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Abstrat. In this paper, we propose and analyze a mathematial model

desribing the e�et of awareness programs by publi media on the preva-

lene of Typhoid fever. A threshold quantity R

0

, similar to the basi re-

prodution number is derived. We investigate the biologially meaningful

equilibrium points and their loal stability analysis. The global stability

analysis has been performed with respet to the disease free equilibrium

(DFE) E

0

by onsidering suitable Lyapunov funtion. We derive the sta-

bility ondition of the DFE point E

0

and the interior steady-state E

�

with

respet to the basi reprodution number R

0

. We perform the analysis of

Hopf-bifuration with respet to the rate of exeuting awareness programs

whih has a substantial role on the dynamis of the model system. We in-

vestigate extensive numerial simulations to validate our analytial �ndings.

Keywords: Typhoid fever, awareness program, Hopf-bifuration, basi reprodution

number, stability analysis.

AMS Subjet Classi�ation: 34G20, 37G10, 37G15, 65P30, 65P40..

1 Introdution

Typhoid fever is one of the major publi health problems in the develop-

ing ountry. A gram-negative baterium Salmonella enteria serovar Typhi

�
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(S. Typhi), that is a human restrited bateria transmitted via faeal in-

fetivity of food and water, auses typhoid fever whih is one of the most

dangerous human infetious diseases. For the urban and peri-urban popu-

lation typhoid fever is a major ause of morbidity and mortality. Annually,

21.6 million people a�eted and approximately 2, 00, 000 people die due to

typhoid fever throughout the world. In Asia almost 80 % ases are death

and 20 % in Latin Ameria and Afria. In India, the disease happen with

an ourrene ranging from 102 to 2,219 per 100,000 of the population

[25, 2℄. This disease is transmitted by urine-oral route or feo-oral route,

either by urine or arriers or diretly through hands soiled with fees or

indiretly by ingestion of ontaminated water, milk, food or through ies

[23℄. When we intake unhygieni food or water, temporarily the Salmonella

bateria attak the small intestine and enter the bloodstream. The bateria

are arried by spleen, bone marrow and white blood ells to the liver. The

inubation period for typhoid fever is eight to fourteen days and the dura-

tion of illness is about four to six weeks [1℄. The signs and symptoms of the

typhoid fever are as follows: vomiting, onstipation, slight abdominal pain,

headahe, nausea and appearane of a rash (rose rash) on the abdomen.

In South Asia, hildren arry one of the highest typhoid diÆulties in the

world [3, 20℄. In another studies have publiized in areas of endemiity

and outbreaks, between 6% to 21% are under two years of age and about

25% to 33% of pediatri typhoid fever ases are under �ve years of age [16℄.

Typhoid fever is known in the pediatri age group from di�erent appear-

ane, for instane diarrhoea in infants, septiemia in neonates and as lower

respiratory trat infetions in older hildren [19, 8, 21℄.

The most important soure regarding health information for the om-

mon ivilization is the media awareness programs; whih are mainly play

an important aountability in providing an inuene for the population

to onvey their knowledge of diseases [9, 5, 10℄. Media also makes people

aware with the requisite preventive praties suh as wearing protetive

masks, soial distaning, vaination et. Aware people aept these pra-

ties and attempt to redue their hanes of beoming infeted. Mass media

are generally used to spread information to vast audienes through the use

of media, suh as Radio, Newspapers, Television, Posters, Internet, Books,

Journals and Billboards. They ould play a pivotal role in ommuniating

typhoid fever-assoiated health information to the general publi so as to

raise awareness on typhoid fever-assoiated matter and troubles. A math-

ematial model presented an evaluation of the impat on ase �nding of

a mass media health eduation ampaign for TB ontrol in Cali, Colom-

bia is studied by Jaramillo [6℄. Huo and Wang [5℄ studied a mathematial
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model with the inuene of awareness programs but they did not hange

the drinker's behavior whih foused on the ommunity environment around

the nondrinker. Many researhers have already studied theoretially by us-

ing media awareness e�et in their model and they got some interesting

results and some unexplore dynamis of typhoid fever [22, 17, 18℄.

In our artile, we introdue the e�et of awareness programs motivated

by the works of Adtunde et al. [1℄. Due to introdution of awareness pro-

grams the behavior of the suseptible population has been hanged and

redued the ontat rate of suseptible individuals with infetive individ-

uals. We also introdue a divide lass C(t) of those who are onsious

of risk and renoune from infetion by avoiding ontat with the infeted

individuals. Moreover, we see that the umulative density of awareness

programs M(t) inreases at a rate proportional to the number of infeted

individuals. We establish the suÆient onditions for the global stability

of the equilibrium points and give some numerial simulations to explain

our main outomes. Our result shows that the awareness programs are an

e�etive measurement in reduing the infetions.

This paper is organized in the following order. In the next setion, we

formulate a mathematial model for the treatment of typhoid fever by on-

sidering role of the awareness programs a�eted by media. The qualitative

analysis of the model inluding the positivity of the solutions have been

disussed in the Setion 3. The global stability of the disease free equilib-

rium point E

0

and the loal stability of the endemi equilibrium point E

�

is

studied in the Setion 4. In Setion 5, based on the normal form theory and

enter manifold theorem, we establish expliit expressions to determine the

diretion of Hopf{bifuration. We perform extensive numerial simulations

for suitable hoies of parameter values in Setion 6. The paper ends with

a brief disussion and onlusions.

2 The Mathematial Model

In our model, S(t) represents the suseptible individuals who an be in-

feted but have not yet ontrated with Salmonella typhi but may ontrat

with it if exposed to any mode of its transmission. The number of infeted

individuals I(t) who have ontrated with the Salmonella typhi and they

are ative to apable of transmitting the diseases. The number of individ-

uals who, although apparently healthy themselves, harbor infetion whih

an be transmitted to others is denoted by arriers C(t). The number of

individuals who are reovered after treatment or media awareness programs

and are the immune to the diseases is desribed by R(t), whereasM(t) rep-
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resents the umulative density of awareness programs driven by the media.

