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FINDING A GENERATOR MATRIX OF A
MULTIDIMENSIONAL CYCLIC CODE

R. ANDRIAMIFIDISOA*, R. M. LALASOA AND T. J. RABEHERIMANANA

ABSTRACT. We generalize Sepasdar’s method for finding a gene-
rator matrix of two-dimensional cyclic codes to find a generating
subset and a linearly independent subset of a general multicyclic
code. From these sets, a basis of the code as a vector subspace
can be deduced or constructed. A generator matrix can be then
deduced from this basis.

1. INTRODUCTION

Sepasdar, in [1] presented a method to find a generator matrix of two
dimensional skew cyclic Codes. Then, Sepasdar and Khashyarmanesh,
in [5] gave a method to find a generator matrix of some class of two-
dimensional cyclic codes. Finally, Sepasdar, in [0], found a method to
construct a generator matrix for general two-dimensional cyclic codes.
In this paper, we will generalize this Sepasdar’s method for a general
multicyclic code. Our method uses an ideal basis of the code whose
construction was presented by Lalasoa et al. in [3].

In section 2 of this paper, we recall the notations used in [3] and the
mathematical tools we will need, including two orderings : the partial
ordering “<.,” and the well ordering “<.,”. This latter allows to de-
fine degrees of polynomials in the quotient ring with a special property,
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given by Proposition 3.5.

In section 3, we present our results. Proposition 3.1 gives an idea of
how a basis of the multicyclic code, considered as a vector space will
look like. It also provides a generating set for the code. Corollary 3.2
gives a simple condition for this set to be a basis. The main result is
Theorem 3.4, which allows the construction of an independent subset
of the code. If this set is too small to be a generating set, we must
add elements from the generating set found by Proposition 3.1. Once
a basis is found, one can then construct a generator matrix by forming
the matrix whose rows are the coefficients of the polynomials of the
basis.

In the last section 4, we give examples for the 2-D and 3-D case..

In Appendix A, we state the method for constructing the examples
of multicyclic codes and in Appendix B we present algorithms for find-
ing ideal bases for these codes. Computations were done using the
SageMath mathematical software system.

2. NOTATIONS AND PRELIMINARIES

We briefly recall the notations which are used in [3]. Let R be the
quotient ring

R=TF,[X1,..., X, /(X0 —1,..., X" = 1) =F,la, ...,z (2.1)

where [F, is the finite field with ¢ elements and z; the residue class of
X; modulo the ideal (X{* —1,..., X?* —1). We have

=1, (2.2)
so that
g™ =" ™% for meN and i=1,...,s, (2.3)
where m mod p; is the remainder of m by the euclidean division of m
by pi.
The additive product group G, is defined by
Ge=Z/pZx...xXTL/|p, 7, (2.4)
with

An element of F[zy, ..., 4] is of the form

flz,. ... xs) = Z flan, a1t - o, (2.5)

(a17~-~aas)€g5
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For sake of simplicity, we denote (ay,...,as) € Gs or, more generally,
(v, ...,a5) € N° by a. Then (2.5) can then be written as a

fl) =" fax®, (2.6)
Oéegs
where

=t ale (2.7)

S )
and we may omit the set G;. For a € N°, we also adopt the notation

a mod p=(a; mod py,...,as mod py) € G,

where p = (p1,...,ps). Equations (2.2) and (2.3) are then “general-
ized” to the following:

=1 and gz%=z~ ™47 (2.8)

The set N*, and therefore also he product group G, is provided with
two orders : a partial ordering <, defined by

a<, f <= q<p for 1=1,...,s,
and a well ordering <jex (the “lexicographical ordering’), defined by
a <jex B <= for the first index 7 such that «; # ;, one has «; < ;.

Put n = p;---ps. We then may write G, = {a® ... o ... o™}
with
oM <y - <y -+ <pox ™ (2.9)

and the polynomial f(z) in (2.6) can be written as

f(x) = foma®

If f(x) is non-zero, we may define its degree, denoted deg f(z) or simply
deg f as

1) ) )

Foot Loz et ™ (2.10)

deg f = rgax{a(i) | fa # 0} (2.11)

Xlex

(Note that it is the usual definition of the degree of a multivariate
polynomial). However, due to equations (2.8), for two polynomials f
and g of F,[z1,..., x|, the equality deg(fg) = deg f + deg g does not
necessarily hold. The following proposition gives a sufficient condition
for this property.

