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 In this paper, the buckling response of single-walled carbon nanotube 

(SWCNT) -reinforced shape memory polymer nanocomposite beams is 

investigated through a computational multiscale approach. First, the 

Mori-Tanaka micromechanical model is used to extract the effective 

mechanical properties of SWCNT-polymer nanocomposites. The role of 

interfacial region between the nanotubes and polymer matrix in the 

elastic properties is taken into account in the analysis. Then, the buckling 

behavior of the nanocomposite beams is evaluated by the finite element 

method (FEM). The effects of nanotube content, interphase and 

temperature on the buckling response are investigated. It is observed that 

the addition of SWCNT into the polymeric materials increases the 

buckling capacity of the resulting nanocomposite beams. According to 

the results, the buckling characteristics of shape memory polymer 

nanocomposite beams are affected by the CNT/polymer interphase. The 

increase of temperature significantly decreases the buckling loads of 

nanocomposite beams due to the decrease of nanocomposite elastic 

modulus. 

Keywords: 

Nanocomposite beam 
Buckling 

Computational analysis 

Finite element method 

 

1. Introduction  

Carbon nanotubes (CNTs) are subject of extreme research, primarily due to their extraordinary 

strength, high stiffness, high aspect ratio, low density and multifunctional characteristics [1-3]. The 

CNTs as reinforcing agents are added into the polymeric materials to produce nanocomposites [4,5]. 

The emergence of CNT-reinforced polymer matrix nanocomposites with their unique mechanical 

and physical properties has led to numerous advances in a variety of engineering applications [6,7]. 

On the basis of tensile tests made by Qian et al. [8], it has been revealed that addition of 1 wt % CNT 
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into the polystyrene matrix results in 36%-42% and ∼25% increases in Young’s modulus and breaks 

stress, respectively. Jia et al. [9] have found that Young’s modulus of polypropylene 

nanocomposites with content of 0.3 vol.% and 2.8 vol.% CNT can be increased by 15% and 32%, 

respectively, as compared to the pure polypropylene. The elastic modulus of poly(ether ether 

ketone) (PEEK) and 5 wt% CNT-reinforced PEEK nanocomposites has been measured to be 

1019.12± 5.1 MPa and 1333.1± 6.67 MPa [10].  

In the field of predicting effective properties of CNT-reinforced nanocomposites, micromechanical 

models such as the method of cell [11], simplified unit cell model [12], Halpin-Tsai [13] and Mori-

Tanaka [14] are broadly utilized. For example, Pakseresht et al. [15] used the high-fidelity 

generalized method of cells to calculate the damping properties of aligned CNT-epoxy 

nanocomposites. Hassanzadeh-Aghdam et al. [16] extracted the thermo-elastic properties of CNT-

reinforced shape memory polymer nanocomposites via the simplified unit cell micromechanical 

model. Haghgoo et al. [17] developed a micromechanical method based on the Mori-Tanaka model 

to comprehensively analyze the effect of thermal residual stresses on the overall elastoplastic 

behavior of the CNT-reinforced aluminum nanocomposites.  

Composite beams are very important structural components. Such structures are extensively utilized 

in various industrial applications such as civil, architectural, aerospace and marine engineering and 

are often subjected to external loads that cause buckling. Consequently, investigation of buckling 

behavior of the CNT-reinforced composite structures is an essential research which will be helpful 

for optimum design [18-20]. Yas and Samadi [21] studied free vibration and buckling behaviors of 

single-walled carbon nanotube (SWCNT)-reinforced nanocomposite Timoshenko beams. Rafiee et 

al. [22] examined thermal bifurcation buckling characteristics of CNT-reinforced composite beams 

with surface-bonded piezoelectric layers. Based on several higher-order shear deformation theories, 

Wattanasakulpong and Ungbhakorn [23] evaluated bending, buckling and vibration responses of 

polymer matrix composite beams reinforced by different patterns of SWCNTs. Ahmadi et al. [5] 

investigated the buckling behavior of rods made of carbon fiber/CNT-reinforced polyimide 

composites subjected to action of axial load on the basis of a multi-scale finite element approach. 

