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outline of this paper is as follows. Section 2 introduces the new approaches for integro-differential 
equations. Section 3 presents several numerical examples to illustrate the performance and 
efficiency of the proposed method and Section 4 includes some concluding remarks. 

2. Method of Solution 

A class of two-point boundary value problems for fourth order integro-differential equations can be 
considered as follows: 

( )( )

0
( ) ( ) ( ) ( ) ( ) ( ) ( ( )) , 0 1, ,

x
ivy x f x y x g t y t h t F y t dt xg g= + + + £ £ Îò                                      (1) 

subject to the boundary conditions 

0 0

1 1

(0) , (1) ,

(0) , (1) ,

y y

y y

a b

a b

= =

¢ ¢= =
                                                                                                                                                  (2) 

where F  is a real nonlinear continuous function, 0 0 1, , ,g a b a  and 1b  are real constants, and ,f g  
and h  are given functions and can be approximated by Taylor polynomials. 

For solving the equation (1), we construct a following equation 

( ){ }( )
0 0

0
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ( )) ,

x
ivy x u x p u x f x y x g t y t h t F y t dtg= - - - - +ò                                 (3) 

where p  is an artificial parameter, 0
0

( ) ( )n n
n

u x P xg
¥

=
= å  and 0 1 2, , ,g g g  are unknown coefficients 

and 0 1 2( ), ( ), ( ),P x P x P x  are specific polynomial functions depending on the problem. Obviously, 

when 1p = , from (3) we have original equation (1). By the perturbation technique, assumed that 

the function ( )y x  can be expressed by an infinite series, 
0

( ) ( )n
n

n

y x p y x
¥

=
= å  and nonlinear term 

( )( )F y x  can be decomposed into an infinite series of polynomials given by  

( ) 0 1
0

( ) ( , ,..., )n n
n

F y x H y y y
¥

=
= å                                                                                                                         (4) 

where 0 1( , ,..., )n nH y y y  are called Adomian’s polynomials or He’s polynomials [22] and are defined 
by  

0 1
0 0

1
( , ,..., ) , 0,1,2,...

!

nn
k

n n kn
k p

d
H y y y F p y n

n dp = =

é æ öù÷çê ú= =÷ç ÷÷çê úè øë û
å                                                                        (5) 

Now let us write the equation (3) in the following form 
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0 1
0 0 0 0

(0)
( ) ( ) ( ) ( )
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å å åò
                               (6) 



  59 H. Aminikhah / Computational Sciences and Engineering 1(1) (2021) 57-65   59 
 

where 
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= å  are the Taylor 

series of ( ), ( )f x g x  and ( )h x  respectively. By applying Laplace transform on both sides of (6), we 
have 
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or 

3 2
0 1

1
4

0
0 0 0

( )

( )
1 0

4
0

1
( )

( ) ( ) ( )

(0)
( )

1 (0) !

!

n
n n

n n n n n n
n n n

n
n

n
n n

n

s s sA B

p y x
P x p P x p y xs

g
t y t

f n
p x

ns h

a a

g g g

¥
- ¥ ¥ ¥

=
= = =

¥

¥
- =

=

ì æ öüï ï+ + + + ÷çï ï÷çï ï÷çï ï÷ì æ öüç ï ï= ÷í ý÷çç ï ï÷ï ï÷ï ïçç ÷- -í ý÷ï ïçç ÷÷ï ï÷ï ç ïç ÷ ÷ç çè è ø øï ïï ïï ïî î þ þ

+ +

+

å å å å

å
å

L
L

L L
( )0

0 1
0 0

,
(0)

( , ,..., )
!

x

n
n

n n
n n

dt

t H y y y
n

¥ ¥

= =

ì ì æ æ ö öüüï ï ïï÷ ÷ç çï ï ïï÷ ÷ç çï ï ïï÷ ÷ç çï ï ïï÷ ÷ç çï ï ïï÷ ÷ï ï ïïç ç ÷ ÷í í ýýç ç ÷ ÷ç ç ÷ ÷ï ï ïï÷ ÷ç çï ï ïï÷ ÷ç çï ï ïï÷ ÷ç çï ï ïï÷ ÷ç ç ÷ ÷ï ï ïïè è ø øï ï ïïî î þþ

ò
å å

                                 (8) 

where (0)A y ¢¢=  and (0)B y ¢¢¢=  are constants that will be determined later by using the boundary 
conditions at 1x = . Comparing coefficients of terms with identical powers of p , leads to 
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                       (9) 

Now, let us determine 0 1 2, , ,...g g g  so that 1 0y = , then from (9) we have 0, 2, 3,ny n= =  . 

Setting 1p = , results in the solution of equation (3) as the following: 
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0 0 12 3 4 4
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1 1 1 1 1
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n

y x y x A B P x
s s s s s
a a g

¥
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ì üï ïï ï= = + + + +í ýï ïï ïî þ
åL L  

Therefore, in this method, only the first He’s polynomials is calculated, and does not need to solve 
the differential equation in each iteration. 

