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SMALL SUBMODULES WITH RESPECT TO AN
ARBITRARY SUBMODULE

R. BEYRANVAND* AND F. MORADI

ABSTRACT. Let R be an arbitrary ring and 7" be a submodule of
an R-module M. A submodule N of M is called T-small in M
provided for each submodule X of M, T' C X + N implies that
T C X. We study this mentioned notion which is a generalization
of the small submodules and we obtain some related results.

1. INTRODUCTION

In this paper, all rings have identity elements and all modules are
right unitary. We use the notations “C” and “<” to denote inclusion
and submodule, respectively. For two integers n and m, we denote
n | m in case n divides m and ged(n, m) denotes the greatest common
divisor of n and m.

Let R be a ring and M be an R-module. Recall that a submodule
N of M is small, denoted by N <« M, if for any submodule X of
M, X + N = M implies that X = M. More details about small
submodules can be found in [2, 3, 1]. The concept of small submodule
has been extended by some researchers, for this see [I, 6]. In [5], the
authors extended the concept of essential submodule with respect to an
arbitrary submodule. This motivates us to define a new generalization
of small submodules. Let T" be an arbitrary submodule of M. We say
that a submodule N of M is an T'-small submodule of M provided for
each submodule X < M, T C X + N implies that 7" C X. Note that
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the notions of smallness and T-smallness coincide if 7' = M. In the
first section, we investigate the basic properties of T-small submodules.
In the second section, we introduce T-maximal submodules and the T-
radical submodule of M, denoted by Radr M, and we show that if T is
a finitely generated submodule of M, then RadyM is equal to the sum
of the certain T-small submodules of M (Theorem 3.2). Also if M and
N are right R-modules and f : M — N is an R-epimorphism such that
Kerf C RadrM, then f(RadrM) = Radg) N (Theorem 3.6). Finally,
T-cosemisimple modules are introduced and a characterization of this
class of modules is given in Theorem 3.10.

2. T-SMALL SUBMODULES

Definition 2.1. Let R be a ring and 7" be a submodule of an R-
module M. A submodule N of M is called T-small (in M), denoted
by N <7 M, in case for any submodule X < M, T C X + N implies
that T'C X.

Under the notations of the above definition, if 7" = 0, then every
submodule of M is T-small in M. Also if T # 0, then N < M
implies that T ¢ N, for if not, T C N + (0) and hence T' C (0), a
contradiction. If T'= M, then N < M if and only if N < M.

Example 2.2. (a) Let Z be the ring of integers. It is easy to see that
(0) is the only small submodule of Z and also for any nonzero integer
m, the submodule (0) is the only mZ-small submodule of Z.

(b) Let Z, be the ring of integers modulo n and n = p;*'py®? ... p,*
where p;s be distinct prime numbers and o; > 0. One can verify that
kZ, < Z,, if and only if k = qp;"1p,™ ... p,P, where ged(q,n) = 1 and
forany 1 <i<t, 1<06; <.

(c) Let n,m and k be positive integers. Then kZ, <.z, Z, if and only
if ged(n, k) t m and for any w € Z, ged(ged(k, w),n) | m implies that
ged(w,n) | m.

(d) 4794 <K37,, L4 but 4744 is not small in Zoy.

(e) In Z-module Z,e, where p is a prime number, we set H,, =< 1/p"+
Z > and H,, =< 1/p™+Z >. Then m > n if and only if H,, <p,, Z.

Proposition 2.3. Let M be an R-module, L <T < M and K < M.
Then

(1) If K <r M, then KNT < M;

(2) L <p M if and only if L < T
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Proof. (1) Suppose that (K NT) + X = M for some X < M. Then
TC(KNT)+X C K+ X and since K <7 M, we have T' C X. Thus
KNT CX and hence X = (KNT)+ X = M.

(2) Suppose that L <r M and L + X = T for some X < T. Then
T CL+ X andsoT C X. Thus X = T. Conversely, suppose that
L<«TandT C L+ X forsome X <M. Then T = (L+X)NT =
L+ (XNT)and hence X NT =T. Thus T' C X, as desired. O

Proposition 2.4. Let M be an R-module with submodules N < K <
M and T < K. If N <7 K, then N <7 M

Proof. Suppose that T'C N + X, for some X < M. Then T' C (N +
X)NK =N+ (XNK). Since N <y K,wehave T C XNK C X. O

Proposition 2.5. Let M be an R-module with submodules N1, Ny and
T. Then Ny <r M and Ny <7 M if and only if Ny + No <p M

Proof. Clear. U

Theorem 2.6. Let M be an R-module with submodules K < N < M
and K <T. Then N <p M if and only if K <7 M and N/K <g/k
M/K.

