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ON MAX-INJECTIVE MODULES

R. OVLYAEE-SARMAZDEH ∗ AND S. MALEKI-ROUDPOSHTI

Abstract. Let R be a commutative ring and M an R-module. In
this paper, we explore more properties of Max-injective modules
and we study some conditions under which the maximal spectrum
of M is a Max-spectral space for its Zariski topology.

1. Introduction

Throughout this article, R denotes a commutative ring with non zero
identity and all modules are nonzero and unitary. For any ideal I of
R containing AnnR(M), R̄ and Ī denote R/Ann(M) and I/Ann(M),
respectively. Further, N and Z denote respectively the set of positive
integers and the ring of integers.

Definition 1.1. For M as an R-module and P , N its submodules, we
recall

• The colon ideal of M into N , (N :R M) = {r ∈ R|rM ⊆ N} =
Ann(M/N)
(simply (N : M) ).
• P is a prime submodule or p-prime submodule of M if P 6= M

and for p = (P : M), whenever re ∈ P for r ∈ R and e ∈ M ,
we have r ∈ p or e ∈ P . If Q is a maximal submodule of M ,
then Q is a prime submodule and (Q : M) = m is a maximal
ideal of R. In this case, we say Q is an m-maximal submodule
of M [10] and [11].
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• The set of all maximal submodules ofM is denoted byMaxR(M).
Moreover, if p ∈ Spec(R) (resp. m ∈Max(R)), then Specp(M)
(resp. Maxm(M)) is the set of all p-prime (resp. m-maximal)
submodules of M . The prime spectrum (or simply, the spec-
trum) of M is the set of all prime submodules of M and denoted
by SpecR(M).
• If SpecR(M) 6= ∅ (resp. MaxR(M) 6= ∅), the mapping ψ :
SpecR(M) → Spec(R̄) (resp. φ : MaxR(M) → Max(R̄) such

that ψ(P ) = (P : M) (resp. φ(Q) = (Q : M)) for every P ∈
SpecR(M) (resp. Q ∈MaxR(M)), is called the natural map of
SpecR(M) (resp. MaxR(M)) [12] and [3].
• M is said to be primeful if either M = (0) or M 6= (0) and the

natural map of X = SpecR(M) is surjective [13].
• M is said to be X-injective, where X = SpecR(M), if either
X = ∅ or X 6= ∅ and the natural map of X is injective [1].
• M is said to be a Max-surjective module ( or an Ms-module for

short) if either M = (0) or M 6= (0) and the natural map of
MaxR(M) is surjective [3].
• M is called Max-injective if MaxR(M) = ∅ or MaxR(M) 6= ∅

and the natural map of MaxR(M) is injective [5].
• M is said to be weak multiplication (resp. Max-weak multi-
plication) module if either SpecR(M) (resp. MaxR(M)) = ∅
or SpecR(M) (resp. MaxR(M)) 6= ∅ and and for every prime
(resp. maximal) submodule P of M , P = IM for some ideal
I of R . Every weak multiplication or X-injective module is
Max-weak multiplication [4] and [6].
• The Zariski topology on X = SpecR(M) is the topology τM

described by taking the set Z(M) = {V (N)|N is a submodule
of M} as the set of closed sets of X, where V (N) = {P ∈
X|(P : M) ⊇ (N : M)} [12].
• There exists a topology onMaxR(M) having Zm(N) = {V m(N)|N

is a submodule of M} as the set of closed sets of MaxR(M),
where V m(N) = {Q ∈ MaxR(M)|(Q : M) ⊇ (N : M)}. This
topology is denoted by τmM . In fact this topology is the same as
the subspace topology induced by τM on MaxR(M) [5]. Also
for every ideal I of R, we have

V m
R (I) = {q ∈Max(R)|q ⊇ I}.