It is onsidered that, due to awareness programs, uninfeted population

from a di�erent lass and avoid ontating with the infeted population.

Also we onsider the interation from awareness programs between aware

individuals and uninfeted population. The total number of population

N(t) at any time t is given by

N(t) = S(t) + I(t) + C(t) +R(t): (1)

S(t) I(t) C(t) R(t)

M (t)

Λ

b

μμ+�μ μ+σ

α

ξ

β

θ

λSM

γ

κ

Figure 1: The �gure shows the shemati representation depiting the dy-

namis of the Typhoid fever.

The shemati diagram (Figure 1) leads to the following system of ou-

pled nonlinear ordinary di�erential equations

dS

dt

= �� �SI � �S � �SM;

dI

dt

= �SI � �I � �I � �I � bI;

dC

dt

= �I � �C � ÆC � C;

dR

dt

= bI + C � �R;

dM

dt

= ��I � �M;

(2)

where � is the reruitment rate of individuals into the ommunity by birth

or migration (suseptible) and � is the per apita mortality rate of sus-

eptible individuals. Dissemination rate of awareness among suseptible

due to whih they from a lass is represent �. The typhoid fever-indiated
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mortality rate is �. The rate of infetion is �. The rate of progression from

infetive to arrier is �. The rate of reovery from arrier stage is . The

arrier-indued mortality rate is Æ. The rate of reovery from the infetious

stage is b. Moreover, the awareness programs inrease with inrease in

disease related death rate �. Here � is the proportionality onstant whih

governs the implementation and � represents the depletion rate of these

programs due to ine�etiveness.

3 Qualitative analysis of the model

3.1 Invariant region

Lemma 1. All feasible regions 
 de�ned by


 = f(S(t); I(t); C(t); R(t);M(t)) 2 R

5

+

:

S(t) + I(t) + C(t) +R(t) �

�

�

;M(t) �

��

�

g

with initial onditions S(0) � 0, I(0) � 0, C(0) � 0, R(0) � 0 and

M(0) � 0 are positively invariant for equation (2).

Proof. Adding the �rst four equations of equation(2), we have

dN

dt

�

�

�

� �N:

It follows that

N(t) �

�

�

�N(0) exp

��t

;

where, N(0) is the initial total number of people. Thus,

lim sup

t!1

N(t) �

�

�

:

Then, 0 � S(t) + I(t) + C(t) + R(t) �

�

�

. Thus, sine the equation (2)

monitors human population, it is plausible to assume that all its state

variables and parameters are nonnegative for all t � 0. Further, from the

last equation of equation(2), we have,

dM

dt

= ��I � �M � �� � �M:

It follows that

0 �M(t) �

��

�

+M(0) exp

��t

;
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where M(0) represents the initial value of umulative density of awareness

programs. Thus,

lim sup

t!1

M(t) �

��

�

:

It implies that the region


 = f(S(t); I(t); C(t); R(t);M(t)) 2 R

5

+

:

S(t) + I(t) + C(t) +R(t) �

�

�

;M(t) �

��

�

g;

is a positively invariant set for equation(2).

So we onsider dynamis of equation (2) on the set 
 in this artile.

3.2 Positivity of solutions

To ensure that the solutions of the equation (2) with positive initial ondi-

tions remain positive for all t > 0, it is neessary to prove that all the state

variables are nonnegative. In order to do that, we study following lemma.

Lemma 2. If S(0) � 0, I(0) � 0, C(0) � 0, R(0) � 0 and M(0) � 0, then

the solutions S(t), I(t), C(t), R(t) and M(t) of equation (2) are positive

for all t � 0.

Proof. Under the given initial onditions, it is easy to prove that the so-

lutions of the equation (2) are positive; if not, we assume a ontradition

that there exists a �rst time t

1

suh that

S(0) > 0; S(t

1

) = 0; S

0

(t

1

) � 0;

C(t) > 0; I(t) > 0; R(t) > 0;

M(t) > 0; 0 � t < t

1

:

In that ase, from the �rst equation of equation (2), we have

S

0

(t

1

) = � > 0;

whih is a ontradition meaning that S(t) > 0, t > 0. Or there exists a t

2

suh that

C(0) > 0; C(t

2

) = 0; C

0

(t

2

) � 0;

S(t) > 0; I(t) > 0; R(t) > 0;

M(t) > 0; 0 � t < t

2

:

In that ase, from the seond equation of equation (2), we have

C

0

(t

2

) = �SM > 0;
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whih is a ontradition meaning that C(t) > 0, t � 0. Or there exists a t

3

suh that

I(0) > 0; I(t

3

) � 0; I

0

(t

3

) = 0;

S(t) > 0; C(t) > 0; R(t) > 0;

M(t) > 0; 0 � t < t

3

:

In that ase, from the third equation of equation (2), we have

I

0

(t

3

) = 0;

whih is a ontradition meaning that I(t) = 0, t > 0.

Similarly, it an be shown that R(t) > 0 and M(t) > 0 for all t > 0.

Thus, the solutions S(0) � 0, I(0) � 0, C(0) � 0, R(0) � 0 and M(0) � 0

of equation (2) remain positive for all t > 0.

4 Analysis of the Model

There are one disease-free equilibrium point E

0

and endemi equilibrium

point E

�

for equation (2).

4.1 Disease-free Equilibrium and the Basi Reprodution

Number

The model has disease-free equilibrium given by E

0

(�; 0; 0; 0; 0). In the

following, the basi reprodution number of equation (2) will be obtained

by the next generation matrix method formulated in [24℄.