Proposition 2.1. If f and g are non-zero elements of Fy[x1, ..., z]
such that deg f + degg <4 p, then deg(fg) = deg f + degg.
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Proof. Write f(x1,...,2,) = >, far® and g(z1,...,2) = 35957
Then, using the second equation of (2.8), we have

f(xla'”wrs)g(xh'"uxs):ZZ fagﬂx(a+ﬂ) med
a B

:ZZ fagﬁx(a%)
a B

since a4+ 3 <, deg f +degg <4 p= (p1,...,ps) for all & and 5. Thus

deg(fg) = rgax(a + ) =deg f +degg.

Xlex

All the previous results are also true for the quotient ring
S = ]Fq[Xh o ,XS]/<X{)1 - 1, ce ,Xgi_ll - 1> = Fq[l‘l, PN ,C(Zs_l],

with s — 1 variables, where x; is the residue class of x; modulo the ideal
(X' —1,..., X" —1). Note that we have used the same notation x;,
because the residue class of z; modulo the ideal (X' —1,... X' —1)
may be identified with its class modulo the ideal (X' —1,..., X?s—1),
(cf. Proposition 2.2, [3]).

A multicyclic code is an ideal of R (equation (2.1)).

Let I be a non-zero ideal of R and

0 1 % i s—1 s—
B = {p\”, @ et el ey

(2.12)
the basis of I, found by Lalasoa et al. by the method in [3], with
pr € Ix. Then an element f(xy,...,25) € R may be written as a finite
sum

Tps—1 Tj
flzy,... xs) = Z qu@(xl, . ,xs_l)pgz)(xl, Ce, Ts). (2.13)
=0 j=1

Note that in (2.13), the coefficients of the polynomials in 98 are poly-
nomials in S.

3. RESULTS

Our aim in this section is to construct a basis of I, as an F,-vector
subspace of R (an F,-basis), from the ideal basis B of I, in (2.12).
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Proposition 3.1. The set
B ={a{'alip | (g, 1) <4 (p1—1,...,ps_1—1) and p € B}
is a generating set of I, as an Fy-vector space.

Proof. Tt suffices to use (2.13) and write
0 (@1, ) = > VT SRR
(a1,eas—1)<4(p1—1,...,ps—1—1)
0

where ¢;,, .., € Fy, the sum being finite. Then the polynomial f is

written as a linear combination of elements of B’, with coefficients in

F,. 0

Corollary 3.2. With the notations in Proposition 3.1, if |B'| = dim I =
log, |I|, then B’ is an F -basis of I, when I is considered as an F -
subspace of R.

Proof. The ring R is isomorphic to a subspace of [/, by the mapping
R «— Fy

flz) = Z fax® +— (fa)acq.,

aegs

where n = [[;_; pi. Thus, I may be identified with a subspace of Iy,
and it is known that in this case, dim I = logy|I|. Since the set B’ is
an [F -generating set, it follows that it is an I ,-basis of I, when its
cardinality equals to dim [.

OJ

The set B’ in 3.1 may be too large to be an F,- basis of I. In other
words, the elements of B’ may be linearly dependent. If this is the
case, an F, - basis B of I should be then extracted from B'.

We will find linearly independent elements of B’ and check whether
they form an I, -base of I.
According to the notations in (2.12), we choose polynomials

Po(z1, ... %), o Ppo—1(@1, ..., Ts), (3.1)

where py € {pgk), . ,p&’jz,l}. Let pr(x1,...,25-1) € S be the coeffi-
cient of p;, with respect to % and

A = degpk7 (32)
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where the degree is defined as in (2.11), but, now, in the quotient ring
S. We have

Ps—1
pe(z1,.. ., x5) = ZPZ(%,---,%—Q%?, (3.3)
h=k

with p!! € S and
Pi = Pi- (3.4)
Proposition 3.3. Let ly(x1,...,%5-1),...,lp, (21,...,T5_1) be poly-

nomials in Fylxy, ..., xs_1] such that deg(ly) <4 [(p1,- .-, ps—1) — (ar)].
Then

Ps—1
Z lk(.Tl, c.. ,$5,1)pk<.’131, o ,.735,1) =0 :>lk<.’E1, c.. ,.17571) =0
k=0

fork=0... ps_1.

Proof. Let ly(x1,...,%5-1),-..,1p, ,(21,...,25_1) be polynomials in
F,[z1,...,25-1] which verify the hypothesis of the proposition, such
that

Ps—1
Z l(xy, ..oy xso1)pi(21, ..., x5) = 0.
k=0

Then

lo(zy,...,xs—1)po(x1,...,25-1) = 0.