Proof. Suppose that N <7 M and T' C K+ X for some X < M. Then
T C N + X and by hypothesis, T C X. Thus K < M. Now assume
that T/K C N/JK + X/K = (N+ X)/K for some K < X < M. Then
TCN+XandsoT C X. Thus T/K C X/K. Conversely, suppose
that K <¢ M and N/K <p/x M/K and also T'C N + X for some
X <M. Then T/K C (N+ X)/K = N/K + (X + K)/K. Since
N/K <pg M/K, T/K C (X +K)/K and so T C X + K. Since
K <7 M, we have T' C X, as desired. O

Proposition 2.7. Let M be an R-module with K1 < M; < M and
Ky < My < M such that T C My N My. Then Ky <r M; and
Ky <1 My if and only if K1+ Ko < My 4+ M.

Proof. First assume that K <7y M; and Ky <r M,. By Proposition
2.4, Ki <7 My + My and Ky <1+ M; + M. Also by Proposition 2.5,
K + Ky <1 My + M,. The other direction is clear. O

Theorem 2.8. Let {T;}icr be an indexed set of submodules of an R-
module M and K be a submodule of M. If for eachi € I, K <g, M,
then K <s>._, 1, M.

Proof. Suppose that .., T; € K+X, for some X < M. Then for each
i€ l, T; C K+ X and by hypothesis, 7; C X. Thus ., 7; € X. O

il
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Corollary 2.9. Let K; and Ky be submodules of an R-module M such
that Kl <<K2 M and KQ <<K1 M. Then Kl N K2 <<K1+K2 M.

Proof. Since K1 <k, M and Ky <k, M, by Theorem 2.6, K; N
Ky g, M and K1 N Ky <g, M. Also by Theorem 2.8, K; N
Ko <p i1y M. O

Let M, N be two right R-modules and 0 # T < M. An R-
epimorphism f : M — N is called T-small in case Kerf < M.

Proposition 2.10. Let K and 0 # T be two submodules of a right
R-module M. The following statements are equivalent:

(1) K <7 M;
(2) The natural map Px : M — M/K is T-small;

(3) For every right R-module N and R-homomorphism A : N — M,
T C K + Imh implies that T C Imbh.

Proof. (1) < (2) and (1) = (3) are clear by the definition.

(3) = (1). Suppose that 7' C K + X for some X < M. Leti: X — M
be the inclusion map. Then 7" C K + Imi = K + X and by (3),
TCX. O

Lemma 2.11. Let M and N be right R-modules and f : M — N
be an R-homomorphism. If K and T are submodules of M such that
K <p M, then f(K) <yry N. In particular, if K <p M < N, then
K <p N.

Proof. We may assume that f(T) # 0. Let f(T) C f(K)+ X, for
some X < N. We claim that T C K + f~'(X). Let t € T. Then
f(t) = f(k)+z for some k € K and x € X. Thus f(t —k) € X and so
t —k € f~'(X). This implies that t € K + f~'(X). Since K <7 M,
we have T'C f~!(X) and hence f(T) C X. O

Now we have the following evident result.

Corollary 2.12. Let M and N be right R-modules and f : M — N be
an R-monomorphism. If K and'T are submodules of M, then K <3 M
if and only if f(K) <y N.

Let M and N be R-modules and f : M — N is an R-homomorphism.
If Ny < N, then we do not conclude that f~*(N;) < M. For exam-
ple, consider f : Zig — Zsy with f(Z) = 2z. Then 10Zyy < Zsyy but
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F7H10Zy) = 5Z1 is not small in Z.

Let M be an R-module and N < M. If N/ < M is minimal with
respect to N + N’ = M, then N’ is called a supplement of N in M.

Proposition 2.13. Let N and T be submodules of an R-module M and
N’ be a supplement of N in M. If N <7 M, then T'C N'. Moreover,
if N<r M and N+T = M, then N' =T.

Proof. Clear. O

Theorem 2.14. Let K be a submodule of an R-module M and K’ is
a supplement of K in M. The following are equivalent:

(1) K <xr M,

(2) For each submodule N of M, the relation K + N = M implies that
K'CN.

Proof. (1) = (2) is clear.