Let x = (I;R;M; S;C)

T

then equation (2) an be written as

dx

dt

= �(x)�	(x);

where

�(x) =

0

B

B

B

B

�

�SI

0

0

0

0

1

C

C

C

C

A

;

	(x) =

0

B

B

B

B

�

�I + �I + �I + bI

�bI � C + �R

���I + �M

��+ �SI + �S + �SM

��I + �C + ÆC + C � �SM

1

C

C

C

C

A

:



8 J. Mondal

The Jaobian matries of �(x) and 	(x) at the disease-free equilibrium

E

0

are, respetively,

D�(E

0

) =

�

F

2�2

0

0 0

�

;

D	(E

0

) =

0

B

B

B

�

V

2�2

0 0 0

��� 0 � 0 0

��

�

0

��

�

� 0

0 0 �

��

�

0 �+ Æ + 

1

C

C

C

A

;

where

F =

�

��

�

0

0 0

�

; V =

�

�+ Æ + � + b 0

�b �

�

:

The model reprodution number denoted by R

0

is thus given by

R

0

=

��

�(�+ Æ + � + b)

:

4.2 Global Stability of E

0

Theorem 1. For equation (2), the disease-free equilibrium E

0

is globally

asymptotially stable if R

0

� 1.

Proof. We introdue the following Lyapunov funtion [12, 15℄:

U(S(t); I(t); C(); R(t);M(t)) = S � lnS +C + I +

1

�

R:

The derivative of U is given by

_

U =

_

S �

_

S

S

+

_

I +

_

C +

1

�

_

R

= �� �SI � �S � �SM �

1

S

(�� �SI � �S � �SM)

+�SI � �I � �I � �I � bI + �I � �C � ÆC � C

+

1

�

(bI + C � �R) + ��I � �M

= �(1�

1

S

)� �S � bR� (�+ Æ)C � (1�

1

�

)C

+(�+ � +

b

�

�

��

�

)I +

��

�

(1�

1

R

0

)I:

If R

0

� 1, then

��

�

(1 �

1

R

0

) � 0. As we know, 1 �

1

S

� 0 , � < 1 and

(�+�)�+b

�

< �, so we obtain

_

U � 0. Furthermore,

_

U = 0 only if S = 1

or R

0

= 1. The maximum invariant set in f(S; I; C;R;M) :

_

U = 0g is

the singleton E

0

. By LaSalle's Invariane Priniple [13℄, E

0

is globally

asymptotially stable in 
.



Inuene of awareness programs by media in the typhoid fever 9

4.3 Endemi equilibrium

4.3.1 Existene of the endemi equilibrium

Theorem 2. If R

0

> 1, equation (2) has a endemi equilibrium E

�

(S

�

; I

�

; C

�

;

R

�

;M

�

), where

S

�

=

�+�+�+b

�

;

C

�

=

���(�+�+�+b)+���

��(�+Æ+)

I

�

;

R

�

=

bI

�

+C

�

�

;

M

�

=

��

�

I

�

:

Proof. From equation (2) it follows that

�� �SI � �S � �SM = 0;

�SI � �I � �I � �I � bI = 0;

�I � �C � ÆC � C = 0;

bI + C � �R = 0;

��I � �M = 0:

(27)

Now from the fourth and �fth equations of (27), we obtain

R =

bI + C

�

; (28)

M =

��

�

I: (29)

and from the seond equation of (27), we obtain

S =

�+ � + � + b

�

: (30)

Then substituting (29) and (30) in to the third equation of (27), we obtain

C =

���(�+ � + � + b) + ���

��(�+ Æ + )

I:

For I 6= 0 substituting equations (29)and (30) into the �rst equation of

(27), we get

I =

��(R

0

� 1)

��� + �

:

Therefore, there exists a unique positive root in the interval (0; 1) when

R

0

> 1; there is no positive root in the interval [0; 1℄ when R

0

� 1. For

R

0

> 1, we arry out the simulation and give the following onjeture.
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Conjeture: If R

0

> 1, the endemi equilibrium E

�

of equation(2) is

globally asymptotially stable.

Remark: Sine the global stability of equation(2) is a hard problem,

we only arry out simulation. How to prove the global stability of the

endemi equilibrium E

�

of equation(2) and give the onditions based on

model parameters is still an open problem.

5 Analysis of Hopf-bifuration

The variational matrix around E

�

(S

�

; I

�

; C

�

; R

�

;M

�

) is

0

B

B

B

B

�

�A

11

��S

�

0 0 ��S

�

�I

�

�A

22

0 0 0

�M

�

� �A

33

0 0

0 b  �� 0

0 �� 0 0 ��

1

C

C

C

C

A

with A

11

= �I

�

+ �M

�

+ �;A

22

= � + � + � + b and A

33

= � + Æ + :

Therefore the orresponding harateristi equation is

!

5

+A

1

!

4

+A

2

!

3

+A

3

!

2

+A

4

! +A

5

= 0; (33)

where

A

1

= A

11

+A

22

+A

33

+ �+ �;

A

2

= A

11

A

22

+ �(A

11

+A

22

) +A

33

�+ (A

33

+ �)(A

11

+A

22

+ �)

+�

2

S

�

I

�

;

A

3

= A

11

A

22

� + �

2

�S

�

I

�

� ����S

�

I

�

+A

33

�(A

11

+A

22

+ �)

+(A

33

+ �)(A

11

A

22

+ �(A

11

+A

22

) + �

2

S

�

I

�

);

A

4

= (A

33

+ �)(A

11

A

22

� + �

2

�S

�

I

�

� ����S

�

I

�

)

+A

33

�(A

11

A

22

+ �(A

11

+A

22

) + �

2

S

�

I

�

);

A

5

= A

33

�(A

11

A

22

� + �

2

�S

�

I

�

� ����S

�

I

�

):