Suppose that [y # 0. By taking the degrees, we have, by Proposition
3.5,

deg(lopo) = deg(ly) + deg(po) > 0. (3.5)

But this is impossible for a non-zero polynomial. It follows that {; = 0
and using (3.3), the same reasoning can be applied step by step to show
that [; for i =1,..., ps_1. O

Theorem 3.4. With the previous notations, let B be the set

i0 0 . .
B={z} ... x  po(wy, ... xs) | (1%,...,3% ) <4 (p1,. .., ps1) — ao}
il i1 . .
U{ajlll .. .mlsjfpl(xl, cey X)) | (z%, o ,zi_l) <i (p1y.voyps—1) —ar}
i it
U{z, T P, 1) |
(1" i) <a (P Ps—1) — Q1)
Then

(1) The elements of B are F,-linearly independent.
(2) If |B| = logy|1|, then B is an F,-basis of I.
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Proof. (1) We construct the finite sequence of numbers

|{l‘1 s T lpk(xla--'axé‘) | (21{:7715_1) <+ <p17""p5—1) _ak|‘
for k=0,...,ps — 1. Now, let (« )1<J<Nk be sequences of elements of
F, such that
ps—1 Ny *
ZZ@? Lo lpk(xl,...,xs):O (3.6)
k=0 j=1

(this is a linear combination of elements of B which equals to zero).
By taking

kl
(1, .. T521) = g % 1...x

for k=0,...,ps — 1, equation (3.6) becomes

ps—1

Z (21, ..o xs—1)pr(z1, ..., x5) = 0.

By Proposition 3.3, we have lx(z1,...,2,-1) = 0 for k = 0,...,ps_1,
i.e. Oz?:()forj:L...,Nk.

(2) The proof is similar to that of Corollary 3.2 where B’ is replaced
by B, which is an F,-linearly independent of /. 0

From its construction, it is clear that the independent set B is a
subset of the generating set B'. If B is too small to be an F -basis for
the code, we can add elements from B’ in order to get a basis.

For an F -basis B = {g1(z),...,q(x)} of I, where, according to
(2.10)

A7) = Graz® + -+ o™+ Grapez®” for A =1, L.

(3.7)
A generator matrix for I, as a multicyclic code is then
Jia®» -+ Gra» oo+ Gram
G = Da@® - Do) - Gra S an, (3.8)
Ja® -+ Ga oo Gram

where Ffl’" is the set of matrices with [ rows and n columns and entries
in F,. In other words, G is the matrix whose rows are the coefficients
of the elements of B.
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4. EXAMPLES

In this section, we refer to Appendix A for the construction of the
codes and to Appendix B for the construction of an ideal basis of the
code.

Example 4.1 (2-D case). We consider the following 2-D cyclic code:
I={0,—z—-1,—z+y,z+ L,z —y,—y—Ly+1,—x—y+1,
z+y—1,—zy+1lLzy—1,—xy —y, 2y +y,—xy —z,zy + x,
—vy+y—lLrzy—y+1l,—vy+o—-lozy—ax+1,—vy+a+uy,
zy—xrx—y,—ry—r—y—1,—zy—xrx+y+1,—axy+xr—y+1,
ryw—r+y—lLay+r—y—lLzy+x+y+1}.
It is an ideal of the quotient ring
F3[X,Y]/(X? - 1,Y? — 1) = F3[x, ],
The code has |I| = 27 elements. Thus dim I = logs |I| = log; 27 = 3.
An ideal basis of I, found in Appendix B is
B = {po(z,y),p1(x,9)} = {1 + v,y + 2y}

We will construct the Fs-generating set B’, as in Proposition 3.1. Since
s =2 and (p1, p2) = (2,2), we have

A={ieN |i<p —1}={0,1}
and
B' = {a'pg, 2'py | i € A} = {a'p, z'p, | i € {0,1}}
= {po, zpo, p1, xp1 }
={y+ 1,z +zy,y+xy,y+ xy}.

Since |B'| =4 > dim I, the set B’ is not linearly independent (we must
remove one element) and therefore is not an F3-basis. We see that the
two last elements of B’ are equal. Thus the set

B ={l+y,x+ay,y+axy}

is also a generating set of I. Since |B”| = 3 = dim/, it is also an
[Fs-basis of 1.

Now, we are going to construct the independent B found using The-
orem 3.4. Using the notations in (3.3) and (3.4) and the data in Ap-
pendix B, we have:

py(z) =1 =po(z) € Jo,
p%(z) r+1=p(x) € Jy,
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so that ag = degpy = 0 and a; = degp; = 1. The order <, is the
usual order < on N. Using Theorem 3.4, we have

B ={a'pg [i<2—0} J{a'p: |i<2-1}
= {po(z,y), vpo(z,y), p1(7,9)} = {1 +y, = + zy,y + zy}.

Since |B| = dim I = 3, it follows that the set B is indeed an F3- basis
of I. Moreover, we see that B = B”.