3. Illustrative Examples 

In this section, we apply the new method for solution of linear and nonlinear fourth-order integro-
diffrential equation. 
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Example 1. Consider the linear fourth-order integro-diffrential equation 

( )

0
( ) ( 3)e ( ) ( ) , 0 , 1,

x
iv xy x x x y x y t dt x t= + + + - £ £ò                                                                           (10) 

subject to the boundary conditions 

(0) 1, (1) 1 e,

(0) 1, (1) 2e.

y y

y y

= = +

¢ ¢= =
                                                                                                                                               (11) 

which has the exact solution ( ) 1 exy x x= + . To solve equation (10), by the new method we 

construct the following equation 
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0 0

0
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x
iv xy x u x p u x x x y x y t dt= - - - + - + ò                                                         (12) 

By applying Laplace transform on both sides of (12), we have 
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where 0 1 2, , ,g g g  are unknown coefficients, ( ) n
nP x x=  are specific functions depending on the 

problem, (0) 1, (0) 1, (0) , (0)y y y A y B¢ ¢¢ ¢¢¢= = = =  and 
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By applying inverse Laplace transform on both sides of (13), we have 
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According to (9) and (14), we have 
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If we set 1( ) 0y x =  then we have 

0 1 2 3 4
1 1 11 1

4, 5, 2, 1 ( ), ,
2 6 24 24
A A B Bg g g g g= = = + = - - = -   

We consider the an approximation of ( )y x  as follows 

( )
( ) ( )

2 3 4 5 6
0

7 8
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y x y x x Ax Bx x x A x

A B x B x
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Imposing the boundary conditions at 1x =  on 0( )y x*  we obtain the following linear system 
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Solving the system (15) we have 

34040140 58724761
e 1.999658187,

16905883 16905883
927360 53258657

e 3.001193795.
16905883 16905883

A

B

= - »
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Therefore, the approximate solution of equation (10) is 

2 3 4 5
0

6 7 8

( ) 1 0.99983 0.50019 0.16667 0.04167

0.00833 0.00139 0.00020 .

y x x x x x x

x x x

* = + + + + +

+ + +
 

Some numerical results of these solutions are presented in Table 1 and Figure 1. 

                 Table 1. Numerical values of solutions of Example 1 

ix  numericaly  exacty  
exact numericaly y-  

0.0 1.000000000 1.000000000 0.0 

0.1 1.110515582 1.110517092 1.5E-6 

0.2 1.244275308 1.244280552 5.2E-6 

0.3 1.404947632 1.404957642 1.0E-5 

0.4 1.596715260 1.596729879 1.4E-5 

0.5 1.824342723 1.824360636 1.7E-5 

0.6 2.093252450 2.093271280 1.8E-5 

0.7 2.409610279 2.409626895 1.6E-5 

0.8 2.780421517 2.780432742 1.1E-5 

0.9 3.213638629 3.213642800 4.1E-6 

1.0 3.718281830 3.718281828 2.0E-9 
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Figure 1. The plot of approximate and exact solutions of example 1 

 

Example 2. Consider the nonlinear fourth-order integro-diffrential equation 
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which has the exact solution ( ) exy x = . To solve equation (16), by the new method we construct 
the following equation 
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where 0 1 2, , ,g g g  are unknown coefficients, ( ) n
nP x x=  are specific functions depending on the 
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By applying inverse Laplace transform on both sides of (19), we have 

1 3 2
4

0 0

2

00 0

1
( ) ( )

( ) 1 e ( ( )) ,

n
n n n

n n

x
t n

n n n
n n

p y x s s sA B P x
s

p P x p y x dt

g

g

¥ ¥
-

= =
¥ ¥

-

= =

ì ì ìï ï ïï ï ï= + + + +í í íï ï ïï ï ïî î î
æ öüïï÷ç- - - ÷ýç ÷÷ç ïè øïþ

å å

å åò

L L
                                                         (20) 

According to (9) and (20), we have 
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If we set 1( ) 0y x =  then we have 
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We consider the an approximation of ( )y x  as follows 
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Imposing the boundary conditions at 1x =  on 0( )y x*  we obtain the following linear system 
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                                                                                                                        (21) 

Solving the system (21) we have 

16952040 83705719
e 0.999962575,

4227721 8455442
25522560 147211569

e+ 1.00013068
4227721 8455442

A

B

= - »

= - »
 

Therefore, the approximate solution of equation (16) is 
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2 3 4 5
0

6 7 8

( ) 1 0.49998 0.16669 0.04167 0.00833

0.00139 0.00020 0.00002 .

y x x x x x x

x x x

* = + + + + +

+ + +
 

Some numerical results of these solutions are presented in Table 2 and Figure 2. 

                  Table 2. Numerical values of solutions of Example 2 

ix  numericaly  exacty  exact numericaly y-  

0.0 1.000000000 1.000000000 0.0 

0.1 1.105170752 1.105170918 1.6E-7 

0.2 1.221402186 1.221402728 5.7E-7 

0.3 1.349857711 1.349858808 1.0E-6 

0.4 1.491823097 1.491824698 1.6E-6 

0.5 1.648719310 1.648721271 1.9E-6 

0.6 1.822116739 1.822118800 2.0E-6 

0.7 2.013750888 2.013752707 1.8E-6 

0.8 2.225539701 2.225540928 1.2E-6 

0.9 2.459602656 2.459603111 4.5E-7 

1.0 2.718281830 2.718281828 2.0E-9 

 

 

Figure 2. The plot of approximate and exact solutions of example 1 

4. Conclusion 

In this paper, we have proposed the new efficient method to solve a class of two-point boundary 
value problems for fourth order integro-differential equations. This approach was based on Laplace 
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transform, perturbation technique and polynomial series. We demonstrate the efficiency and 
accuracy of the proposed method with some numerical examples. For linear and non-linear fourth 
order integro-differential we usually derive very good approximations to the solutions. The accuracy 
of the numerical results indicates that the method is well suited for the solution of such type of 
problems. 
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