Now, we will study the Hopf-bifuration [11, 12, 4℄ of the above system,

taking � as the bifuration parameter. The neessary and suÆient on-

dition for the existene of the Hopf-bifuration, if it exists is � = �

0

suh

that

(i) A

i

> 0; i = 1; 2; 3; 4; 5,

(ii) A

1

(�

0

)A

2

(�

0

) > A

3

(�

0

),

(iii) A

1

(�

0

)A

2

(�

0

)A

3

(�

0

) > (A

3

(�

0

))

2

� (A

1

(�

0

))

2

A

4

(�

0

),

(iv) (A

3

(�

0

)A

4

(�

0

)�A

2

(�

0

)A

5

(�

0

))(A

1

(�

0

)A

2

(�

0

)�A

3

(�

0

))
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�(A

1

(�

0

)A

4

(�

0

)�A

5

(�

0

))

2

= 0,

and (v) if we onsider the eigenvalues of the harateristi equation (33) is

of the form, !

i

= �

i

+ i�

i

, then

d�

i

d�

6= 0; i = 1; 2; 3; 4; 5. The ondition

(A

3

(�

0

)A

4

(�

0

)�A

2

(�

0

)A

5

(�

0

))(A

1

(�

0

)A

2

(�

0

)�A

3

(�

0

))

�(A

1

(�

0

)A

4

(�

0

)�A

5

(�

0

))

2

= 0:

Therefore, one pair of eigenvalues of the harateristi equation (33) at

� = �

0

are of the form !

1;2

= �i� where � is positive real number.

Now, we will verify the Hopf-bifuration ondition (v), putting ! =

� + i� in (33) and separating real and imaginary parts, we have

�

5

+A

1

�

4

+ (A

2

� 10�

2

)�

3

+ (A

3

� 6A

1

�

2

)�

2

+(5�

4

� 3A

2

�

2

+A

4

)� + (A

1

�

4

�A

3

�

2

+A

5

) = 0;

(35)

(�

2

)

2

� (10�

2

+ 4A

1

� +A

2

)�

2

+(5�

4

+ 4A

1

�

3

+ 3A

2

�

2

+ 2A

3

� +A

4

) = 0:

(36)

Substituting the value of �

2

from (36) in (35), we get

�

5

+A

1

�

4

+ (A

2

� 10h(�))�

3

+ (A

3

� 6A

1

h(�))�

2

+(5(h(�))

2

� 3A

2

h(�) +A

4

)� + (A

1

(h(�))

2

�A

3

h(�) +A

5

) = 0;

(37)

where

h(�) =

1

2

((10�

2

+ 4A

1

� +A

2

)� F );

and

F =

p

(10�

2

+ 4A

1

� +A

2

)

2

� 4(5�

4

+ 4A

1

�

3

+ 3A

2

�

2

+ 2A

3

� +A

4

):

Di�erentiating with respet to � and putting � = �

0

, we have

h

d�

d�

i

�=�

0

=

h(0)

dA

3

d�

0

� (h(0))

2

dA

1

d�

0

�

dA

5

d�

0

5(h(0))

2

+ 2A

1

h(0)h

0

(0)� 3A

2

h(0) �A

3

h

0

(0) +A

4

6= 0:

Sine h(0)

dA

3

d�

0

� (h(0))

2

dA

1

d�

0

�

dA

5

d�

0

= S

�

I

�

[h(�)(2�

0

� + 2��

0

+ 2A

33

�

0

�

���) � 2A

33

���

0

℄ 6= 0; this ensures that the above system has a Hopf-

bifuration around the interior equilibrium E

�

. Hene as the reruitment

rate of individuals into the ommunity by birth or migration (suseptible)

� rosses its threshold value, � = �

0

, then all population starts osillating

around the interior equilibrium point.

This ensures that the above system has a Hopf-bifuration around the

interior equilibrium E

�

. Now, we further redue the set of di�erential

equation (2) into the normal form in order to determine the diretion and
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stability riterion of the bifurating periodi solution. Here, the Poinare's

method is used to put equation (2) into the normal form following the pro-

edure outlined by Hassard et al. [4℄. For the sake of simpliity, introduing

the new variables.

The equation (2) an be written as

_x = f(x; �); where x = (S I C R M)

T

: (41)

Now we alulate right eigenvetors u

1

, u

3

, u

4

and u

5

of the Jaobian

matrix J at E

�

orresponding to the eigenvalues !

1

= i�; !

3

; !

4

and !

5

respetively, at � = �

0

:

u

1

=

0

B

B

B

B

�

R

11

� iR

12

R

21

� iR

22

R

31

� iR

32

R

41

� iR

42

R

51

� iR

52

1

C

C

C

C

A

, u

3

=

0

B

B

B

B

�

R

13

R

23

R

33

R

43

R

53

1

C

C

C

C

A

, u

4

=

0

B

B

B

B

�

R

14

R

24

R

34

R

44

R

54

1

C

C

C

C

A

, u

5

=

0

B

B

B

B

�

R

15

R

25

R

35

R

45

R

55

1

C

C

C

C

A

:

For equation (41), de�ne

R = (Re(u

1

);�Im(u

1

); u

3

; u

4

; u

5

)

=

0

B

B

B

B

�

R

11

R

12

R

13

R

14

R

15

R

21

R

22

R

23

R

24

R

25

R

31

R

32

R

33

R

34

R

35

R

41

R

42

R

43

R

44

R

45

1 0 1 1 1

1

C

C

C

C

A

;

where

R

11

=

A

22

���

2

���I

�

; R

12

=

A

22

�+��

���I

�

; R

21

=

�

��

; R

22

=

�

��

;

R

31

=

(�A

22

M

�

+��I

�

)(�A

33

+�

2

)+��

2

M

�

(��A

33

)

(A

2

33

+�

2

)���I

�

;

R

32

=

��M

�

(�A

33

+�

2

)+�(A

33

��)(�A

22

M

�

+��I

�

)

(A

2

33

+�

2

)���I

�

;

R

41

=

b(����

2

)

��(�

2

+�

2

)

+

(�A

22

M

�

+��I

�

)(�A

33

+�

2

)+��

2

M

�

(��A

33

)

(A

2

33

+�

2

)���I

�

;

R

13

=

(A

22

+!