We will write the elements of B as vectors, by taking the coefficients.
The set of exponents of the elements of R is

G ={00,01,10,11} =Z /2Z X Z ]2 Z
as in (2.4). According to (2.9), we have
00 <jex 01 <jex 10 <jex 11,
and using (2.10), we can make the identification
a+ by + cr + dvy = ( a, b, ¢, d )
between polynomials in R and the vectors of Fg. We then can write
B =1{(1,1,0,0),(0,0,1,1),(0,1,0,1)} C F;.

Writing as in (3.8), a generator matrix of the 2-D code I is

cFyt.

)

I
o O =
= )
o= O
)
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Example 4.2 (3-D case). We have constructed the following 3-D cyclic

code

J={0,—z+2,zz+24+2,—axyz—x+2,—zy—x+ 2+ 1,
zyz+xy—v+ Lzyz 2y —x — z,2yz + xy + yz + 2,
—zz+yz+x—y+2,2y—yz+y+z+Lzyz+rxz+xr—y— 2z,
Tyz +ry +rz—x+ 2, —TYz + Yy — T2 — Yz + 2,
zyz—xy+yz+x—y+1,—xyz+zry —yz—xr+y+ 2,
—xyz+ay—zrz4+r+y—z,2yz+ry+rz+yz+ 241,
zyz —zy—xz+yz—y+1,—xyz+rz—yz+r+y—z2+2,
Yz —rYy — 12— —Yy—2+2,—vyzr —vy —xz—yz+x—z+1,
ryz —ry+rz+yzr+r—z2+2,xyz —xy+axztyz+r—y+ 2,
—xyz—xy—rz—yz—xr+y—z+1,
— XYz —TY —T2—Yr+r —y+z2+2,
—ayz+arytarztyz—r—y—z+1,
xyz—xy+rz+yz—cr+y—z+2, ..}

It is an ideal of the quotient ring

F3[X,Y, Z]/(X? - 1,Y?* —1,2* — 1) = F3[z, y, 2],
The code J has 2187 elements, so that dim J = logs |J| = log; 2178 = 7.

And ideal basis of J, found in Appendix B is
B = {pg))?pg())apél)vpgl)} = {1 +z+ Y + Yz, —= +y7 z +y2,y2 - .TyZ}

Since |B| = 4 < dim 1, it is not a generating set of I. We are going
to construct the generating set B’, according to Proposition 3.1. Since
s =3 and <P171027P3) = (Za 272)7 we have

A={(,j) €N | (i,j) <4 (p = Lpp = 1) = (L, 1)}
={(0,0),(1,0),(0,1), (1, 1)},
so that
B = {a'ypi 'y pl” aypl el | (i, ) € A
={zyz —yz,yz+y+z+ L ayz+ oy + xz + v, vy — vz, —xYyz + T,
xz—z,—yz+ 1, —zyz +yz,—xz + z,y — z}

Since |B'| = 10 > dim I, it follows from Corollary that B’ is not an [F3-
linearly independent set and therefore not an Fs-basis of J (too large).
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We are going to construct the Fs-linearly independent set B as in
Theorem 3.4. According to the notations in Appendix B, (3.1) and
(3.4), we choose a polynomial p; € B with p, € Ji, for k = 0, 1, where
pr is the coefficient of z* as a polynomial in whose coefficients are
polynomials in z and y. We may take

pr(z,y,2) = P (2, 2) = 14+ y + 2 + vz,
po(z,y) =1+y, ag =degpy = (0,1)
(2,9,2) = p\ (2, y, 2) = yz — xy2
(

) =Yy -y, degpl = (17 1)

z

P2

Y
Y
Y
iz, y

We get
B ={z'y’po | (i,7) <4 (p1, p2) — degao}
H{a"y7p1 16, 5) <4 (o1, p2) — degan }
= {a'ypo | (i,) <4 (2,2) = O, D} o'y/p1 1G5, 5) <4 (2,2) = (1,1) }
= {2"ypo | (i,5) € {(0,0), (1,00} }_J{='v/p1 |(i, ) € {(0,0),(1,0),(1,0), (1,1} }

- {p07xp07plaxplayplaxypl}
={-yz+uoyz,x+rz+aoy+ayz,1+z+y+yzz—2xz}

Since |B| = 4 < dimJ = 7, the set B fails to be a basis for J (too
small). Since B C B’, we will add three elements from B’ \ B to B in
order to obtain an F3-basis. We have

B'\B={y—z,yz+2z,—yz+ 1,0y — xz,2yz + 22, —xyz + =}.