The effects of volume fraction of reinforcements, interphase, and geometrical characteristics on the 

axial buckling response of the composite rods were studied. 

Aim of present work is to analyze buckling response of SWCNT-reinforced shape memory polymer 

nanocomposite beam structures by a computational multiscale modeling approach. The effective 

material properties of nanocomposites in presence of CNT/polymer interphase region are estimated 

according to the Mori-Tanaka micromechanical model. Based on the finite element method (FEM), 

buckling characteristics of SWCNT/polymer nanocomposite beams are determined. The influences 

of CNT volume fraction, interphase and temperature on the buckling behavior of such beam 

structures are investigated. 

 

2. Micromechanical modeling 

On the basis of the Mori-Tanaka method [24-27], effective stiffness tensor of aligned CNT-

reinforced nanocomposites can be given by 
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(1 ) 𝐂𝑛𝑐 = {𝑓𝑚[𝐂𝑚] + 𝑓𝑟[𝐂𝑟][𝐀]}{𝑓𝑚[𝐈] + 𝑓𝑟[𝐀]}−1 

in which 𝑓𝑟 and 𝑓𝑚 denote volume fractions of CNT and matrix, respectively, I is the fourth-order 

identity tensor, and 𝐂𝑚 and 𝐂𝑟 signify stiffness tensors of matrix and CNT, respectively. Also, 𝐀 is 

defined as [24-27] 

(2 ) 𝐀 = [𝐈 + �̂�[𝐂𝑚]−1([𝐂𝑟] − [𝐂𝑚])]
−1

 

in which the non-zero components of Eshelby tensor �̂� are expressed as follows 

(3 ) 

𝑠1111 = 𝑠3333 =
5 − 4𝑣𝑚

8(1 − 𝑣𝑚)
 , 𝑠1133 = 𝑠3311 =

4𝑣𝑚 − 1

8(1 − 𝑣𝑚)
 

𝑠1122 = 𝑠3322 =
𝑣𝑚

2(1 − 𝑣𝑚)
, 𝑠2323 = 𝑠1212 =

1

4
, 𝑠1313 =

3 − 4𝑣𝑚

8(1 − 𝑣𝑚)
. 

When CNTs are randomly oriented in the polymer matrix, the bulk modulus and shear modulus of 

the nanocomposite are derived as [24-27] 

𝐾𝑛𝑐 = 𝐾𝑚 +
𝑓𝑟(𝛿𝑟 − 3𝐾𝑚𝛼𝑟)

3(𝑓𝑚 + 𝑓𝑟𝛼𝑟)
 

(4 ) 

𝐺𝑛𝑐 = 𝐺𝑚 +
𝑓𝑟(𝜂𝑟 − 2𝐺𝑚𝛽𝑟)

2(𝑓𝑚 + 𝑓𝑟𝛽𝑟)
 

(5 ) 

where 

𝛼𝑟 =
3(𝐾𝑚 + 𝐺𝑚) + 𝑘𝑟 − 𝑙𝑟

3(𝐺𝑚 + 𝑘𝑟)
 

(6 ) 

𝛽𝑟 =
1

5
{

4𝐺𝑚 + 2𝑘𝑟 + 𝑙𝑟

3(𝐺𝑚 + 𝑘𝑟)
+

4𝐺𝑚

𝐺𝑚 + 𝑝𝑟

+
2[𝐺𝑚(3𝐾𝑚 + 𝐺𝑚) + 𝐺𝑚(3𝐾𝑚 + 7𝐺𝑚)]

𝐺𝑚(3𝐾𝑚 + 𝐺𝑚) + 𝑚𝑟(3𝐾𝑚 + 7𝐺𝑚)
} 

(7 ) 

𝛿𝑟 =
1

3
[𝑛𝑟 + 2𝑙𝑟 +

(2𝑘𝑟 + 𝑙𝑟)(3𝐾𝑚 + 2𝐺𝑚 − 𝑙𝑟)