3

)(�+!

3

)

���I

�

; R

23

=

A

22

�+!

3

(�+A

22

)+!

2

3

���I

�

;

R

42

=

��M

�

(�A

33

+�

2

)+�(A

33

��)(�A

22

M

�

+��I

�

)

(A

2

33

+�

2

)���I

�

+

�(�+�)

��(�

2

+�

2

)

;

R

33

=

�M

�

(A

22

+!

3

)(�+!

3

)+��I

�

(�+!

3

)

(A

33

+!

3

)���I

�

;

R

43

=

(�+!

3

)(�bI

�

(A

33

+!

3

)+�M

�

(A

33

+!

3

)+��I

�

)

(A

33

+!

3

)(�+!

3

)���I

�

;

R

14

=

(A

22

+!

4

)(�+!

4

)

���I

�

; R

24

=

A

22

�+!

4

(�+A

22

)+!

2

4

���I

�

;
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R

34

=

�M

�

(A

22

+!

4

)(�+!

4

)+��I

�

(�+!

4

)

(A

33

+!

4

)���I

�

;

R

44

=

(�+!

4

)(�bI

�

(A

33

+!

4

)+�M

�

(A

33

+!

4

)+��I

�

)

(A

33

+!

4

)(�+!

4

)���I

�

;

R

15

=

(A

22

+!

5

)(�+!

5

)

���I

�

; R

25

=

A

22

�+!

5

(�+A

22

)+!

2

5

���I

�

;

R

35

=

�M

�

(A

22

+!

5

)(�+!

5

)+��I

�

(�+!

5

)

(A

33

+!

5

)���I

�

;

R

45

=

(�+!

5

)(�bI

�

(A

33

+!

5

)+�M

�

(A

33

+!

5

)+��I

�

)

(A

33

+!

5

)(�+!

5

)���I

�

;

Equation (41) is transformed suh that F (X) = R

�1

f(E

�

+ RX), where

X = (x

1

y

1

z

1

v

1

w

1

)

T

and E

�

is steady state. Thus we obtain

_

X = F (X): (43)

We now use the transformation

S = S

�

+R

11

x

1

+R

12

y

1

+R

13

z

1

+R

14

v

1

+R

15

w

1

;

I = I

�

+R

21

x

1

+R

22

y

1

+R

23

z

1

+R

24

v

1

+R

25

w

1

;

C = C

�

+R

31

x

1

+R

32

y

1

+R

33

z

1

+R

34

v

1

+R

35

w

1

;

R = R

�

+R

41

x

1

+R

42

y

1

+R

43

z

1

+R

44

v

1

+R

45

w

1

;

M =M

�

+R

51

x

1

+R

52

y

1

+R

53

z

1

+R

54

v

1

+R

55

w

1

:

Using the above transformation, equation (2) redues to

dx

1

dt

=

(a

10

a

33

�a

30

a

13

)(a

12

a

23

�a

22

a

13

)

L

�

(a

10

a

23

�a

20

a

13

)(a

12

a

33

�a

32

a

13

)

L

;

dy

1

dt

=

(a

10

a

33

�a

30

a

13

)(a

11

a

23

�a

21

a

13

)

L

�

(a

10

a

23

�a

20

a

13

)(a

11

a

33

�a

31

a

13

)

L

;

dz

1

dt

=

(a

10

a

32

�a

30

a

12

)(a

11

a

22

�a

21

a

12

)

L

�

(a

10

a

22

�a

20

a

12

)(a

11

a

32

�a

31

a

12

)

L

1

;

dv

1

dt

=

(a

40

a

61

�a

60

a

41

)(a

43

a

51

�a

53

a

41

)

L

�

(a

40

a

51

�a

50

a

41

)(a

43

a

61

�a

63

a

41

)

L

2

;

dw

1

dt

=

(a

40

a

51

�a

50

a

41

)(a

42

a

61

�a

62

a

41

)

L

�

(a

40

a

61

�a

60

a

41

)(a

42

a

51

�a

52

a

41

)

L

2

;

where

P

1

= �� �(S

�

+R

11

x

1

+R

12

y

1

+R

13

z

1

+R

14

v

1

+R

15

w

1

)

��(S

�

+R

11

x

1

+R

12

y

1

+R

13

z

1

+R

14

v

1

+R

15

w

1

)

+(I

�

+R

21

x

1

+R

22

y

1

+R

23

z

1

+R

24

v

1

+R

25

w

1

)

��(S

�

+R

11

x

1

+R

12

y

1

+R

13

z

1

+R

14

v

1

+R

15

w

1

)

+(M

�

+R

51

x

1

+R

52

y

1

+R

53

z

1

+R

54

v

1

+R

55

w

1

);
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P

2

= �(S

�

+R

11

x

1

+R

12

y

1

+R

13

z

1

+R

14

v

1

+R

15

w

1

)

+(I

�

+R

21

x

1

+R

22

y

1

+R

23

z

1

+R

24

v

1

+R

25

w

1

)

�(�+ � + � + b)(I

�

+R

21

x

1

+R

22

y

1

+R

23

z

1

+R

24

v

1

+R

25

w

1

);

P

3

= �(I

�

+R

21

x

1

+R

22

y

1

+R

23

z

1

+R

24

v

1

+R

25

w

1

)

�(�+ Æ + )(C

�

+R

31

x

1

+R

32

y

1

+R

33

z

1

+R

34

v

1

+R

35

w

1

);

P

4

= b(I

�

+R

21

x

1

+R

22

y

1

+R

23

z

1

+R

24

v

1

+R

25

w

1

)

+(C

�

+R

31

x

1

+R

32

y

1

+R

33

z

1

+R

34

v

1

+R

35

w

1

)