We will write the elements of B and B’\ B as vectors, by taking the
coefficients. The set of exponents of the elements of R is

G, = {000,001, 010,011, 100, 101, 110, 111}
as in (2.4). According to (2.9), we have

000 <jex 001 <jex 010 <jex 011 <jey 100 <pexe 101 <y 110
(4.1)
<lex 1117

and using (2.10), we can make the identification
atbz+cy+dyz+ex+ feztgrythayz = (a, b, ¢, d, e, f, g, h).
between polynomials in R and the vectors of F5. We then can write

B ={(0,0,0,-1,0,0,0,1),(0,0,0,0,1,1,1,1),(1,1,1,1,0,0,0,0),

(0,1,0,0,0,—1,0,0)},
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and may identify it with the matrix

000 -10 0 01

000 0 1 1 11 s
V: 6]F37,

111 1 0 0 00

010 0 0 —-10260

whose rows are the elements of B. We do the same with the elements
of B'\ B and get a matrix V/ € F}®. We then can add three rows of
V' to V in order to obtain a matrix with seven [Fs-linearly independent
rows. We find the following vectors

(0, =1, 1, 0, 0, 0, 0, 0)=z2—y,
(0, 1, 0, 1, 0, 0, 0, 0)=z+yz
(1, 0o, 0, -1, 0, 0, O, O)El—yz.
Finally, an F3-basis of J is the set
B"={z—y,z+yz,1—yz} UB
={z—y,z+yz1—yz,—yz +ayz,x + xz + xy + 2y2,
l+z4+y+yz,z—xz}

This correspond to the matrix

0 -1 1 0 0 0 00
0 1 0 0 0 00
1 0 0-10 0 00
G=]10 0 0 -10 0 01 |eF®
00 0 0 1 1 11
1 1.1 1 0 0 00
01 0 0 0 —100

which is a generator matrix of J.

APPENDIX A: CONSTRUCTION OF MULTICYCLIC CODES

Here we summarize the construction of multicyclic codes in [2].

In the general case, an r-dimensional multicyclic code (or r-D mul-
ticyclic code) is an ideal of the quotient ring

R=F,Xy,...,X,]/ (X" —1,... X" —1).
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In [2], we considered the important case where ¢ is of the form ¢ = p™

with m > 1 an integer and p a prime integer which does not divide any
of the nq,...,n,.

We recall the main result about the characterization of these codes :

Theorem (Ideals in F [z], [2, 1]). A set I is an ideal of F,[z] if and
only if these exists a subset Z of S such that

I ={a(z) € Fylz] | a(¢"P) =0Vie Z}.
Proof. See [2]. O

The above theorem means that the ideal I is the set of the polyno-
mials of F[z] which vanish on the elements { (h() ¢ . for i € Z. The
notations are explained bellow :

The set S is equal to {1,...,s}, where s is the number of orbits by
the operation of the Galois group

I'=GAL(F:,F,)={c"|v=0,...,t =1, 0" :Fpp — Fp, wr— w?}
on the abelian group G, =[] _, Z /n, Z.

One construct the integer ¢ as the follows : one takes

e = ppem(ny, ..., n,), and
t=min{k €N | ¢* =1 (mode)}.

There exist in F» an element of order € and for p = 1,..., 7, the element
& = a™r de Fy is a n,-th primitive root of unity, i.e. "™ =1 and each
n,-th root of unity in Fy: is a power of &,.

Next, we explain other notations used in the above theorem:
(1) Let £, be a primitive n,-th root of unity in Fy for p =1,...,r. Let
§ the vector defined by

52(517"'76,07""51“)6]1?275 and 6251"'6,0"'57“€th7

and for h = (hy,...,h,) € [[[_, Z /n,Z,

=g, ) eFL et =g e e T,
(4.2)
(2) for c(x) = > g, cgr? € Fylz] and h = (hy,..., k) in G4, the
element c(£") is defined by

C(éh) _ Z Cgfhg — Z cggihgl . _é‘:-lfrgr c th ]

9€9+ 9€G
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A method for constructing a multicyclic code

Input: An integer » > 1, integers nq,...,n, > 1 and a prime integer
p which does not divide any of ny, ..., n,.
Output: An 7-D multicyclic code C of Fy[z], of length n =n; - - - n,.

Step 1: Construction of the base field and the group G.:
-F,=Z/pZ,
-Gy = H;=1Z/npz'

Step 2: Construction of the first extension of the base field:
- choose an integer m > 1 and take ¢ = p™,
- construct the field [y, extension of F,,.

Step 3: Construction of the second extension of the base field:
- & = ppem(ng, ..., n,),

-find t =min{k €N | ¢* =1 (mod ¢)},

- construct the field F,: = Fm:, extension of F,.

p

Step 4: Construction of the primitive n,-th roots of unity, p = 1,...,7:
t_

- choose an element « of order € in Fj, : o = o= where a is a gener-

ator of the cyclic group (IFy:, x).