𝐺𝑚 + 𝑘𝑟

] 
(8 ) 

𝜂𝑟 =
1

5
[
2

3
(𝑛𝑟 − 𝑙𝑟) +

8𝐺𝑚𝑝𝑟

𝐺𝑚 + 𝑝𝑟

+
8𝑚𝑟𝐺𝑚(3𝐾𝑚 + 4𝐺𝑚)

3𝐾𝑚(𝑚𝑟 + 𝐺𝑚) + 𝐺𝑚(7𝑚𝑟 + 𝐺𝑚)
+

2(𝑘𝑟 − 𝑙𝑟)(2𝐺𝑚 + 𝑙𝑟)

3(𝐺𝑚 + 𝑘𝑟)
]. 

(9 ) 

in which 𝐾𝑚 and 𝐺𝑚 are the bulk modulus and shear modulus of the matrix, respectively. Also, 𝑘𝑟, 

𝑛𝑟, 𝑙𝑟, 𝑝𝑟 and 𝑚𝑟 are the Hill’s elastic moduli of the reinforcing phase [24]. Young’s modulus and 

Poisson’s ratio of randomly oriented CNT-reinforced nanocomposite are given by 

𝐸𝑛𝑐 =
9𝐾𝑐𝑛𝐺𝑛𝑐

3𝐾𝑛𝑐 + 𝐺𝑛𝑐
, 𝑣𝑛𝑐 =

3𝐾𝑛𝑐 − 2𝐺𝑛𝑐

6𝐾𝑛𝑐 + 2𝐺𝑛𝑐
. 

(10 ) 

Density of the CNT/polymer nanocomposites is calculated as follows 

𝜌𝑛𝑐 = 𝜌𝑚𝑓𝑚 + 𝜌𝑟𝑓𝑟 (11) 

where 𝜌𝑚 and 𝜌𝑟 are densities of the matrix and CNT, respectively. 

In a CNT-reinforced polymer matrix nanocomposite, non-bonding interaction between the CNT and 

surrounding matrix can affect its mechanical properties [15,16,25]. In the micromechanical 

modeling of nanocomposites, an interphase region is presented between the CNT and polymer 

matrix to characterize the degree of non-bonded interaction. The effective stiffness tensor of the 

interphase region is expressed as follows [16] 
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(12 ) 

𝐂𝑖 =
1

𝑡𝑖

∫ 𝐂𝑚 (

𝑑
2

 + 𝑡𝑖

𝑟
) + (

𝑑
2

 + 𝑡𝑖 − 𝑟

𝑡𝑖

)

𝜂

[𝐂𝑟 − 𝐂𝑟 (

𝑑
2

 + 𝑡𝑖

𝑑
2

)] 𝑑𝑟.

𝑑
2

+𝑡𝑖

𝑑
2

 

where 𝑡𝑖 and 𝑑 are interphase thickness and CNT diameter, respectively, and 𝜂 is adhesion exponent. 

The CNT and interphase region can be virtually converted into an equivalent solid fiber as a single 

inclusion and its effective properties are obtained by the Mori-Tanaka model.  

 

3. Finite element analysis 

To investigate buckling behavior, finite element analysis is accomplished by means of commercial 

software ABAQUS package. The structure under consideration is a beam made of the SWCNT-

reinforced polymer nanocomposite. The length of this nanocomposite beam is 1 m and its cross-

section is 0.1×0.1 m, as shown in Figure 1.  

 

 

 

Figure 1. Dimensional characteristics of CNT/polymer nanocomposite beam 

 

The boundary conditions imposed on the nanocomposite beam are shown in Figure 2.  

 

Figure 2. Boundary conditions of the nanocomposite beam  
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m 
0.1 
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The lower end of nanocomposite beam is assumed to be under clamped boundary condition. The 

upper end of nanocomposite beam is subjected to an axial pressure. The C3D20: A 20-node 

quadratic brick element is used to mesh the beam at the macro-scale. The meshed configuration is 

indicated in Figure 3. The size of element is 0.01 m. 