��(R

�

+R

41

x

1

+R

42

y

1

+R

43

z

1

+R

44

v

1

+R

45

w

1

);

P

5

= ��(I

�

+R

21

x

1

+R

22

y

1

+R

23

z

1

+R

24

v

1

+R

25

w

1

)

��(M

�

+R

51

x

1

+R

52

y

1

+R

53

z

1

+R

54

v

1

+R

55

w

1

);

L = (a

11

a

23

� a

21

a

13

)(a

12

a

33

� a

32

a

13

)

�(a

11

a

33

� a

31

a

13

)(a

12

a

23

� a

22

a

13

);

L

1

= (a

13

a

22

� a

23

a

12

)(a

11

a

32

� a

31

a

12

)

�(a

13

a

32

� a

33

a

12

)(a

11

a

22

� a

21

a

12

);

L

2

= (a

42

a

51

� a

52

a

41

)(a

43

a

61

� a

63

a

41

)

�(a

42

a

61

� a

62

a

41

)(a

43

a

51

� a

53

a

41

);

a

10

= (P

1

R

25

� P

2

R

15

)(R

14

R

35

�R

34

R

15

)

�(P

1

R

35

� P

3

R

15

)(R

14

R

25

�R

24

R

15

);

a

11

= (R

11

R

25

�R

21

R

15

)(R

14

R

35

�R

34

R

15

)

�(R

11

R

35

�R

31

R

15

)(R

14

R

25

�R

24

R

15

);

a

12

= (R

12

R

25

�R

15

R

22

)(R

14

R

35

�R

34

R

15

)

�(R

12

R

35

�R

32

R

15

)(R

14

R

25

�R

24

R

15

);

a

13

= (R

13

R

25

�R

23

R

15

)(R

14

R

35

�R

34

R

15

)

�(R

13

R

35

�R

33

R

15

)(R

14

R

25

�R

24

R

15

);

a

20

= (P

1

R

25

� P

2

R

15

)(R

14

R

45

�R

44

R

15

)

�(P

1

R

45

� P

4

R

15

)(R

14

R

25

�R

24

R

15

);

a

21

= (R

11

R

25

�R

21

R

15

)(R

14

R

45

�R

44

R

15

)

�(R

11

R

45

�R

41

R

15

)(R

14

R

25

�R

24

R

15

);

a

22

= (R

12

R

25

�R

15

R

22

)(R

14

R

45

�R

44

R

15

)

�(R

12

R

45

�R

42

R

15

)(R

14

R

25

�R

24

R

15

);

a

23

= (R

13

R

25

�R

23

R

15

)(R

14

R

45

�R

44

R

15

)

�(R

13

R

25

�R

23

R

15

)(R

14

R

25

�R

24

R

15

)

a

30

= (P

1

R

25

� P

2

R

15

)(R

14

R

55

�R

54

R

15

)

�(P

1

R

55

� P

5

R

15

)(R

14

R

25

�R

24

R

15

);

a

31

= (R

11

R

25

�R

21

R

15

)(R

14

R

55

�R

54

R

15

)

�(R

11

R

55

�R

51

R

15

)(R

14

R

25

�R

24

R

15

);

a

32

= (R

12

R

25

�R

15

R

22

)(R

14

R

55

�R

54

R

15

)

�(R

12

R

55

�R

52

R

15

)(R

14

R

25

�R

24

R

15

);

a

33

= (R

13

R

25

�R

23

R

15

)(R

14

R

55

�R

54

R

15

)

�(R

13

R

55

�R

53

R

15

)(R

14

R

25

�R

24

R

15

);
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a

40

= (P

1

R

21

� P

2

R

11

)(R

12

R

31

�R

32

R

11

)

�(P

1

R

31

� P

3

R

11

)(R

12

R

21

�R

22

R

11

);

a

41

= (R

13

R

21

�R

23

R

11

)(R

12

R

31

�R

32

R

11

)

�(R

13

R

31

�R

33

R

11

)(R

12

R

21

�R

22

R

11

)

a

42

= (R

14

R

21

�R

24

R

11

)(R

12

R

41

�R

32

R

11

)

�(R

14

R

31

�R

34

R

11

)(R

12

R

21

�R

22

R

11

)

a

43

= (R

15

R

21

�R

25

R

11

)(R

12

R

31

�R

32

R

11

)

�(R

15

R

31

�R

35

R

11

)(R

12

R

21

�R

22

R

11

);

a

50

= (P

1

R

21

� P

2

R

11

)(R

12

R

41

�R

42

R

11

)

�(P

1

R

41

� P

4

R

11

)(R

12

R

21

�R

22

R

11

);

a

51

= (R

13

R

21

�R

23

R

11

)(R

12

R

41

�R

42

R

11

)

�(R

13

R

41

�R

43

R

11

)(R

12

R

21

�R

22

R

11

);

a

52

= (R

14

R

21

�R

24

R

11

)(R

12

R

41

�R

42

R

11

)

�(R

14

R

41

�R

44

R

11

)(R

12

R

21

�R

22

R

11

);

a

53

= (R

15

R

21

�R

25

R

11

)(R

12

R

41

�R

42

R

11

)

�(R

15

R

41

�R

44

R

11

)(R

12

R

21

�R

22

R

11

);

a

60

= (P

1

R

21

� P

2

R

11

)(R

12

R

51

�R

52

R

11

)� (P

1

R

51

�P

5

R

11

)(R

12

R

21

�R

22

R

11

);

a

61

= (R

13

R

21

�R

23

R

11

)(R

12

R

51

�R

52

R

11

)

�(R

13

R

51

�R

53

R

11

)(R

12

R

21

�R

22

R

11

);

a

62

= (R

14

R

21

�R

24

R

11

)(R

21

R

51

�R

52

R

11

)

�(R

14

R

51

�R

54

R

11

)(R

12

R

21

�R

22

R

11

);

a

63

= (R

15

R

21

�R

25

R

11

)(R

12

R

51

�R

52

R

11

)

