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Abstract. This paper studies image restoration using Total Variation, non-convex Lipschitz, and non-
Lipschitz regularizers. We use indicator-based smoothing functions (local polynomial and global arc-
tangent) within a Smoothing Conjugate Gradient Algorithm (SCGA) and an inner-outer continuation
framework. The search direction satisfies the sufficient descent condition. For locally Lipschitz models,
global convergence to Clarke stationary points is established. For the non-Lipschitz model, the limit
points are shown to satisfy asymptotic €-stationarity. Numerical experiments over independent noise
realizations evaluate the proposed variants against baseline solvers. The results indicate that the non-
convex Lipschitz and non-Lipschitz models obtain higher PSNR under heavy noise, whereas baseline
methods maintain competitive SSIM and CPU times in impulse noise settings.
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1 Introduction

Image restoration plays a fundamental role in scientific and industrial applications, including defense sys-
tems, medical imaging, astronomy, and microscopy. Due to physical limitations in acquisition devices,
captured images are inevitably degraded by blur and noise, requiring effective numerical techniques to re-
construct an underlying true image from a degraded observation prior to downstream analysis [15,29,30].
To address this inverse problem, we focus on the general unconstrained optimization formulation:

min f(x) = %HAx—bW—i—l

xeR?

¢ (d]x), (1)
=1

1

where A € R™*" denotes the blurring matrix, b € R™ is the observed image vector, A > 0 is a reg-
ularization parameter, and d!x computes the first-order discrete differences between adjacent pixels
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for i = 1,2,...,r, with d! representing the i-th row of the difference matrix D € R"™*". 1In (1), the
first term ensures data fidelity, while the second serves as a regularizer incorporating prior structural
knowledge. Since image restoration is inherently ill-posed and formulations involving non-convex reg-
ularizers often lead to NP-hard problems, an appropriate prior is essential to narrow down the feasible
solution space [30]. Various potential functions ¢(¢) have been investigated in the literature. Classical
Tikhonov regularization (¢(¢) = ¢*) is smooth and convex [ 5], allowing fast transform-based computa-
tion, but suffers from severe edge-blurring [25]. Conversely, Total Variation (TV) regularization, defined
as @i (1) = |t|, is non-smooth and convex [28,33,34], effectively preserving sharp boundaries and provid-
ing robustness against outliers [21]. To further enhance contrast and recover piecewise constant regions
with sharper object contours [18,27,42], non-smooth non-convex regularizers have been introduced, ex-
pressed either via the Lipschitz continuous potential @,(r) = ]m 7 (¢ > 0) [26] or the non-Lipschitz
potential ¢3(z) = |¢|? (0 < p < 1) [5,48]. Consequently, we analyze and evaluate the models based on
©1(1), @2(1), and @3(t) separately.

Numerous optimization algorithms have been developed for non-smooth ¢;-norm and TV regularized
inverse problems, including iterative shrinkage-thresholding [3, 12], variable splitting [1], NESTA [4],
fixed-point continuation [16], and Bregman iterative methods [47]. While effective in convex settings,
extending them to non-convex or non-Lipschitz models often requires solving demanding subproblems
at each iteration. To overcome these bottlenecks in large-scale settings, non-linear Conjugate Gradi-
ent (CG) methods—originating from Hestenes and Stiefel [1 7] and further developed by Fletcher and
Reeves [13, 14], Polak and Ribiere [31], Polyak [32], Liu and Storey [22], and Dai and Yuan [! | ][—have
gained attention for their low memory footprint and efficiency, inspiring modified and three-term CG

variants tailored for image restoration [0, 19,20, 37]. However, standard CG solvers cannot be directly
applied to (1) due to the non-differentiability of |- | and | - |7 at the origin [9,26,27]. A widely adopted
remedy is numerical smoothing [2,7,10,24,40,45,46], which approximates the non-smooth objective via
a parameterized family of continuously differentiable functions [23,35,36]. Building on the pioneering

smoothing CG (SCG) framework of Chen and Zhou [8] and the smoothing PRP scheme of Zhu [49],
recent studies have combined CG solvers with various smoothing approximations for ¢ -regularized sig-
nal recovery [38,39]. Nevertheless, a unified smoothing-CG framework capable of seamlessly handling
convex, non-convex Lipschitz, and non-Lipschitz regularizers in image restoration remains lacking.

To address this, we construct indicator-based local polynomial and global arctangent smoothing func-
tions that uniformly approximate convex (¢;), non-convex Lipschitz (¢,), and non-Lipschitz (¢3) regu-
larizers. These approximations are integrated into a Smoothing Conjugate Gradient Algorithm (SCGA)
within an inner-outer continuation framework. We show that the search direction satisfies the sufficient
descent condition. Global convergence to Clarke stationary points is established for the locally Lipschitz
models, and asymptotic €-stationarity is shown for the non-Lipschitz case. Numerical experiments on
benchmark images evaluate the proposed approach against baseline solvers. The remainder of this paper
is organized as follows: Section 2 reviews preliminary definitions. Section 3 formulates the smooth-
ing functions and error bounds. Section 4 details the SCGA framework and its convergence. Section 5
presents the numerical experiments, and finally Section 6 concludes the paper.