 
Figure 3. Meshed configuration of nanocomposite beam 

 

4. Results and discussion 

The nanocomposite system considered in this analysis consists of SWCNTs embedded in the shape 

memory polymer matrix. The mechanical properties of CNT are tabulated in Table 1 [28].  

 

Table 1. Mechanical properties of CNT [28] 

EL (GPa) GL (GPa) vL  ET (GPa) GT (GPa) 

1060 442 0.162 50 17 

 

The elastic modulus of shape memory polymer is given as [29] 

𝐸 =
1

𝜑𝑓

𝐸𝑖
+

1 − 𝜑𝑓

𝑘𝑇

, 𝜑𝑓 = 1 −
1

1 + 𝑐𝑓(𝑇ℎ − 𝑇)𝑛
 

(13) 

where 𝑇 denotes the temperature. Other material properties of the shape memory polymer are 

mentioned in Table 2 [29]. 

 

Table 2. Material properties of shape memory polymer [29] 

cf (K-4) Th (K) Ei (MPa) k (MPa/K) n v 

2.76×10-5 358 813 2.64×10-2 4 0.3 
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Figure 4 shows variation of elastic moduli of aligned SWCNT-reinforced shape memory polymer 

nanocomposites with nanotube volume fraction. The results are extracted in the presence and 

absence of interphase region. It is found that elastic moduli of polymer nanocomposites increase 

with increase of CNT volume fraction. Also, elastic modulus of nanocomposites in the presence of 

interphase is higher than that of the nanocomposite in absence of interphase.  

  

Figure 4. (a) Axial and (b) transverse elastic moduli of shape memory polymer nanocomposites versus the SWCNT 

volume fraction 

Table 3 shows the buckling loads of SWCNT/polymer nanocomposite beams. Effects of interphase 

and nanotube volume fraction on the buckling behavior of nanocomposite beams are investigated. 

It is seen that with increase of SWCNT volume fraction, resistance of beams to applied axial load 

improves, significantly. Furthermore, presence of CNT/polymer interphase region leads to an 

increase in the buckling loads.    

 

Table 3. Buckling load (MPa) of nanocomposite beams at different CNT contents 

Volume fraction (%) 0 1 2 3 4 5 

Without interphase 2.65 10.3 17.86 25.43 32.99 40.55 

With interphase 2.65 11.21 19.69 28.17 36.64 45.12 

 

Table 4 depicts effect of temperature on the buckling behavior of SWCNT/polymer nanocomposite 

beams. The results are extracted in presence and absence of interphase. It is observed that the 

buckling load of nanocomposite beams decreases as the temperature increases. It is due to decrease 

of nanocomposite elastic modulus by increase of temperature.  

 

Table 4. Buckling load (MPa) of nanocomposite beams at different temperatures 

Temperature (K) 260 280 300 320 340 

Without interphase 41.28 41.06 40.46 38.99 37.73 

With interphase 45.91 45.67 45.01 43.41 42.01 

 

A mesh sensitivity analysis is performed to study the role of number of elements in the buckling 

behavior of SWCNT/polymer nanocomposite beams. The results are shown in Table 5. 
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Table 5. Effect of number of elements on the buckling load (MPa) of nanocomposite beams   

Number of elements 5312 46541 95060 

 28.43 28.17 27.87 

 

5. Conclusions  

The buckling behavior of SWCNT-reinforced polymer nanocomposite beams was studied by means 

of a computational multiscale approach. Effective material properties of nanocomposites were 

obtained by the Mori-Tanaka micromechanical model. The interfacial interaction between the CNT 

and polymer matrix was considered in the micromechanical analysis. The FEM was used to evaluate 

the buckling response of the nanocomposite beams. The results revealed that there was a notable 

improvement in the buckling capacity of the nanocomposite beams by increase of nanotube volume 

fraction. Moreover, formation of interphase with better mechanical properties than polymer matrix 

can improve buckling characteristics of nanocomposite beams. It was observed that temperature 

significantly affects the buckling load of nanocomposite beams.  
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