�(R

15

R

51

�R

55

R

11

)(R

12

R

21

�R

22

R

11

):

Therefore, equation (43) is the normal form of equation(41) from whih

the stability and diretion of the Hopf-bifuration an be omputed. In

equation(41), on the right hand side of the �rst term is linear and the seond

is non-linear in Y

0

s. For evaluating the diretion of periodi solution, we

an evaluate the following quantities at � = �

0

and origin:

g

11

=

1

4

h

�

2

F

1

�y

2

1

+

�

2

F

1

�y

2

2

+ i

�

�

2

F

2

�y

2

1

+

�

2

F

2

�y

2

2

�i

;

g

02

=

1

4

h

�

2

F

1

�y

2

1

�

�

2

F

1

�y

2

2

� 2

�

2

F

2

�y

1

�y

2

+ i

�

�

2

F

2

�y

2

1

�

�

2

F

2

�y

2

2

+ 2

�

2

F

2

�y

1

�y

2

�i

;

g

20

=

1

4

h

�

2

F

1

�y

2

1

�

�

2

F

1

�y

2

2

+ 2

�

2

F

2

�y

1

�y

2

+ i

�

�

2

F

2

�y

2

1

�

�

2

F

2

�y

2

2

� 2

�

2

F

2

�y

1

�y

2

�i

;

G

21

=

1

8

h

�

3

F

1

�y

3

1

+

�

3

F

1

�y

1

�y

2

2

+

�

3

F

2

�y

2

1

�y

2

+

�

3

F

2

�y

3

2

+i

�

�

3

F

2

�y

3

1

+

�

3

F

2

�y

1

�y

2

2

�

�

3

F

1

�y

2

1

�y

2

�

�

3

F

1

�y

3

2

�i

;

G

j

110

=

1

2

h

�

2

F

1

�y

1

�y

j

+

�

2

F

2

�y

2

�y

j

+ i

�

�

2

F

2

�y

1

�y

j

�

�

2

F

1

�y

2

�y

j

�i

;
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G

j

101

=

1

2

h

�

2

F

1

�y

1

�y

j

�

�

2

F

2

�y

2

�y

j

+ i

�

�

2

F

2

�y

1

�y

j

+

�

2

F

1

�y

2

�y

j

�i

;

h

j

11

=

1

4

h

�

2

F

j

�y

2

1

+

�

2

F

j

�y

2

2

i

; h

j

20

=

1

4

h

�

2

F

j

�y

2

1

�

�

2

F

j

�y

2

2

� 2i

�

2

F

j

�y

1

�y

2

i

;

w

j

11

=

h

j

11

p

j

; w

j

20

=

h

j

20

p

j

+2i�

; j = 1; 2; 3;

and

g

11

= G

21

+

P

3

j=1

�

2G

j

110

�

j

11

+G

j

101

�

j

20

�

:

Based on the above analysis, we an see that eah g

ij

an be determined

by the parameters. Thus we an ompute the following quantities:

C

1

(0) =

i

2�

�

g

11

g

20

� 2jg

11

j

2

�

jg

02

j

2

3

�

+

g

21

2

;

�

2

= �

RefC

1

(0)g

RefE

0

(�

0

)g

;

�

2

= �2RefC

1

(0)g;

T

2

= �

ImfC

1

(0)g+�

2

ImfE

0

(�

0

)g

�

:

�

2

determines the diretion of the Hopf-bifuration: if �

2

> 0(�

2

< 0),

then the Hopf-bifuration is superritial (subritial) and the bifurating

periodi solutions exist for � > �

0

(� < �

0

), �

2

determines the stability

of bifurating periodi solutions. The bifurating periodi solutions are

orbitally asymptotially stable (unstable) if �

2

< 0(�

2

> 0) and T

2

deter-

mines the period of the bifurating periodi solutions, the period inreases

(dereases) if T

2

> 0(T

2

< 0).

6 Numerial Simulation

In this setion, we arry out extensive numerial simulations to hek the

feasibility of our analytial �ndings regarding stability and bifuration of

the model equation (2) around the interior equilibrium point E

�

(S

�

; I

�

; C

�

;

R

�

;M

�

). We perform the model simulation by using the standard MAT-

LAB di�erential equations integrator for the Runge-Kutta method and the

set of parameter values are spei�ed in Table 1. For the set of parameter

values in Table 1, it may be veri�ed that the model equation (2) has two

equilibrium points namely, the disease-free equilibrium point E

0

(8:04189�

10

6

; 0; 0; 0; 0) and the interior equilibrium point E

�

(1220; 5872:91; 189:245,

40784:5; 587:291). The eigenvalues orresponding to the variational matrix

for the equilibrium point E

0

of the model equation (2) are 1608.13, - 0.931,

-0.5, - 0.018, -0.018. Form the eigenvalues it is lear that E

0

is unstable in
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Table 1: Desription of parameters with their values.

Para- De�nition Default

meter Value

(day

�1

)

� The reruitment rate of indi-

viduals into the ommunity by

birth or migration(suseptible) 144754 [1℄

� The per apita mortality rate 0.018 [1℄

� The rate of progression

from infetive to arrier 0.03,0.04,0.05 [1℄

� The rate of infetion 0.0002 Estimated

b The rate of reovery from the

infetious stage 0.096 [1℄

Æ The arrier-indued mortality rate 0.013 [1℄

� Dissemination rate of

awareness among suseptible 0.2 [5℄

 The rate of reovery from arrier stage 0.9 [5℄ 0.15

� The typhoid fever-indiated mortality

mortality rate 0.1,0.9,1 [1℄

� The awareness programs inrease with

inrease in disease related death rate 0.5 [5℄

� The proportionality onstant

whih governs the implementation 0.1 [22℄

� The depletion rate of these

programs due to ine�etiveness 0.5 [5℄

nature. The eigenvalues of the Jaobian matrix orresponding to the equi-

librium point E

�

are given by - 118.659, - 0.246097 � 1.07159 i, - 0.931, -

0.018. It an be notied that the two eigenvalues of the Jaobian matrix

are omplex onjugate and the real part is negative and the other eigen-

values are negative. Therefore, the interior equilibrium point E

�

ia loally

asymptotially stable.