2 Preliminaries

Throughout this paper, R"” denotes the n-dimensional Euclidean space equipped with the standard inner
product (-,-) and norm || - ||, and R, = {r € R:7 > 0}. Because the potential functions in (1) are non-
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differentiable at the origin, standard gradients cannot be directly utilized. By Rademacher’s Theorem,
locally Lipschitz continuous functions (such as ¢; and ¢») are differentiable almost everywhere, allowing
the use of Clarke’s generalized gradient.

Definition 1. (/5]) Let h: R" — R be a locally Lipschitz continuous function, and let D;, C R" denote
the set of points where h is differentiable. The Clarke generalized gradient of h at x € R" is defined as:

dh(x) = conv {]}im Vh(xg) @ xp — x, x¢ € Dh} , 2)
—>00

where conv denotes the convex hull. A point x* € R" is called a Clarke stationary point of h if 0 €
dh(x*). While Clarke stationarity is well-defined for the locally Lipschitz regularizers @;(t) and @,(t),
the non-Lipschitz potential @3(t) = |t|P (0 < p < 1) is not locally Lipschitz at t = 0. Consequently,
our Clarke-based global convergence guarantees are strictly restricted to the locally Lipschitz models
(1 € {1,2}), whereas stationarity for the non-Lipschitz model (I = 3) is understood in the sense of the
limiting (Mordukhovich) subdifferential 0 € di.f (x*) or asymptotic €-stationarity [5].

To overcome non-smoothness in gradient-based optimization, we approximate the non-smooth terms
via parameterized smoothing functions.

Definition 2. (/5, 39]) Let h: R — R be a continuous function. A function h: R x R, — R is called a
smoothing function of h if, for any fixed smoothing parameter € > 0, iL(-, €) is continuously differentiable
on R, ht,-) is differentiable on R . for any fixed t € R, and limg | h(t,€) = h(t). Moreover, if h(-) is
locally Lipschitz continuous near t, it satisfies the gradient consistency property:

{ lim OVJ;(z,e)} C Jh(t). 3)

7—t, €

3 New generation smoothing techniques

This section constructs smoothing approximations for the nonsmooth potential functions @;(¢) = |¢|,

(1) = 131‘;‘\ 7> and ©3(t) = [t|P (0 < p < 1). To position our contributions relative to existing liter-

ature, we note that classical restoration methods typically employ hyperbolic smoothing (v/#2 + €2) or
Huber-type approximations, which approach |z| relatively slowly or complicate non-Lipschitz extensions.
Building upon indicator-based local polynomial smoothing previously studied for absolute value equa-
tions [40,41,43], the present work introduces three specific advances: (i) a globally defined arctangent
smoothing function p(t,€) providing a single analytical expression on R with well-behaved gradients
for non-convex optimization; (ii) C' and C? polynomial transition functions (fiy, i) tailored specifically
for the non-Lipschitz regularizer p(z) = |¢t|” (0 < p < 1); and (iii) explicit uniform O(€) and O(€?)
approximation error bounds depending solely on € (and p) without increasing the algebraic cost of Con-
jugate Gradient iterations. In light of Definition 2, a function §(¢, €) is a valid smoothing approximation
of s(t) = [t|P (0 < p < 1) if it is C!-differentiable for any fixed &€ > 0 and satisfies limg_,q+ §(¢, &) = |¢|7.
Henceforth, we denote p(¢) = |¢t| and u(z) = 1|7 (0 < p < 1).

3.1 Smoothing functions for p(¢) = |¢|

Following the indicator-based reformulation in [40,41,43], p(z) = |f| is expressed as:

o] = 12a (1) = t)0ac () = 1 (2204 (1) — 1), )
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where A =[0,0), x4 : R — {0, 1} is the indicator function, and y4c(¢) = 1 — xa(¢). Since non-differentiability
at 1 = 0 stems solely from the step discontinuity of Y4 (z), our first approach replaces x4 (#) with a local
polynomial smoothing function 1 (¢,€) on R x R [40]:

0, t < —¢,
Xa(t,€) =< P(t,e), —e<t<e, (5)
1, t>€,

where € > 0 and P(z,€) is a polynomial transition matching the boundary conditions at t = +¢. To
achieve first-order (C') and second-order (C?) smoothness, we employ the transition polynomials P; (¢, €)
and P, (¢, €), respectively:

1 3 1 3 10 15 1
Pl(t,e):—@t3+gt+§, Py(t,€) = —<80 — —— P+ ——1+ . (6)

Substituting Py (z,€) and P>(¢,€) into (4) yields the local C' and C* smoothed approximations ﬁl(l)(t, €)
and ;31(2) (t,€):

