Gom—202m—3 - 4341
(since S satisfies the identity axy = yxxa)

= (@2m@2m—102m-1Ym)A204 - - * Q22023 * * * A301

(since S satisfies the identity axy = yxxa)

= (ymGmel@zm)@CM © ot Uam—202m—3 " - A3a]

(since S satisfies the identity azy = yxza)

= ym71a2m72((a2ma2a4 e 'a2mf4)a2m72a2m73)a2m75 ceta3an
(by zigzag equations)

= ymfl((a2m72a2m73)a2m72a2m72(a2ma2a4 T a2m74>>a2m75 T a3an
(since S satisfies the identity azy = yxza)

= ym—l((a2maza4 T a2m—4)a2m—2a2m—2a2m—3)a2m—5 craszan
(since S satisfies the identity ary = yxza)

= ym—l(a2m—3a2m—2(a2ma2a4 T a2m—4))a2m—5 T a3
(since S satisfies the identity axy = yxxa)

= Ym—2Q2m—402m 202, 0204 * * * A2 402, 5 - - - azay (by zigzag equations)

= y1a2((a4 T a2m72a2m>a2a1)

= y1((aza1)asaz(ay - - - agm-—2a2m))

(since S satisfies the identity axy = yxxa)

= y1((ay - - - agm—2a2m)a2a201)

(since S satisfies the identity axy = yxxa)

= y1(araz(ay - - - agm—2a9,,)) (since S satisfies the identity axy = yrza)

= QpUgQy - * * Ao —209, (Dy zigzag equations)

= (H a2i)7

as required. O

Theorem 2.5. The variety V = [axy = yxxa| of semigroups, i.e. the
class of all semigroups satisfying the identity axy = yxxa, is closed.

Proof. Take any U, S € V with U a subsemigroup of S and let d €
Dom(U, S)\U. Suppose that d has zigzag of type (1.1) in S over U
with value d of shortest possible length m. Now
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d = apty (by zigzag equations)
= y1a1t; (by zigzag equations)
= (t1(a1a1)y1) (since S satisfies the identity azy = yrza)
= (y1(a1a1)(aray)ty) (since S satisfies the identity axy = yxza)
= y1((a1a1)araq)ty (by zigzag equations)
= y1(agaias(ayay))ty (since S satisfies the identity axy = yrza)
= (yoas(araia1ay))ts (by zigzag equations)
= ((a1a1)araq(azasz))ysts (since S satisfies the identity axy = yxza)
= as((asai)arai(yats)) (since S satisfies the identity ary = yrza)
= agys(taaias)ay (since S satisfies the identity azy = yrza)
= agys(agajaite)a; (since S satisfies the identity axy = yrza)
= az((y1az2a1)artz)ay (by zigzag equations)
= agtaarai(y1az(arar)) (since S satisfies the identity azy = yxxa)
= ((astz2)(a1a1)(a1a1)(aza291))
(since S satisfies the identity axy = yxza)
= ((agagyr)aia1(astz)) (since S satisfies the identity ary = yxza)
(astaaq)asasyr) (since S satisfies the identity azy = yrza)

yras(asts))ay (since S satisfies the identity ary = yrza)

asts)asasag) (by zigzag equations)

(

(

((astz)agasyy)ay (since S satisfies the identity axy = yxza)
((

(

apas(asts)) (since S satisfies the identity azy = yrza)

= (H az;)(astz)

= (1—_[ azi)(@zm-—3tm-1)

= QpQ20y4 * * * A2mm—402m oty (DY zigzag equations)

= ApAoay - * * A2pm—4Q2m—202, (by Lemma 2.4)

= (H az;)

eU
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= Dom(U,S) =U.
Thus the proof of the theorem is complete. OJ

3. DOMINIONS AND SOME GENERALIZED CLASSES OF
COMMUTATIVE SEMIGROUPS

Isbell [10, Corollary 2.5] showed that the dominion of a commutative
semigroup is commutative. However, Khan [12] gave a counterexample
to show that this stronger result is false for each (nontrivial) permuta-
tion identity other than commutativity. Recently Alam, Higgins, and
Khan [6] generalized Isbell’s result from commutative semigroups to
‘H-commutative semigroups. Now, we find some generalized classes of
commutative semigroups for which this stronger result is true in some
weaker form.

Theorem 3.1. Let U be an externally commutative subsemigroup of a
paramedial semigroup S. Then Dom(U,S) is externally commutative
SEMIGroup.

Proof. Let U be an externally commutative subsemigroup of a para-
medial semigroup S. Then we have to show that Dom(U,S) is also
externally commutative semigroup.