—takefp:a”% forp=1,...,r.

Step 5: Construction of the Galois group:
' = GAL(F;,F,) = {06” | 0¥ : Fp — Fp , w+— w?, v =
0,....t—1}

Step 6:
- for each g € G, find the orbit of ¢:

IFg={9q"|v=0,...,t—1}.

- find all the orbits : Oq,..., O,
- take S ={1,...,s}.

Step 7: Choice of the zeros of the code:
- choose a subset Z of S,

- for ¢ € Z, choose a representative h(i) of O;,
- the zeroes of the code are {h(i) | i € Z}.
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Step 8: Construction of the code:
-C = {c(z) € Fylz] | (") =0 for i€ Z}.

The code I in Example 4.1 is constructed with the following param-
eters: = 2,n; = ny = 2,p = 3,m = 1. The length of the code is
n = niny = 4. Since t = 1, we have ¢ = 3. The primitive roots of unity
are £, = & = 2 and € = (2,2) € F5. The the of the orbits is

{01,0,05,04} = {{(0,1)},{(1,0)},{(0,0)}, {(1, 1)}} € (Z /3Z)*,

sothat s =4 and S ={1,2,3,4}. We take Z = {4} , which correspond
to Oy = {(1,1)} . The code is then the ideal whose elements are the
polynomials of Fs[z,y| which vanish on the set

Oz ={"} ={(&, &)} ={(2,2)} c (2 /32)".

The code J in Example 4.2 is constructed with the following pa-
rameters: r = 3,n; = ng = ng = 2,p = 3,m = 1. The length is
n = ningng = 8. Since t = 1, we have ¢ = 3. The primitive roots of
unity are & = & = & = 2 and € = (2,2,2) € F3. The set of the orbits
is

{01,04,03, 04,05, O, 07, Og }
={{(1,0, D} {(1,1,0)},{(1,1,1)},{(0,1,0)},
{(0,1,1)}.{(0,0,1)}, {(0,0,0)},{(1,0,0)}} C (Z /3Z)*,
so that s = 8 and S = {1,2,3,4,5,6,7,8}. We take Z = {5}, which

correspond to Oz = {(0,1,1)}. The code is then the ideal whose ele-
ments are the polynomials of Fs[z, y, z] which vanish on the set

Oz = {1} ={(€),&.6)} ={(1,2,2)} C (Z/32Z)".

APPENDIX B: ALGORITHMS FOR CONSTRUCTING AN IDEAL BASIS
OF A MULTICYLIC CODE

In this section, we present algorithms which are derived from Sep-
asdar’s method ([0, 3]) for finding a basis of an ideal in the two-
dimensional case and its extension to the three-dimensional case. The
case of a more variable can be deduced from these algorithms.

First algorithm: case of an ideal in two variables

Input : two integers m,n > 1, an integer ¢ which is the power of a
prime number, a non-zero ideal I of Fy[z, y].

Output : a basis B of the ideal I.
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Step 1. For ¢+ =0,...,n — 1, find the ideals I; and the subsets H;,

of F,[x] defined by

Iy = Hy = {constant terms of the elements of I as

polynomials in y}
and fori=1,...n —1,
H; = {elements of I whose coefficient of 3,7 =0,...,i—1
are zero}

(= {elements of H;_; whose coefficient of y*~! is zero}),

I; = {coefficients of y* of the elements of H;}.
Step 2. For i =0,...,n — 1, find a generator p;(x) of I; in F,[x].
Step 3. Find an element Py(z,y) € I whose constant term, as a
polynomial in y is po(z).
Step 4. Find an element P;(x,y) € I whose coefficients of ¢/, j =

0,...,7— 1 are zeros, the coefficient of y* being p;(x).
Step 5. A basis of I is

B={P(x,y)|i=0,...,n—1}.
For the code in Example 4.1, we apply this first algorithm.

In = Hy = {go(z) € F3[z,y] | Fg(z,y) € I such that
9(x,y) = go(x) + g1(x)y where g1(x) € Fs[z]}

={-1,0,1,z,y,zy, —x,—y, —xy,—z — 1, —x + 1,—x —y,—x + ¥,
r—lz+l,z—yo+y,—y—1,—-y+lLy—1Ly+1,—2—y—1,
—z—y+1l,—z+y—-1,—z+y+l,z—y—1l,z—y+1l,z+y—1,
r+y+1,—oy—1,—oy+ 1oy — Ly + 1, —xy —y, —xy + v,