7], 1| > €, 7, 1| > €,

< (1) ~(2)

py (1€)== La,3p py(te)=¢3 5, 15,
—— —t t € — — —1 —1 t .
2t Tog <e s’ 2t Tgel o <

Our second approach utilizes a globally defined arctangent indicator approximation )Zf%(t, €), which upon
substitution into (4) yields the globally smoothed function p,(z, €):

1 1 2t t
(€)= - arctan( ) +5) pa(t,€) =1t (27i(t.e) — 1) = — arctan <E> : ®)
where lim;_, 73(¢,€) = 1, lim,—, o ¥3(t,€) = 0, and 73(0,€) = 5

Lemma 1. ([40]) Let xa(t) be the indicator function of A = [0,0) C R, and let } (t €) denote its smooth
approximation for j = 1,2. Then, forany € >0 andt € R, ‘Z[{(I,S) — XA (t)‘ §

Unifying both constructions, we write p J( €) =274 (1,€) —t for j = 1,2, where j = 1 denotes the
5(2)
1

local polynomial approximation p;(z,€) € {pl ( ,€),
approximation p; (¢, €).

(t,€)} and j = 2 denotes the global arctangent

Lemma 2. Lett € R and € > 0. Then: (i) ﬁl(l)(t, €) and P, (t,€) are C'-continuously differentiable on

R (while ;31(2) (t,€) is C*> on R); (ii) the approximation errors scale linearly with € and satisfy the exact
uniform bounds:

. 3vV3-5 ¢ . 3 ¢ . 2
P o) —lil| < e<s,  |pe-kl<ze<s,  Imme-ll< e ©
4 2 8 2’
Consequently, pj(t,e) = |t|| < Cje holds for all t € R, where Cy = ‘[7 R~ O 1745 for pl (or C =

=0.375 for pl( ), and unified as C; < 5 L for both local vartants ) and C2 = =~ 0.6366 for p,, with the
overall bound |p;(t,€) — |t|| < Ce where C = max{C,Cy} = %, and (iii) hmgﬁm pj(t,€) = |t| uniformly
on R.
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Proof. (i) Differentiating p;(t,€) with respect to ¢ yields pi(t,€) = 25(/{(@8) + ZI(ZX)’(I,S) — 1. For
local smoothing (j = 1), (¥A)'(t,€) = P'(t,€) for |¢| < € and O for |t| > €, where P|(t,€) = —f?t2+
i and Pj(t,e) = ;51 — i’ + 1. At = *e, limHig(ﬁl(m))’(t,e) = +1 for m = 1,2 (and
lim,_&g(ﬁl(z))“ (t,€) = 0), ensuring C'- and C?-continuity, respectively. For global smoothing (j = 2),
(73)'(t,€) = m, which is smooth everywhere on R.

(ii) For j =1, |[)1(m) (t,€) —|t]| = 0 when |t| > € (m = 1,2). For |t| < &, by even symmetry we restrict
attention to ¢ € [0,¢€) and introduce the dimensionless variable s =7/¢ € [0,1), sot = €s. Form =1,
substituting ¢ = &s into (7) shows that the error scales linearly with €:

E(r)

1 3
ﬁl(l)(es,e)—ESZS <—2s4+2s2—s> =:€é(s). (10)
Differentiating with respect to s gives &} (s) = —25> +3s — 1 = —(s— 1)(2s> +2s — 1) = 0, which has
a unique root in (0,1) at s* = @ ~ 0.3660. Evaluating |é;(s*)| yields max;cr |E1(l)(t)| = 3\(#8 ~
0.1745¢ < §. Similarly, for m =2, setting = &5 yields E1(2) (1)=¢ (%s6 — %s“ + %s2 — s), which satisfies
max(o,|) |E1(2) (es)] < %8 < £. For j=2, Ex(t) = %arctan(é) — |t] is even, and for r > 0, E>(t) =
2t

Zarccot( ). Using arccot(y) < % fory =L >0 gives |Ex(t)| = Zyarccot(y) < Ze. (iii) Taking € — 0"

in (9) establishes uniform convergence on R. OJ

3.2 Smoothing functions for 1 (1) = |t|? (0< p < 1)

Following the piecewise local smoothing strategy in [44], we approximate the non-convex, non-Lipschitz
potential u(z) = [¢t|? (0 < p < 1) via:

. t?, t|>¢, .
pe) =41 S ), (an
ni(tae)’ MSS,
where 1 (¢, €) and M5 (¢, €) are C! and C? polynomial transition functions matching the boundary values

and derivatives at t = +¢€:

2 —
nl(t7€) = £8p72t2+7l28p7 nZ(tug) =

s_PP=4) pap (P=2)(p—4)
2

t
4 8

-2
P(P=2) p-s . (12)
8
Lemma 3. Let u(t) = [t|P (0 < p < 1) and fi;(t,€) be defined by (11)~(12). Then: (i) fi;(t,€) is C'
and [iy(t,€) is C* with respect to t on R; (ii) for all t € R and € > 0, both approximations majorize |t|P
(fi;(t,€) — |t|? > 0), and the approximation errors satisfy:

2 —
0<iu(re)=lr < ZPSP’ and 0 < fip(t,€)—[t]" < e, (13)

and (iii) limg_,o+ fi;(t,€) = |t|P uniformly on R fori=1,2.