Case (i): If dy,dy, d3 € U, then the result holds trivially.

Case (ii): dy € Dom(U, S)\U and ds,d3 € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in S over
U of length m. Now

didods = Y (aomdads) (by zigzag equations)
= Ym(dsdsas,,) (since U is externally commutative)
= Ymdsdaaom,_1t,, (by zigzag equations)
= Ym (d3daaam—1)tm
= Ym(a2m_1dads)t,, (since U is externally commutative)
= Ym—_102m—2dadst,, (by zigzag equations)
= Ym—1(a2m—2dads)t,
= Ym-1(dsd2aay,_2)t, (since U is externally commutative)
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= Ym_1d3doom_st,—1 (by zigzag equations)

= y1(dsdaar )ty

= y1(a1dads)t; (since U is externally commutative)
= apdadst; (by zigzag equations)

= (apdad3)t;

= (dsdsag)t; (since U is externally commutative)
= dsdad; (by zigzag equations),

as required.

Case (iii): di,dy € Dom(U, S)\U and d3 € U.
Then, by Theorem 1.1, dy has zigzag equations of type (1.1) in S over
U of length m. Now

dydayds = diymasmds (by zigzag equations)
= d3Ymaomdy (since S satisfies the identity xixoxsry = T4T00371)
= dsdad; (by zigzag equations),

as required.

Case (iv): dy,ds, d3 € Dom(U, S)\U.
Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in .S over
U of length m. Now

dydyds = (dydsag)ty (by zigzag equations)
= (apdady )ty (by Case (iii))
= yra1dadity (by zigzag equations)
= y1(a1dady )t
= y1(d1dsay)t; (by case (iii))
= y1didaasty (by zigzag equations)
= y1(dydaas)ts
= y1(agdady )ty (by Case (iii))
= yoasdadits (by zigzag equations)

= Ym(a2m-1dady )ty
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= Ym(didaagm,—1)t,, (by Case (iii))
= Ymdidsas, (by zigzag equations)
= ym<dld2a2m)

= Ym(agamdad,) (by Case (iii))

= dsdod; (by zigzag equations),

as required. Thus the proof of the theorem is complete. |

Theorem 3.2. Let U be a right commutative subsemigroup of a right
semi-commutative semigroup S. Then Dom(U,S) is right commutative
SEMIGroup.

Proof. Let U be a right commutative subsemigroup of a right semicom-
mutative semigroup S. Then we have to show that Dom(U, S) is also
right commutative semigroup.

Case (i): If dy,dy,d3 € U, then the result holds trivially.

Case (ii): dy € Dom(U, S)\U and ds,d; € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in .S over
U of length m. Now

d1dyds = Ym(agmdads) (by zigzag equations)
= Ym(agmdsdy) (since U is right commutative)

= dydsdy (by zigzag equations),

as required.

Case (iii): di,dy € Dom(U, S)\U and d3 € U.
Then, by Theorem 1.1, ds has zigzag equations of type (1.1) in .S over
U of length m. Now

didsds = dyagtids (by zigzag equations)
= dyapdst; (since S satisfies the identity x1zow314 = T1222473)
= (dyaods)ty
= (dydszap)t; (by Case (ii))
= dydsdy (by zigzag equations),

as required.
Case (iv): dy,ds, d3 € Dom(U, S)\U.
Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in .S over
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U of length m. Now

dydyds = (dydsag)ty (by zigzag equations)
= (dyapds)t; (by Case (iii))
= dyagt1dsy (since S satisfies the identity xizow314 = T1227473)
= didsdy (by zigzag equations),

as required. Thus the proof of the theorem is complete. 0

Theorem 3.3. Let U be a left commutative subsemigroup of a left
cyclic semigroup S. Then Dom(U, S) is left commutative semigroup.

Proof. Let U be a left commutative subsemigroup of a left cyclic semi-
group S. Then we have to show that Dom(U, S) is also left commuta-
tive semigroup.

Case (i): If dy,dy,d3 € U, then the result holds trivially.

Case (ii): dy € Dom(U, S)\U and ds,ds € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in S over
U of length m. Now

dydayds = Y (agmdads) (by zigzag equations)
= Ym(daasmds) (by Case (i))
= doagmymds (since S satisfies the identity z1z02304 = To237124)
= doGom_1tmYmds (by zigzag equations)
= (daaom—1tm¥Ym)ds
= (agm-1tmdaym)ds (since S satisfies the identity z1xox314 = Tox32124)
= ((a2m-1tm)d2ymds)
= (doym(aom—1tm)ds) (since S satisfies the identity x;xex32y = Towszi24)
= doymaamds (by zigzag equations)
= dodyd3 (by zigzag equations),

as required.