Yy — vy, vy +y,—xy —x,—xy +x, 2y — v, 0y +T,—0Yy — Yy — 1,
—zy—y+1,—ay+y—1,—azy+y+loy—y—1l2y —y+1,
xy+y—lLaey+y+1l,—2zy—a—1,—axy—zxz+1,—2y+2—1,
—zy+zrz+lzy—zrz—lLazy—ax+ lL,zy+o—lLzy+ o+ 1,

XY - T =Y, TY —THY, —TY+T Y, —TY+IT+Y,TYy —T Y,
y—x+yzy+r—y,aeyt+taer+y —axy—xr—y—1,—azy—z—y+1,
—zy—zrs+y—1,—2zy—x+y+1,—axy+or—y—1,—axy+z—y+1,
—zy+zrz+y—1,—a2zy+ax+y+lozy—zrz—y—lozy—ox—y—+1,
xy—zrz+y—lLzy—zrz+y+lzy+r—y—lLozy+oz—y+1,
ry+r+y—lLey+x+y+ 1}
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A generator of I is pJ(x) = 1.

H, = {element of I whose constant constant term, as a
polynomial in y is zero}
= {0, —ry — y, 2y + y},
I, = {coefficients of y of the elements of H; }
={0,—z—1,z+1}.

A generator of I; is pj(z) = x + 1. Thus, we can take

po(z,y) = 1 + y (polynomial of I whose constant term is 1)
p1(x,y) = (x 4+ 1)y = y + 2y (polynomial of H; whose coefficient of y is x + 1).

An ideal basis of I is then given by

B = {po(z,y),p1(z,y)} = {1+ y,y +ay}.

Second algorithm: case of an ideal in three variables

Input : three integers [, m and n > 1, an integer ¢ which is the power
of a prime number, a non zero ideal I of F,[z, vy, z].

Ouput : a basis B of the ideal I.

Step 1. For ¢t = 0,...,n — 1, find the ideals I; and the subsets H; of
F,[z,y] defined by

Iy = Hy = {constant terms of the elements of I as
polynomials in z}
and for:=1,....n—1,
H; = {elements of I whose coefficients of 27,7 =0,...,i —1
are zero}

I; = {coefficients of z* of the elements of H;}.

Step 2. For i =0,...,n—1, find a basis B; = {pio(z,y), ..., pir,(x,y)}
of I; in F [z, y| by the algorithm for the two variables case.

Step 3. For each element py,(x,y) of By, find an element Py,(z,y, z) €
I whose constant term, as a polynomial in z is po,(z, y).

Step 4. For each element p;,(z,y) of B;, i = 1,...,n — 1, find an
element P,,(z,y,z) € I whose coefficient of 27, j = 0,...,i — 1 are
zeros, the coefficient of z* being p;,(z,y).

Step 5. A basis of [ is

B={P,(z,y,2)|i=0,....,n—1,p=0,...,7:}.
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For the code J in Example 4.2, we first use the second algorithm.
Jo = Ho = {g0(z,y) € F3[z,y] | Jg(z,y, 2) € J such that
9(z,y,2) = go(z,y) + g1(z,y)z where g1(z,y) € F3z,y}
={-1,0,1,z,y,zy, —x,—y,—ay,—x — 1, —z+ 1, —x —y,—z + v,
r—lLz+1lz—-yo+y,-y—-1,—-y+1ly—1ly+1,—o—y—1,
—-rz—y+1l,—z+y—-1,—z+y+lLo—-—y—-lz—y+1l,ot+y—1,
r+y+1,—2y—1,—2y+loy—lLoy+1, -2y —y,—2y + v,
zy —y, 2y +y,—ry —,—xYy+ T, 2y — T, Y+, -2y —Yy — 1,
—oy—y+1l,—a2y+y—1,—-a2y+y+loy—y—1lzy —y+1,
zy+y—lLezy+y+1l,—ozy—2x—-1,—axy—az+1,—zy+2—1,
—zy+ax+lozy—z—lzy—ax+lozy+o—1L,zy+ o+ 1,
—xy—x—Y,—rxYy—r+y,—ryYy+r—yY,—rYy+r+y,ry—r—1y,
xy—r+y,ry+r—y,xyt+tr+y —axy—xrx—y—1,—-axy—xz—y+1,
—zy—z+y—1,—2zy—ax+y+1,—ay+zrz—y—1,—-ay+zxz—y-+1,
—sy+r+y—1,—rvy+oe+y+loy—r—y—-lay—z—y+1,
zy—zrv+y—lLzy—zrx+y+lozy+or—y—lLaoy+x—y+1,
rwwHr+y—lLay+z+y+ 1}

Then, since Jy is an ideal with two variables, we use the first algorithm
to find a basis. Take