Proof. (i) Smoothness holds trivially for |¢| # €. At = €, direct evaluation gives 1;(€,€) = €? = u(¢)
and n/(g,€) = peP~! = p'(¢) for i = 1,2, while 05 (g,€) = p(p — 1)e?=2 = p”(€); even symmetry
ensures matching at t = —g. (ii) Define the error functions E;(t) := fi;(¢,€) — |¢|? for i = 1,2. Since
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E;(t) =0 for |t| > € and E;(—t) = E;(t), it suffices to analyze E;(¢) on [0,€]. Fori =1 and ¢ € (0,¢€),
differentiating Ey (t) = 11 (¢, &) —t? yields E{ () = pt(e?~2 —17~2). Since 0 < p < 1 implies 2— p > 0, we
have tP~2 > eP~2 for all ¢ € (0,€), so the derivative is strictly negative (E](¢) < 0). Consequently, E; (¢)
is strictly decreasing on [0, €] from its maximum E;(0) = 1;(0,€) = 2%"81’ > 0 down to its minimum
E\(€) = 0, which proves that E|(¢) > 0 and establishes the first bound in (13). Fori =2 and 7 € (0,€),
differentiating E»(t) = n2(z,€) —t” gives:

p(p—2) , 43 PP—4) ,2 -1 o[p—2/t\* 4-p t\P2
Ej(t) = ——el™*r — =Pt — pt?’™ ' = prelP »(%) ——(—) . (14
2(1) 5 € 5 € p pte 5 (g )3 c (14)

Letting s =1/€ € (0,1) and ¢(s) := %sz + 4%” — sP=2, we observe that ¢(1) = 0 and ¢'(s) = (p —
2)s—(p—2)sP3 = (2—p)s(sP~*—1) >0 forall s € (0,1) because 0 < p < 1 and s”~* > 1. Since ¢ (s)
is strictly increasing on (0, 1) with ¢ (1) =0, we have ¢(s) < 0 forall s € (0,1), which implies E/(t) <0
on (0, ). Thus, the error function E»(¢) is also strictly decreasing on [0, €], attaining its minimum value
min,c (o ¢ E2(t) = E2(€) = 0 (hence E>(f) > 0 is non-negative everywhere) and its maximum value at

t=0:
-2)(p—4
max Ex(t) = Ex(0) = ms(0,6) = P=HP =D op (15)
t€[0,€] 8
(iii) Taking € — O™ in (13) yields uniform convergence since p > 0. O

3.3 Smoothed problem formulation and error analysis
Using p;(t,€) (j = 1,2) for @1, ¢, and fi;(t,€) (i = 1,2) for ¢3, the smoothed optimization problem
associated with (1) is formulated as:
~ 1 . o "
min fi(x,€) = 5 [Ax—b[* + A®,(Dx€), with &(Dx.e) =} qi(d]x.€), (1=1,23), (16)
xeR”" i=1
where A > 0, D € R"™*" has rows diT , and the smoothed potential functions are given by:

aﬁj(t, 8)

W (a>0), @3(t,e)=m(t,e) (O<p<]1). (17)

¢1(t,8):ﬁj(t78)7 ¢2(t78):
Theorem 1. Let x € R" and € > 0. For any | € {1,2,3}, there exists K; > 0 such that:
() = filx,€)| < rAKiyi(e), (18)

where y(€) = € for | = 1,2 and y(€) = €. Specifically, K| = Cj and K, = aC;, where C = 3\/275 <1
for C" local smoothing ﬁl(l) (orCy = % < %for C? local smoothing ﬁl(z)) and C, = %for global smoothing
po; and for 1 =3, K3 = 2%” (fori=1)or Kz = 7(”72)8(1’74) (fori=2).

[}

Proof. Canceling the identical fidelity terms gives | f(x) — fi(x,€)| <A YL, |@(dT x) — @(d] x,€)|. Ap-
plying Lemma 2 yields |¢; (1) — @1 (r,€)| < Cje for [ =1, and for [ = 2, since (1 + ot|t])(14 ap;(z,€)) >
olft|—p;(t.€)l

1, we have |@a2(t) — Pa(t,€)| = (Tal)(tap;ire) < ®C €. For I =3, Lemma 3 gives |@3(t) — @3(t,€)| <
K3€P. Summing over i = 1,...,r completes the proof. OJ
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To apply gradient-based methods, the gradient of f;(x, €) in (16) is written as:
g(x,€) :=Vfi(x,&) =AT (Ax—b) + ADTVd,(Dx, €), (19)
where V&, (Dx, &) = (§}(d7x,€),...,pl(d x,€))" €R".