(2) = (1). Suppose that K’ € K + X some X < M. Since M =

K+ K' C K4+ X, wehave M = K+ X and by hypothesis, K’ C X. [
3. THE T-RADICAL OF A MODULE

Definition 3.1. Let M be an R-module and 7' < M. A submodule K
of M is called T-maximal (in M) if (T'+ K)/K is a simple R-module.

Theorem 3.2. Let M be a right R-module and 0 # T be a proper
finitely generated submodule of M. Then

Y L=[)K,

LeA KeB
where
A={L<M|L<r M and L+ K CT+ K, for all T-mazimal submodule
K of M}
and

B={K <M | K is an T-mazimal submodule of M}.

Proof. Suppose that L € A and K € B. We show that L C K. If L ¢
K, then K £ L+ K <T+ K. Since K is T-maximal, L+ K =T+ K
and so T'C L + K. Since L <7 M, we have T' C K, a contradiction
(note that (T'+ K)/K #0). Thus Y, ., L € [\xep K. Conversely, let
x € NgepK. We show that xR € A. Suppose that N is a submodule of
M such that T C R+ N. IfT ¢ N, thenweset S ={K <M |T ¢ K
and N C K}. We show that S has a maximal element. Since N € S,
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S # 0. Let T = X'z R for some {z1,...,2,} € M. Assume that A
is a chain in S. Clearly N C [Jgep K < M. If T C [Jgep K, then
there exists {Kj,..., K,} C A such that for any 1 <i < n, x; € K;.
Since A is chain, we may assume that K; C K,, for 1 < i < n. Thus
T C K,, a contradiction. Therefore T € Jpcp K and so Uyxep K
is an upper bounded for A. Now by Zorn's lemma, S has a maximal
element, say, K. We claim that K is a T-maximal submodule of M.
Note that (T"+ K)/K # 0. Suppose that K < W < T + K such
that K S W. By the maximality of K, we have 7" C W and hence
W =T+ K. Thus K is T-maximal and z € K, a contradiction because
& € (gep K. Therefore xR <¢ M. On the other hand, for any 7-
maximal submodule K of M, K = xR+ K CT + K and so xR € A.
Thus Ngep K € rea L O

We have not found any examples of a module M with a proper sub-
module T" for which ), ., L # (\xep K, where A and B are the same
as in Theorem 3.2. The lack of such counterexamples together with
Theorem 3.2 motivates the following conjecture.

Cojecture 3.3. Let M be a right R-module and 0 # T be a proper
submodule of M. Then ) ;.4 L = (\gep K, where A and B are the
same as in Theorem 3.2.

Lemma 3.4. Let M and N be right R-modules and f : M — N
be an R-homomorphism. If T is a submodule of M and K is an T-
mazximal submodule of M such that kerf C K, then f(K) also is an
f(T)-maximal submodule of N.

Proof. We show that (f(K) + f(T))/f(K) is simple. First we claim
that f(T) ¢ f(K). If f(T) C f(K), then f(t) € f(K) for some
t € T\ K because T ¢ K. Thus f(t) = f(k) for some k € K
and so t — k € kerf < K. Therefore t € K, a contradiction. So
(f(K)+ f(T))/f(K) # 0. Now let W be a submodule of N such that
FK) £ W < f(K) % f(T). Then K C f-'(f(K)) C f-'(W) C
fYf(K +T)). Since kerf C K, we have f'(f(K+T)) = K+T.
On the other hand, K S f~Y(W), for if not, K = f~*(WW) and since
f(K) 5 W, there exists x € W\ f(K). Now W < f(K)+ f(T') implies
that x = f(k+t) forsome k € K andt € T. Thus k+t € f~'(W) =K
and so t € K. It follows that x € f(K), a contradiction. Since K is
T-maximal, we have f~'(W) = K + T and hence W = f(K) + f(T).
This proves that f(K) is an f(7)-maximal in N. O
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Lemma 3.5. Let M and N be right R-modules and f : M — N be an
R-epimorphism. If T is a submodule of M and K is an f(T)-maximal
submodule of N, then f~1(K) also is an T-mazimal submodule of M.

Proof. First we note that (f_l(K) +T)/fYK) # 0, for if not, T C
fYK) and so f( ) C f(f 1(K)) C K, a contradiction. Now suppose
that f[~Y(K) C W C f~ ()+TforsomeW§M. Then K =
FUTHE)) € fW) € f(fTHK) +T) = K + f(T). Since K is f(T)-
maximal, we have f(W) =K or f(W) =K +T. If f(IW) = K, then
W C fH(f(W))=f(K)andso W = f~1(K). Thus we assume that
f(W)=K+T and let a € f7/(K) and ¢t € T. Then f(a) + f(t) =
f(w) for some w € W and hence a +t —w € Kerf C f~Y(K) C W.
Therefore a + ¢t € W and this implies that f~'(K) + 7T C W. Thus
fYK)+T =W and this means f~'(K) is an T-maximal submodule
of M. 0J

Let M be an R-module and T' < M. We denote the intersection of
all T-maximal submodules in M by RadyM.