H. Ansari-Toroghy, S. Keyvani, and S.S. Pourmortazavi introduced
the concepts of Max-injective and Max-weak multiplication modules
in [5] and [4], respectively. These modules contains the family of X-
injective and weak multiplication modules properly. They developed
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some basic properties of X-injective and weak multiplication modules
to these new classes of modules. In Theorem 3.3 of this paper, we prove
that these classes of modules are the same. This theorem provides some
useful characterizations for Max-injective modules and it helps us to
study some algebraic properties of this class of modules. For example
in Theorem 3.7, we investigate a necessary and sufficient condition for
which a direct sum of Max-injective R-modules is Max-injective. Also
we explore some conditions under which Max(M) is a spectral space,
where M is a Max-injective module (see 3.10).

2. Preliminaries

In this section we review some properties of prime submodules and
maximal submodules.

Remark 2.1. Let M be an R-module.

(a) Let K be a submodule of M such that (K : M) is a maximal
ideal of R. Then K is a prime submodule of M .

(b) Let P be a prime submodule of M and S be a multiplicatively
closed subset of R. Then S−1(P :R M) = (S−1P :S−1R S

−1M)
[10].

Remark 2.2. [7, Lemma. 2.7]. Let M be an R-module and p is a
maximal ideal of R.

(a) If N is a p-maximal submodule of M , then Np is a maximal
submodule of the Rp-module Mp.

(b) If M is finitely generated module and N is a maximal submod-
ule of Mp, then N ∩M is a p-maximal submodule of M .

Remark 2.3. [11, Proposition. 1]. Let S be a multiplicatively closed
subset of R, p a prime ideal of R such that p ∩ S = ∅, and M an
R-module. Then there exists a one-to-one correspondence between the
p-prime submodules P of M and the S−1p-prime submodules W of
S−1M . This is such that when P and W correspond W = S−1P and
P = W ∩M .

Remark 2.4. Let M be an R- module. Then the following statements
are equivalent:

(a) M = 0;
(b) ∀ p ∈ Spec(R), Mp = 0;
(c) ∀ m ∈Max(R), Mm = 0.
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3. Main results

Remark 3.1. [5, Proposition. 3.19] Let M be an R-module. Then the
following are equivalent.

(a) MaxR(M) is a T0-Space;
(b) MaxR(M) is a T1-Space;
(c) M is Max-injective.

Proposition 3.2. (a) Every homomorphic image of a Max-weak
multiplication module is a Max-weak multiplication module.

(b) Every homomorphic image of aMax-injective module is aMax-
injective module.

(c) If M is a free R-module, then M is Max-weak multiplication if
and only if M is cyclic.

(d) If M is a free R-module, then M is Max-injective if and only
if M is cyclic.

(e) Let M be a Max-weak multiplication R-module and I is an
ideal of R containing Ann(M). Then M is a Max-weak multi-
plication R

I
-module.

(f) Let M be a Max-injective R-module and I is an ideal of R
containing Ann(M). Then M is a Max-injective R

I
-module.

Proof. (a) See [4, Theorem. 3.13 (a)].
(b) This part is immediate by using the fact that

MaxR(
M

N
) = {Q

N
: Q ∈MaxR(M), Q ⊇ N}.

(c) The sufficiency is clear. To see the necessity let M be a Max-
weak multiplication free R-module and let M is not cyclic.
Without loss of generality, let M = R ⊕ R and p ∈ Max(R).

Then
M

p⊕R
∼=
R

p
. This implies that p ⊕ R ∈ Max(M). Since

M is a weak multiplication module, we have p ⊕ R = pM , a
contradiction.

(d) The sufficiency is clear. To see the necessity let M be a Max-
injective free R-module and let M is not cyclic. We can choose
M = R ⊕ R. Then for a maximal prime ideal p of R, we have
M

p⊕R
∼=

R

p
∼=

M

R⊕ p
. This implies that {p ⊕ R,R ⊕ p} ⊆

Max(M). Since M is Max-injective and (p ⊕ R : M) = (M :
R⊕ p) = p, Hence p⊕R = R⊕ p, a contradiction.

(e) Let P ∈MaxR
I
(M). Then there exist p ∈Max(R)∩V (Ann(M))

such that (P :R
I
M) =

p

I
. Now we have p

I
M ⊆ P . Thus
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pM ⊆ P . This implies that (P : M) = p. Now since M is a
Max-weak multiplication R-module, P = pM = p

I
M .