Lemma 4. For any fixed € > 0 and | € {1,2,3}, Vfi(-,€) is Lipschitz continuous on R" with con-

stant L;(€) = ||ATA|| 4+ A||D||*M;(€), where M;(g) = SUP; ) (e} | @) (1,€)] < oo that is, Vii(x,e) —
Vi)l < Li(e)llx—yl| for all x,y € R".
Proof. From (19) and the fundamental theorem of calculus for piecewise C? functions, ||V f;(x,€) —

VA(.€)| < |ATA(x—y)[[+A[IDT|[[|V®(Dx, ) — V& (Dy, €)|| < (IAT A+ A||D][*M, (&) | x— ¥, where
M;(€) < oo because @(-,€) is continuous on R and has bounded piecewise continuous derivatives on
R\ {xe€} for any fixed € > 0. O

Lemma 5. For any fixed € > 0, initial point xo € R", and assuming A has full column rank (ker(A) =
{0}), the level set £ (xg,€) = {x € R": fi(x,€) < fi(x0,€)} is bounded for | € {1,2,3}.

Proof. Suppose {x;} C £ (xo,€) satisfies ||xx|| — oo. Since ker(A) = {0}, A is injective, so ||Axy| — oo.
Because ®;(Dx,€) > 0, fi(x,€) > 1[|Ax; — b||* = oo, contradicting fi(x¢, €) < fi(xo,€). O

Theorem 2. Let {&};_, satisfy & > 0 and limy_,.. & = 0. Under the injectivity assumption ker(A) =
{0}, the coercivity guarantees the existence of global minimizers x; € argmin,egn fi (x, &). Any accumu-
lation point % of {x;} is a global minimizer of the original problem (1).

Proof. Let xzj — X as j — oo. For any x € R”, optimality of x;;_ and Theorem 1 (with M; = rAK)) yield:

F,) < Fileh ) +Mivi(e) < Fi(x. )+ Mivi(er,) < F()+2Mi(er,)- (20)

Taking j — oo and using the continuity of f along with y;(&;) — 0 gives f(¥) < f(x) forallx e R". [J

Theorem 3. Let & — 01 and x; — X in R". For the locally Lipschitz models (I € {1,2}), we have
limy e dist(V f; (xx, &), £ (X)) = 0. In particular; if limy e ||V fi (xx, &)|| = 0, then 0 € d f(%), so % is a
Clarke stationary point of (1).

Proof. Forl € {1,2}, comparing V f; (x, &) = AT (Ax —b) + A X1, d; @] (d] x¢, &) with the Clarke sub-
differential 0 f(¥) = AT (A% — b) + A Y|_, did ¢, (d] %) yields:

dist (Vf,(xk,sk),af(i)) < HATA(Xk —f)H +A Z HdiniSt ( Nl/ (diTxk,Sk) ,8<p1 (lef)) . @25
i=1

As k — oo, x; — % and & — 0T, so both terms on the right-hand side vanish by the continuity of A”A
and the gradient consistency of @, (I = 1,2). Since d f(%) is closed and convex, limy ... |V f; (xx, &)|| = 0
implies 0 € d f(%). O
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For the non-Lipschitz model (I = 3, @3(¢) = |¢t|? with 0 < p < 1), the regularizer is not locally
Lipschitz at the origin. When difference components vanish (d] ¥ = 0), the derivatives fi{(z,€&) and
fi5(t,€) can grow on the order of O(E,f_l) for |t| < &, so limy e ||V f5(xk, &)|| = O alone does not
guarantee limiting subdifferential stationarity (0 € d; f (%)) without additional componentwise scaling
conditions [5]. Therefore, for [ = 3, we adopt the weaker concept of asymptotic €-stationarity: a point
X € R" is defined as an asymptotic €-stationary point of (1) if there exist sequences x; — ¥ and & — 0
such that

lim ||V f5 (o, &) = 0. (22)
k—yoo

4 Algorithm and convergence results

In this section, we detail the Smoothing Conjugate Gradient Algorithm (SCGA) for solving the uncon-
strained smoothed problem (16) and establish its global convergence. To handle the dynamic reduction
of the smoothing parameter without violating the descent property, SCGA is structured within an inner-
outer continuation framework: during the j-th outer stage, €; > 0 remains fixed while the inner loop
minimizes f(x, €;) until the root-mean-square (RMS) gradient norm || g ||ims := ||gk||/v/7 falls below t;
(or an inner iteration cap Kyax is reached), after which both €; and 7; are systematically reduced. Denot-
ing g, .=V ﬁ (xk,€;) and yx_1 1= gx — gk—1 at inner iteration k, the search direction dj is constructed via
the modified three-term Polak—Ribiere—Polyak (PRP) scheme:

gy = gldi_y
llgk—1>’ lgx—111?

do=—80, dx=—8+Pedk—1—Oy—1 (k>1), with fr= (23)

To prevent excessive direction growth, a standard safeguard resets the direction to the steepest descent
vector (di < —gy) if ||di|| > My||gk|| for a threshold M, > 1. The step size oy > 0 is determined via an
Armijo backtracking line search, as summarized in Algorithm 1.