Joo = Hoo = {goo(z) € F3[x] | Jg(x,y) € Jy such that
9(r,y) = goo(x) + go1(x)y where go1(z) € Fa[z]}
={0,1,-l,z,z+ 1,z —1,—x,—z+ 1,—x — 1}.
We have Joo = (1). By taking pJ,(z) = 1, there exists poo(z,y) € Jo

such that poo(z,y) = 1 + go1(x)y where goi(z) € S1. We can take
go1(x) =1, so that

poo(z,y) =1 +y.
Now, we are going to find the set Hy; of the elements of J, whose
constant terms, as polynomials in y are zero. We find
Hoy ={0,y, 2y, —y, —zy, =2y — y, =2y + ¥, 2y — Y, 2y + y}.
Now, we consider
Jo1 = {go1(z) € Fs[z] | 3g(z,y) € Hor such that g(z,y) = goi(z)y}
= the set of the coefficients of y of the elements of H
={0,1,-l,z,z+ 1,z —1,—x,—x+ 1,—x — 1}.
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We have Jo; = (1). By taking pj,(z) = 1, there exists poi(z,y) € Jo
such that po(z,y) = go1(z,y)y. We can take po(z,y) = y. A basis of
Jo 1s then

By = {poo(z,y), por(z,y)} = {y, 1 + y}.
Next, we construct
H; = {elements of J whose constant terms, as
polynomial in z are zero}
={0,—xz+ z,22 — z,—yz — z,yz + 2, —Tz — Yz, 2 + Yz, —xYz — 2,
TYz + 2, —TYz + Y2, xyz — Yz, —TYZ — T2, TY2 + T2, —T2 + Yz — 2,
Tz — Yz +2,—xYyz — Yz + 2,2xyz +yz — 2z, —xyz + 2 + 2,
TYz — T2 — 2, —TYZ + T2 — Yz, xYyz — 2 + Yz, —TYz — T2 — Yz — 2,
— XYz — T2+ Y+ 2, —xYz + T2 + Yz — 2,TYz — 2 — Yz + 2,
xyz +xz —yz — z,xyz + vz +yz + 2}
We then have
Ji = {g1(z,y) € F3lz,y] | 3g(x,y, 2) € Hy such that g(z,y,2) = g1(z,y)z}
={0,—z+1l,—z—yx— Loty —y—lLy+1l,—a+y—1,
r—y+1,—xy—1loy+1, —axy+y,zy —y,—ay —z,2y +x
zy—y+lLaey+y—1,—ay+ac+lLzy—ax—1,—xy+2z—y,
y—cv+y,—ary—z—y—1,—-vy—c+y+1,—rzy+orv+y—1,
ry—x—y+lay+r—y—lay+ax+y+ 1}
We use the first algorithm to find a basis of J;: we construct
Jio = Hio = {g10(x) € F3[x] | Fg(z,y) € Jy such that
9(x,y) = gro(z) + g11(zx)y where gi1(x) € Fsz]}
={0,1,-l,z,z+ 1,z —1,—z,—x 4+ 1,—x — 1}.
We have Jjp = (1). If we take p%(z) = 1, there exists pio(z,y) € Ji

such that pio(x,y) = 1+ g11(z)y. We can take pio(z,y) = 1+ y. Now,
consider

Hy1 = {elements of J; whose constant terms,
as polynomials in y are zero}
and

Jiw = {gu(r) € F3[z] | g(x,y) € Hiy and g(7,y) = gu(z)y}
={0,z —1,—z +1}.
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We have Jy; = (1—z). Taking p},(z) = 1—x, there exists a polynomial
pi(x,y) € Jy such that py(z,y) = (1 — 2)y. A basis of J; is
Bl = {Plo(l’>y)ap11($7y)} = {1 + Y,y — l'y}

According to the notations in [5, 3] and in (2.12), an ideal basis of J
is then given by

(1)(

B = {p\ (2,1, 2), 0 (@, 9, 2), 0 (2, 2), 0 (2, 2)}

where

péo) (x,y,z) € J, whose constant term is poo(x,y) =1 +y € Jo, as
a polynomial in z,

p§°) (x,y,z) € J, whose constant term is po1(x,y) =y € Jy, as a
polynomial in z,

p(()l)(x, y,z) € J, whose constant term is zero, as a polynomial in z,

the coefficient of z being pio(z,y) =1+y € Ji ,

pgl)(x, y,z) € J, whose constant term is zero as a polynomial in z,

the coefficient of z being py1(z,y) = (1 — x)y € J;.

We can take
(() (x,y,2) =14y +2z+yz,
(g2 =y — 2,
b (v..2) = 2+ yz,
P (2,0, 2) = vz — 2yz,
and finally,

B={1+y+z+yz,—2+yz+yzyz —ayz}.
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