Case (iii): di,dy € Dom(U, S)\U and d3 € U.

Then, by Theorem 1.1, dy has zigzag equations of type (1.1) in .S over
U of length m. Now

dydyds = dyagtids (by zigzag equations)
= a0t1d1d3 (since S satisfies the 1dent1ty T1T2X3T4 = I2$3I1$4)

= dod;d3 (by zigzag equations),
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as required.
Case (iv): dy,d2, d3 € Dom(U, S)\U.
Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in S over
U of length m. Now
dydyds = dydaymasy, (by zigzag equations)

= doymdyasy, (since S satisfies the identity xixox3704 = ToxsriTy)

= Ym (dr1daaom,
= ym<d2d1a2m (by Case (111))

= dod1Ymasm (since S satisfies the identity x1xox3714 = ToxsriTy)

(
(
= Ymdidaas, (since S satisfies the identity z1zox304 = To37124)
)
)

= dodyds (by zigzag equations),
as required. Thus the proof of the theorem is complete. O
Theorem 3.4. Let U be a cyclic commutative subsemigroup of a para-

cyclic commutative semigroup S. Then Dom(U, S) is cyclic commuta-
tive semigroup.

Proof. Let U be a cyclic commutative subsemigroup of a para-cyclic
commutative semigroup S. Then we have to show that Dom(U,S) is
also cyclic commutative semigroup.

Case (i): If dy,dy,d3 € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and da,d; € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in .S over
U of length m. Now

dydeds = apty1dads (by zigzag equations)
= t1dydszag (since S satisfies the identity xixox314 = Toxsw471)
= dadzapt; (since S satisfies the identity x1xox314 = Tox37477)
= dosdzdy (by zigzag equations),
as required.
Case (iii): di,dy € Dom(U, S)\U and d3 € U.

Then, by Theorem 1.1, ds has zigzag equations of type (1.1) in .S over
U of length m. Now

dydads = diymasmds (by zigzag equations)
= Ymomdsdy (since S satisfies the identity z12023204 = Tox32477)

= dodsd; (by zigzag equations),
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as required.

Case (iv): dy,d2, d3 € Dom(U, S)\U.
Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in S over
U of length m. Now

dydyds = (dydaag)t; (by zigzag equations)
= (daapdy )t; (by Case (iii))
= doyha1dity (by zigzag equations)
= (dayra1(dit1))
= (y1a1(dit1)ds)
(since S satisfies the identity x1xox374 = Tox32471)
= ((y1a1)dit1dy)
= (ditida(y1a1))
(since S satisfies the identity x1zo2314 = Tow31477)
= (t1dz(y1a1)d1)
(since S satisfies the identity x1zoz314 = Tox32477)
= (tidayha1)dy
= (dayrait1)d;
(since S satisfies the identity 1292304 = Tow32477)
= doapt1d; (by zigzag equations)
= dydsd; (by zigzag equations),

as required. Thus the proof of the theorem is complete. [l

Theorem 3.5. Let U be a dual-cyclic commutative subsemigroup of a
dual paracyclic semigroup S. Then Dom(U,S) is dual-cyclic commu-
tative semigroup.

Proof. Let U be a dual-cyclic commutative subsemigroup of a dual
paracyclic semigroup S. Then we have to show that Dom(U, S) is also
dual-cyclic commutative semigroup.

Case (i): If dy,dy,d3 € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and da,d; € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in .S over
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U of length m. Now

dydayds = Ymaomdads (by zigzag equations)
= d3Ymaomds (since S satisfies the identity xixox374 = T4717973)

= dsdidy (by zigzag equations),

as required.

Case (iii): di,dy € Dom(U, S)\U and d3 € U.
Then, by Theorem 1.1, dy has zigzag equations of type (1.1) in .S over
U of length m. Now

dydyds = dyagtids (by zigzag equations)
= d3d1a0t1 (since S satisfies the 1dent1ty T1T2X3T4 = I4ZL’11}2[E3)

= dzd,dy (by zigzag equations),

as required.

Case (iv): dy,dy, d3 € Dom(U, S)\U.
Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in .S over
U of length m. Now

dydsds = dydoymao, (by zigzag equations)
= agmdiday,y, (since S satisfies the identity z1zo23x4 = T4212223)
= Ymaamdids (since S satisfies the identity xixox374 = x4712073)

= dsdidy (by zigzag equations),
as required. Thus the proof of the theorem is complete. O
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