Lemma 6. For all inner iterations k > 0 of Algorithm 1, the search direction dy, defined in (23) satisfies
the sufficient descent identity gl dy = —|\g||>. If the safeguard dy < —gy is triggered, gl d = —|g«||*
holds trivially.

Proof. For k=0, gfdy = —||go||*. For k > 1, taking the inner product of g with d in (23) yields:

(87 yi1)(gF di—1) — (8T dk—1) (g} yi—1)
gr di=—|gkll*+ Br(gh di1)— Ok(gi yi—1) = — ||l >+ £ 2 . £ = —|lg«l*-

gk—1ll?
(25)
While this exact algebraic cancellation guarantees sufficient descent independently of line-search accu-
racy, the three-term structure also acts as an orthogonal projection onto the subspace orthogonal to gy,
which mitigates loss of conjugacy in ill-conditioned non-smooth problems. Ul

Lemma 7. For any fixed €; > 0, the Armijo line search (24) terminates in a finite number of steps my at
every inner iteration k > 0, and the accepted step size satisfies:

gk ]l?
i |

2(1-0)6
Li(g))

OckZmin{l,cj }, where ¢ := > 0. (26)
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Algorithm 1: Smoothing Conjugate Gradient Algorithm (SCGA) with Inner-Outer Continuation

Require: Starting point x(?) € R”, outer stage count J > 1, initial smoothing parameter & > 0, Armijo
parameters &,8 € (0, 1), reduction factors f3,7 € (0, 1), inner iteration cap Kmayx € NU {o0}, total
iteration budget Np,x € NU {eo}, and safeguard threshold M, > 1.

Ensure: Restored image x* and termination status flag status € {TOL, CAP}.

1: Initialize outer stage j <— 0, total iteration counter ko <— 0, and status < TOL.

2: while j < J and kio; < Npax do

3 Set xo + x\), k + 0, compute gg < Vﬁ(xo,sj) and set dy <+ —go.

4:  while | ngrms > 7jand k < Kiax and kit < Npmax do

5 if K > 1 then

_ 8V _ gl

© Compute i1 = g = gi1, B = 1 [ 0 = o -

7 di < — gk + Brdi—1 — Oyt

8 if ||di|| > My||gx|| then

9: dy < —gi.
10: end if
11: end if

12: Find the smallest integer m; > 0 such that o = 8™ satisfies the Armijo condition:

ﬁ(xk+5mkdk,8j) Sﬁ(xk,sj)+65m"g,{dk. 24)

13: Update xi1 1 < x + 0gdy, compute g1 < Vﬁ(Xk+1,8j), and set k <+ k41, kot < kot + 1.

14:  end while

15: SetxUtD < x;, &,y < Bej, Tj1 < T, and j < j+ 1.
16: end while

17: if ||gk||rms = Thinal then set status <— CAP end if

18: return x* = x\) and status.

Proof. By Lemma 4 and Lemma 6, the standard descent lemma gives f;(x; + ady,€;) < fi(x, &) +
agld + L 8’ a?||d||>. Thus, (24) holds whenever a < %. Since § € (0,1), backtracking

Ly(g)) |l di1?
terminates ﬁmtely If m =0, then o = 1; if my > 1, the prior trial step o = 8oy violated (24),
meaning § oy > &%ﬂ')f’ﬁ!, which immediately yields (26). O

Theorem 4. Assume ker(A) = {0} and let Algorithm | be executed without artificial iteration caps
(Kmax = Nmax = ©°) using the safeguard parameter My > 1. Then each inner loop terminates in ﬁnitely
many steps. As J — oo with T; — 0 and €; — 0, the sequence {x)} satisfies lim;_.. HVﬁ( ), &) =
Furthermore, for the locally Lipschitz models (1 € {1,2}), any accumulation point % of {x)} is a Clarke
stationary point of the original problem (1). For the non-Lipschitz model (I = 3), X satisfies asymptotic
£-stationarity.

Proof. Fix an outer stage j with smoothing parameter £; > 0 and tolerance %, := \/nt; > 0. Suppose,
for the sake of contradiction, that the inner loop does not terminate finitely, meaning that ||g¢|| > %; > 0
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holds for all £ > 0. Combining the Armijo condition (24) with the sufficient descent identity (??) yields:
filxe, €)= filxerr, &) > —oogldy = oogllgil|* >0, Vk>0. (27)

Consequently, the sequence {fj(xk,€;)} is strictly decreasing, and {x;} C .Z(xo,€;). By Lemma 5,
£ (x0,€;) is compact, so fj(-,€;) is bounded below on £ (xo, €;) by a finite constant fii,. Summing (27)
over k > 0 yields:

o Y oullgill® < fi(xo, &) = fnin <o = Y oillgkl* < oo (28)
k=0 i=0

Substituting the step-size lower bound (26) from Lemma 7 into (28) gives:

el
¥ min liulP, s pfips | < el 29)