(f) Let Q,P ∈ MaxR
I
(M) such that (P :R

I
M) = (Q :R

I
M). Then

there exist p ∈ Max(R) ∩ V (Ann(M)) such that (P :R
I
M) =

(Q :R
I
M) =

p

I
. Now we have p

I
M ⊆ P and p

I
M ⊆ Q. Thus

pM ⊆ P, pM ⊆ Q. This implies that (P : M) = (Q : M). Now
since M is a Max-injective R-module, P = Q.

�

The following theorem is one of the main results of this article. In this
theorem, we characterize Max-injective modules. These statements are
fundamental tools to investigate this class of modules.

Theorem 3.3. Let M be an R-module. Then the following are equiv-
alent:

(a) M is Max-injective;
(b) |MaxP (M)| ≤ 1 for every p ∈Max(R);
(c) (MaxR(M), τmM) is a T0-Space;
(d) (MaxR(M), τmM) is a T1-Space;
(e) For every p ∈ V m

R (Ann(M));Specp(M) ⊆Max(M);
(f) For every p ∈ V m

R (Ann(M));P ∈ Specp(M)⇒ P = pM ;
(g) Max(M) = {pM | p ∈ V m

R (Ann(M)), pM 6= M};
(h) M is a Max-weak multiplication R-module;
(i) For every p ∈ V m

R (Ann(M)); Mp is a Max-injective R-module.

Proof. (a)⇔ (b)⇔ (c)⇔ (d). See [5, Proposition. 3.19].

(a) ⇒ (e). Let p ∈ V m
R (Ann(M)), and P ∈ Specp(M). Then we

have (P : M) = p and therefore pM ⊆ P . But
M

pM
is a Max-

injective R-module by Proposition 3.2(b). This implies that
M

pM
is

a Max-injective
R

p
-module, by Proposition 3.2(f). Thus

M

pM
∼=

R

p
by Proposition 3.2(d) and therefore pM ∈ Max(M). It follows that
P = pM ∈Max(M).

(e) ⇒ (a). Let P,Q ∈ Max(M) such that (P : M) = (Q : M) =
p ∈ Max(R). Then p ⊆ (pM : M) ⊆ (P : M) = p. Therefore
(pM : M) = p ∈ V m

R (Ann(M)). This implies that pM ∈ Max(M).
On the other hand pM ⊆ P and pM ⊆ Q. Hence pM = P = Q.
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(e)⇒ (f). Let p ∈ V m
R (Ann(M)) and P ∈ Specp(M). Then we have

p = (pM : M) = (P : M). This implies that pM ∈ Specp(M). Since
pM ⊆ P , we have pM = P .

(f)⇒ (g). Set

T = {pM | p ∈ V m
R (Ann(M)), pM 6= M}.

Let N ∈ Max(M). Then (N : M) = q ∈ V m
R (Ann(M)). Thus

N ∈ Specq(M), and by hypothesis N = qM . Therefore N ∈ T . To
prove the converse assume that q ∈ V m

R (Ann(M)) and qM 6= M . It
is enough to show that qM ∈ Max(M). Let N be a submodule of M
such that qM ⊆ N ⊂ M . Then qM : M = N : M = q. Hence by
assumption N ∈ Specq(M) and therefore N = qM . This implies that
qM ∈Max(M).

(g) ⇒ (e). Let p ∈ V m
R (Ann(M)) and let P ∈ Specp(M). Since

(P :R M) = p, then pM ⊆ P and so pM ∈ MaxR(M) by hypothesis.
This implies that pM = P .

(a)⇒ (h). We proved that (a) and (g) are equivalent. Also (g ⇒ h)
is straightforward. Thus (a)⇒ (h) is true.

(h) ⇒ (a). Let M be an Max-weak multiplication R-module and
Q1, Q2 ∈ Max(M) with (Q1 : M) = (Q2 : M). Then for some maxi-
mal ideals I1 and I2 of R, we have Q1 = I1M and Q2 = I2M . Hence
(Q1 : M)M = (I1M : M)M = I1M = Q1 and (Q2 : M)M = (I2M :
M)M = I2M = Q2. Therefore Q1 = (Q1 : M)M = (Q2 : M)M = Q2.