Theorem 3.6. Let M and N be right R-modules and f : M — N
be an R-epimorphism such that Kerf C RadpM. Then f(RadpM) =
Radf(T)N.

Proof. Since f is epic, by Lemma 3.4 and Lemma 3.5, we have
f(RadrM) = f(NaK) = Npf(K) = Radyr)N,
where,
A={K < M | K is an T-maximal submodule of M}
and
B={f(K) <N | f(K)is an f(T)-maximal submodule of N}.
O

Proposition 3.7. Let M be an R-module and T < M. If every proper
submodule X of M with T ¢ X is contained in an T-mazimal submod-
ule of M, then RadrM is an T-small submodule of M

Proof. Suppose that T' C RadrM+X for some X < M. If T ¢ X, then
by hypothesis there exists an T-maximal submodule K of M containing
X. Then T C RadyM + X C K, which contradicts the T-maximality
of K. Thus T C X. O

We have the following evident result.

Corollary 3.8. Let T be a finitely generated submodule of an R-module
M. Then RadrM <t M.
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Proposition 3.9. Let M be an R-module and T be a semisimple sub-
module of M. Then RadrM = 0.

Proof. Suppose T' = @®;T;, where T; is a simple submodule of M for all
i € 1. Since @iz erT; is T-maximal and (), (DizjerT;) = 0, we have
RadrM = 0. O

Let M be an R-module and T" be a nonzero submodule of M. We say
that M is T-cosemisimple if every submodule of M is the intersection
of T-maximal submodules. We conclude the paper with the following
interesting theorem.

Theorem 3.10. Let M be an R-module and T be a nonzero submodule
of M. Then

(1) M is T-cosemisimple if and only if Rad%(M/K) = 0, for all
K < M.

(2) If M is T-cosemisimple, then every submodule of M containing T
is T-cosemisimple module and also M /N is (T + K)/K -cosemisimple
module for all N < M.

(3) Let {Ny}aca be an indezed set of simple submodules of M and
M = @®sN,. Let N < M, T < M and B C A such that N = &N,
and ®a\pNo < T < M. Then N s the intersection of T-mazimal
submodules.

Proof. (1) Suppose that M is T-cosemisimple and K < M. By the
hypothesis, K = [\ S, where B is a set of T-maximal submoduls of

M. Thus Radrsx (M/K) =, /K =M= = a2 — 0, where

A={S/K < M/K | S/K is an Z+%-maximal submodule of M/K},
A'={K <5< M| S isan T-maximal submodule of M}

and we note that B C A" and S/K € A if and only if S € A’.
Conversely, Suppose that Rad%(M/K) =0, for all K < M and K

is a submodule of M. Then Rady(M/K) =45/ K = % =0,

where

A={S/K < M/K | S/K is an ZX%-maximal submodule of M/K}

and
A'={K <S5 < M| S isan T-maximal submodule of M}.

This means that K =(),, S.

(2) Suppose that T'C N < M and M is T-cosemisimple. If L < N,
then L =LNN = (N,S) NN = 4(SNN), where A is a set of
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T-maximal submodules of M. Note that (Sgg])\;LT = (sm:\F/)mT = S%T &
S+T

5= is a simple R-module. Thus N is T-cosemisimple. Now assume

that N < M and L/N < M/N. Then L/N = nj\‘fs =4 S/N, where
A is a set of T-maximal submodules of M. We note that if S is T-
maximal, then S/N is (T 4+ N)/N-maximal. Thus M/N is (T + N)/N-

cosemisimple.

(3) We have N = &pNa = (,ca\5(PpeariaNg). We show that for

any a € A\ B, the maximal submodule @ 4\ {a}Ng is T-maximal. Since
@A\{Q}Ng-i-T < M

= N, and N, is simple, the proof is complete if

EBA\{O}{’[NBT — ©a\{a} Vs

Dav(oyNp+ .

B (o Vo # 0. In otherwise, T' C @ 4\{a} Vs and so ®a\pNg C T C
D a\{ay N3, a contradiction. O
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