Since ||gi/|* > sz > 0, the first term in the minimum cannot vanish. Thus, for sufficiently large k, the
minimum is attained by the second term, establishing the Zoutendijk condition:

oo

= HdkH

=1
k=0 HdkH2

oo 4
ZHg"H <o,  which implies <o (30)

oo 4
2l .

k=0 HdkH2 =0

Next, we bound the search direction norm ||d||. Since V(-,€;) is continuous on the compact level

set .Z(xo, €), there exists I'; > 0 such that ||g¢|| < T'; for all k > 0. By the explicit safeguard enforced

in Algorithm 1, the search direction strictly satisfies ||dx|| < My|/gk|| (either natively or via the reset

dyr = —gr). Therefore, we obtain the uniform upper bound:

di|| < Mgl|ge|| < Myl'j=:Dj < oo, Vk2>0. 3D

However, (31) implies Y5 [|di| 72 > Xy D;z = oo, which directly contradicts the reciprocal summa-
bility derived in (30). Thus, the inner loop terminates in a finite number of iterations with ||gx||rms < 7.
In the outer loop, xU+1) = x; satisfies ||V (xU™) ¢;)|| < /nT). As j — oo, both 7; — 0 and €; — 0,
50 lim . [|[ V. (xU*1) g;)|| = 0. For the locally Lipschitz models (/ € {1,2}), Theorem 3 guarantees that
any accumulation point ¥ satisfies 0 € d f(X). For the non-Lipschitz model (I = 3), the condition ensures
X satisfies asymptotic €-stationarity. O

Remark 1. While Theorem 4 assumes asymptotic convergence (Kn,x = J = ), solving early continu-
ation stages to high precision is computationally redundant and risks overfitting. Thus, our implemen-
tation employs a finite three-stage schedule (J = 3) with an inner iteration cap (Kmn.x) and records a
termination status flag (TOL or CAP) to bridge theory and practice.

5 Numerical experiments

In this section, we evaluate the computational efficiency and restoration accuracy of the proposed SCGA
framework on standard image restoration problems in MATLAB R2025b (Intel Core i7, 8 GB RAM). To
ensure strict reproducibility and reliability, each degradation scenario is executed over M = 5 indepen-
dent noise realizations using fixed seeds rng (1000 - img + 100 igeg +5) with s € {101,202,303,404,505},
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and results are reported as Mean + Std. Three benchmark images (Cameraman, Peppers, and Coins) are
standardized to 256 x 256 pixels with intensities in [0, 1] (n = 65536). The discrete difference matrix
D € R™" (r = 2n = 131072) stacks the first-order horizontal and vertical forward finite-difference oper-
ators under periodic boundary conditions, with D’ denoting the negative discrete divergence. Degraded
observations follow b = Ax+n, where A = (1 — Yeg) Holur + Yeeg! (Yreg = 1072) regularizes a 5 x 5 Gaus-
sian kernel (standard deviation 0.75, periodic boundaries) to satisfy ker(A) = {0} in Lemma 5. Three
noise regimes are tested: moderate Gaussian noise (o = 0.05), severe Gaussian noise (¢ = 0.10), and
Salt & Pepper impulse noise (d = 0.05). Since the quadratic fidelity term in (1) is tailored for Gaussian
noise, impulse noise is handled via a standard two-phase procedure where outlier pixels (b; € {0,1}) are
pre-filtered by a 3 x 3 symmetric median filter prior to optimization.

All methods are initialized at x(%) = b (or the pre-filtered image for impulse noise). The outer con-
tinuation loop runs over J = 3 stages with &; € {0.04,0.015,0.005} and inner RMS gradient tolerances
T € {2.5% 1072,1.5 x 1072,1.2 x 1072}, subject to a per-stage inner cap of Kp.x = 8 (with at least
4 inner steps per stage) and a total budget of Np,x = 100. In Table 1, the Status column explicitly
records TOL if the final target tolerance ||gx||rms = || V-1 (Xk, €inat) || /v/7 < Tana = 1.2 x 1072 is satisfied,
or CAP if K.« is reached first (Remark 1). While g,y controls numerical stationarity, the theoret-
ical smoothing discrepancy |f(x) — fi(x, €na)| is bounded by €gny = 0.005 via Theorem 1. We set
o =10"%and § = 0.5 in (24), A = 0.008 + 0.140 for Gaussian noise (A = 0.011 for impulse noise),
o =0.45 in @, and p = 0.85 in ¢3. Performance is measured via mean iterations (Iter), CPU time
(CPU (s)), function/gradient/line-search evaluations (f_eval, g _eval,ls_eval), final RMS gradient norm
(|| 2k lsms). Status, SSIM, and PSNR (dB):

PSNR (xgye,x*) = 101log;q < (MAX; =1). (32)

n
[[%rue — x* H2> ’
To separate the effect of the three-term SCGA solver from the smoothing and continuation choices, we
evaluate nine methods: five proposed variants—SCGA with TV-LS (¢, ﬁl(l)), TV-GS (¢y,p2), NP-LS
(¢, ;31(1)), NP-GS (¢, p»), and NLP-S (@3, i1, p = 0.85); two matched-continuation baselines—PRP-
Cont (TV-LS) [31,32] and FISTA-Cont (TV-LS) [3], which minimize the exact same locally smoothed

TV objective (ﬁl(l)) under the identical €; and 7; schedule; and two fixed-smoothing baselines—PRP
(Fixed) and FISTA (Fixed), which use classical hyperbolic smoothing v/#% + €2 with fixed € = 0.08.