(a) ⇒ (i). Let W,W ′ ∈ MaxRp(Mp) such that (W :Rp Mp) =
(W ′ :Rp Mp). By Remark 2.3, there exist P,Q ∈ SpecR(M) with
PRp = W,QRp = W ′. Therefore by Remark 2.1 (b) we have (PRp :
Mp) = (P : M)p and (QRp : Mp) = (Q : M)p. Thus (P : M)p =
(Q : M)p = pRp, whence (P : M) = (Q : M) = p. But by (a) ⇒ (e),
P,Q ∈Max(M). This implies that P = Q, so that W = W ′.

(i)⇒ (a). Let P,Q ∈Max(M) such that (P : M) = (Q : M). Then
there exists p ∈Max(R)∩V (Ann(M) such that (P : M) = (Q : M) =
p. Therefore (P : M)p = (Q : M)p, and we have

(pRp :Rp Mp) = (QRp :Rp Mp) = pRp.
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Now since Mp is a Max-injective Rp-module, PRp = QRp = pMp by

((a) ⇔ (f)). Hence (
Q

pM
)p = 0. Now set M ′ =

Q

pM
, then Ann(M ′) =

(pM : Q) = p. Hence M ′ = 0 as an R̄-module by Remark 2.4. This
implies that M ′ = 0 as an R-module, so that Q = pM . By similar
arguments we can show that P = pM . Thus P = Q as desired and the
proof is completed. �

Corollary 3.4. Let M be an R-module. Then the following hold.

(a) If SpecR(M) = MaxR(M), then M is weak multiplication if
and only if M is Max-injective.

(b) If M is Max-injective and Spec(R) = Max(R), then

SpecR(M) = MaxR(M) = {pM |p ∈ V m
R (Ann(M)), pM 6= M}

(c) If Spec(R) = Max(R), then M is weak multiplication if and
only if M is Max-injective.

Proof. (a) Follows from ((a) ⇔ (h)) of Theorem 3.3.
(b) The claim is immediate by using ((a)⇔ (e)⇔ (g)) of Theorem

3.3.
(c) Use parts (a) and (b).

�

The following example shows that the condition SpecR(M) = MaxR(M)
or Spec(R) = Max(R) in the above theorem can not be dropped.

Example 3.5. Let {pi}i∈N be the set of all prime integers. Then

M =
∏

i∈N
Z
piZ

is a Max-injective Z-module which is not weak multi-

plication.

Proof. by [2, Table of example. 3.1], we have

Max(M) = {piM : i ∈ N}, Spec(M) = {piM : i ∈ N} ∪ {
⊕
i∈N

Z
piZ
}.

Hence
⊕

i∈N
Z
piZ
∈ Spec0(M) while

⊕
i∈N

Z
piZ
6= 0M . Thus M is not

weak multiplication. But by ((a) ⇔ (g)) of Theorem 3.3, M is Max-
injective. �

Definition 3.6. A family (Mi)i∈I of R-modules is said to be Max-
compatible if for all i 6= j in I, there does not exist a maximal ideal p
in R with Maxp(Mi) and Maxp(Mj) both non-empty.

Theorem 3.7. Let (Mi)i∈I be a family of R-modules and let M =⊕
i∈IMi. Then
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(a) M is a Max-injective R-module if and only if (Mi)i∈I is the
family of Max-compatible Max-injective modules.

(b) If M =
⊕

i∈IMi is a Max-injective R-module, then

MaxR(M) = {pMj ⊕ (
⊕
j 6=i∈Λ

Mi)|p ∈ V m
R (Ann(M)), pMj 6= Mj}.

Proof. (a) If M is a Max-injective R-module, then each Mi is Max-
injective by Proposition 3.2 (b). We prove that Mk and Mj

are Max-compatible for all k 6= j in I. To see this, let p ∈
Max(R) and assume that Maxp(Mk) and Maxp(Mj) are both
non-empty. Choose Qk ∈ Maxp(Mk) and Qj ∈ Maxp(Mj).
Then we have

M

Qk ⊕ (
⊕

k 6=i∈ΛMi)
∼=
Mk

Qk

,
M

Qj ⊕ (
⊕

j 6=i∈ΛMi)
∼=
Mj

Qj

.