Figure 2 shows that the impat of suseptible individuals for di�erent

values of � namely, 0.02, 0.002 and 0.0002. From the Figure 2 it is lear

that for the lower value of � the suseptible individuals shows maximum

variation of the dynamis. From the parameter values in Table 1, the om-

puter generated �gure of infeted individual I(t) versus umulative density

of awareness programs M(t) has been drawn in Figure 3 whih designates

the stable limit yle osillations around the interior equilibrium point E

�
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with � = 5.

The bifuration diagram of the model equation (2) has been shown in

Figures (4{8) with respet to the parameter �. From the bifuration dia-

gram it is lear that for the lower value of � the model equation (2) is loally

asymptotially stable, but above the ritial value of � (= �



= 0:0296) the

model equation (2) losses its stability and periodi solution arises through

Hopf - bifuration. Above the ritial value of � (= �



= 0:0296), the

unique positive endemi equilibrium point E

�

is globally asymptotially

stable.

From the Figures (9 - 10), we an observe that for the lower thresh-

old value of � = 0:02 < 0:0296 = �



the model equation (2) is loally

asymptotially stable. Also, from the Figures (11 - 12), we an observe

that for the upper threshold value of � = 0:035 > 0:0296 = �



the model

equation (2) leads to osillations with same amplitude. With respet to

the parameter values in Table 1, the omputer generated �gure of the u-

mulative density of awareness programs M(t) versus the arrier individuals

has been shown in Figure 13 with di�erent initial values. From Figure 13

it an be observed that all the trajetories initiating inside the region of

attration approah towards the equilibrium value (M

�

; C

�

). This indi-

ates the nonlinear stability analysis of (M

�

; C

�

) in M � C plane. The

phase portrait diagram generated in the three dimensional system whih

have been shown in Figure (14 - 15). The Figure 14 shows the stable limit

yle of the sub-system of the model equation (2) for the lower threshold

value of � = 0:02 < 0:0296 = �



. The Figure 15 shows the osillations of

the sub-system of the model equation (2) for the upper threshold value of

� = 0:035 > 0:0296 = �



.

7 Disussion and onlusions

In this artile we investigate a mathematial model for Typhoid fever in-

orporating the inuene of awareness programs. To ontrol the infetious

diseases suh as Typhoid fever, the media is widely aknowledged as a piv-

otal tool in inuening people onsiousness towards the disease to devise

proper strategies. The qualitative analysis of the model, the existene of

disease-free and endemi equilibrium points and their stabilities is ana-

lyzed. The positivity and boundedness of solutions indiate that the model

equation (2) is biologially meaningful. The disease-free equilibrium point

is globally asymptotially stable has been proved by onstruting suitable

Lyapunov funtion. We perform the analysis of Hopf- bifuration with

respet to the parameter �, the dissemination rate of awareness among sus-
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Figure 2: The �gure shows

the impat of suseptible indi-

viduals for di�erent values of

�.
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Figure 3: There is a stable limit
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parameters are in Table 1.
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Figure 4: Bifuration diagram of

the suseptible individuals with

respet to parameter �.
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Figure 5: Bifuration diagram of

the infeted individuals with re-

spet to parameter �.

eptible due to awareness programs. Also, we investigate the diretion and

stability of Hopf- bifuration.

Awareness programs through publi media make people aware about

the disease to take di�erent onsiousness (onsidering preventive mediine,

soial distaning, vaination et.) to derease their hanes of being in-

feted. Awareness among the human population alters the pattern of dis-

ease spread and redue the rate of infetion [7, 14℄. Our study indiates

that if we inrease the dissemination rate (�) of awareness among susepti-

ble due to awareness programs then the lower threshold value of �, that is,
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Figure 6: Bifuration diagram of
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spet to parameter �.
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spet to parameter �.
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Figure 8: Bifuration diagram of the awarded individuals with respet to

parameter �.

�



< 0:0296 the model system is loally asymptotially stable and beyond

the threshold value �



the model system beome unstable. The threshold

value of the ruial parameter � gives an idea how to prevent the disease

by various preautions like vaination, preventive mediine et. Another

important parameter � (rate of infetion from suseptible to infetions)

shows an impat of the dynamis of the model onsidered by us.

In most of the theoretial works on awareness programs, the basi as-

sumption is that the awareness ould alter the pattern of disease spread

and redue the rate of infetion. The pattern of disease outbreak for var-

ious diseases are likely to be di�erent and the onsiousness are taken by
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Figure 9: The time series solutions shows that the interior equilibrium point

E

�

is loally asymptotially stable for � = 0:02 and the other parameters

are spei�ed in Table 1.
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Figure 10: The time series solutions shows that the interior equilibrium

point E

�

is loally asymptotially stable for � = 0:02 and the other param-

eters are spei�ed in Table 1.

aware people aording to the said disease. In our study, we did not take

into aount the optimization of the problem, that is, we did not minimize

the infetion as well as we did not maximize the suseptible individuals
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Figure 11: The trajetories of individuals shows the same magnitude of

osillations with � = 0:035 and the other parameters are spei�ed in Table

1.
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dividuals shows the same mag-

nitude of osillations with � =

0:035 and the other parameters

are spei�ed in Table 1.
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and awareness programs. We leave them for future researh. We onlude
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phase portrait diagram with � = 0:02. Other parameters are presented in

Table 1.
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by saying that the analysis and results are presented in this paper may

be helpful to the future researhers and shed some light on the umulative

density of awareness programs.
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