This implies thatQk⊕(
⊕

k 6=i∈ΛMi), Qj⊕(
⊕

i 6=j∈ΛMi) ∈Maxp(M),
a contradiction.
To see the revers implication, let p ∈ V m

R (Ann(M)) and P ∈
Specp(M). Since (P : M) = p, we have

⊕
i∈Λ pMi ⊆ P . But

Mi’s are Max-compatible. Hence there exists a unique element

j ∈ Λ such that pMj 6= Mj. This in turn implies that
M

pM
∼=

Mj

pMj

. Now since Mj is a Max-injective R-module, pMj ∈

Max(Mj) by Theorem 3.3. It follows that pM ∈ Max(M)
and therefore P = pM ∈ Max(M). Thus M is Max-injective
by ((a) ⇔ (e)) of Theorem 3.3.

(b) Set T = {pMj ⊕ (
⊕

j 6=i∈ΛMi)|p ∈ V m
R (Ann(M)), pMj 6= Mj}.

Then by ((a)⇔ (g)) of Theorem 3.3, T ⊆Max(M). To see the
reverse inclusion, we assume that Q ∈ Max(M). Then there
exists p ∈ V m

R (Ann(M)) such that Q = pM by ((a) ⇔ (g)) of
Theorem 3.3. By part (a), Mi’s are Max-compatible. It follows
that pMj 6= Mj for a unique element j ∈ Λ. This implies that
Q = pM = pMj ⊕ (

⊕
j 6=i∈Λ pMi) as desired. Hence the proof is

completed.
�

Definition 3.8. [5, Definition. 3.17] Topological space W is a Max-
spectral space if W homeomorphic with the maximal ideal space of
some ring S (with the topology inherited from Spec(S)). Max-spectral
spaces have been characterized by Hochster [15, p.57, Proposition. 11]
as the topological spaces W which satisfy the following conditions:
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(a) W is a T1-space;
(b) W is quasi-compact.

Notation 3.9. LetM be anR-module andW be a subset ofMaxR(M).
We will denote the closure of W in MaxR(M) by clm(W ).

Theorem 3.10. Consider the following statements for an R module
M .

(a) Max(M) is a Max-spectral space.
(b) M is Max-injective and Im(φ) is compact, where φ is natural

map of MaxR(M).
(c) M is Max-injective and Im(φ) is closed, where φ is natural

map of MaxR(M).
(d) M is Max-injective and for any q ∈ V m

R (Ann(M)), we have⋂
p∈Im(φ)

p ⊆ q ⇒ qM 6= M.

Then (c)⇔ (d) ⇒ (a)⇔ (b). Moreover, if Max(R̄) = Spec(R̄) then
all statements are equivalent.

Proof. (a) ⇒ (b). Let Max(M) be a Max-spectral space. Then
Max(M) is T1-space by [5, Corollary. 3.20] and so M is Max-injective
by Remark 3.1. By [5, Lemma. 3.1], the mapping φ : MaxR(M) →
Max(R̄) is continuous and Max(M) is compact by Definition 3.8. This
implies that Im(φ) is compact.

(b)⇒ (a). By [5, Theorem. 3.24].
(c)⇔ (d). Im(φ) is closed iff Im(φ) ⊇ clm(Im(φ)) = V m

R (
⋂
p∈Im(φ) p)

by [5, Lemma. 3.4]. But Im(φ) = {p | p ∈ V m
R (Ann(M)), pM 6= M}

by Theorem 3.3. Therefor Im(φ) is closed iff for any q ∈ V m
R (Ann(M)),

we have
⋂
p∈Im(φ) p ⊆ q ⇒ qM 6= M . Now since Max(R̄) is compact

and every closed subset of a compact space is compact, (c)⇒ (b). But
we proved that (c)⇔ (d) and (a)⇔ (b). Therefore we have (d)⇒ (a).

To see the next assertion let Max(R̄) = Spec(R̄). Then Max(R̄) is
T2- space by [1, Remark. 4.2]. Hence every compact space of Max(R̄)
is closed. This implies that (b)⇒ (c) and the proof is completed. �
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