To isolate the algorithmic contribution of the three-term SCGA solver from the effects of the smooth-
ing functions and the continuation schedule, five proposed SCGA variants are compared against both
matched-continuation baselines and fixed-smoothing baselines:

¢ SCGA with TV-LS/ TV-GS: Total Variation model (¢;) with local polynomial smoothing ;31(1) (t,€)
and global arctangent smoothing p,(, €), respectively.

* SCGA with NP-LS / NP-GS: Nonconvex Lipschitz model (¢,) with local smoothing ﬁl(l)(t, €)
and global smoothing p, (¢, €), respectively.

» SCGA with NLP-S: Nonconvex Non-Lipschitz model (¢3,p = 0.85) with C! local smoothing
f (t78)'

¢ PRP-Cont (TV-LS) and FISTA-Cont (TV-LS) (Matched-Continuation Baselines): Standard two-
term Polak—Ribiere—Polyak CG [31,32] and Fast Iterative Shrinkage-Thresholding Algorithm [3]
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(o2 Image ion — D i ian (sig .05)
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Figure 1: Visual comparison of degraded and restored Cameraman images under Gaussian (¢ = 0.05), Gaussian
(o =0.10), and Salt & Pepper (d = 0.05) noise

applied to the exact same locally smoothed TV objective (;31(1)) using the identical three-stage
continuation schedule £; € {0.04,0.015,0.005} and tolerances ;.

* PRP (Fixed) and FISTA (Fixed) (Fixed-Smoothing Baselines): Standard two-term PRP and
FISTA utilizing classical hyperbolic smoothing @(z,€) = 12+ €2 with a fixed smoothing pa-

rameter € = 0.08.

The results in Table 1 and Figures 1-3 indicate the following:
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Table 1: Quantitative comparison (Mean 4 Std over 5 noise realizations) of the proposed SCGA variants against
matched-continuation and fixed-smoothing baselines

Tmage Degradation Method Noisy PSNR Ifer CPU (s) feval geval Iseval gl Status PSNR (dB) _ SSIM
SCGA with TV-LS 140 02617 350 170 180 1.16e-02 TOL 27.434£0.033 0.8143£0.0010
SCGA with TV-GS 170 02664 43.8 200 23.8 128e-02 CAP 27.497+0.034 0.8117+0.0015
SCGA with NP-LS 18.0 02979 494 21.0 284 192e-02 CAP 27.431+0.037 0.8203+0.0013
SCGA with NP-GS 182 03261 502 212 290 1.10e-02 TOL 27.5060.040 0.8196-0.0007
Gaussian (¢ = 0.05) SCGA with NLP-S ~ 24.118 120 04560 280 150 13.0 4.63e-03 TOL = 27.398-:0.042 0.8045-0.0011
PRP-Cont (TV-LS) 182 0.3854 820 212 60.8 1.01e-02 TOL 27.421+0.034 0.8160+0.0014
FISTA-Cont (TV-LS) 21.0 0.1421 230 230 00 13202 CAP  26.703+0.029 0.7230+0.0008
PRP (Fixed) 200 02128 39.0 200 190 2.50e-04 TOL 26.875+0.023 0.72790.0009
FISTA (Fixed) 240 01107 240 240 0.0  6.30e-04 TOL 26.882-+0.023 0.7275+0.0009
A with TV-L. 6 03317 52 X F I 017E0. 16626 £ 0.
SCGA with TV-GS 240 03099 564 270 294 1.63e-02 CAP 24.870+0.058 0.6428-+0.0054
g SCGA with NP-LS 240 03628 612 27.0 342 20le-02 CAP 25.059+0.057 0.6813+0.0090
£ SCGA with NP-GS 240 03729 59.8 270 328 235e-02 CAP  24.963:£0.055 0.6686-+0.0058
5 Gaussian (¢ = 0.10) SCGA with NLP-S 19702 14.0 04804 320 170 150  1.01e-02 TOL  25.077+0.048 0.6793+0.0048
E PRP-Cont (TV-LS) 240 0.5137 1158 27.0 888 244e-02 CAP 24.857+0.063 0.6389-+0.0059
9 FISTA-Cont (TV-LS) 240 0.1368 240 240 00  247e-02 CAP 22.808+0.037 0.4361+0.0024
PRP (Fixed) 200 0.1979 39.0 200 190 2.10e-04 TOL 24.540-0.048 0.56670.0032
FISTA (Fixed) 240 01172 240 240 00  250e-03 TOL 24.625+0.048 0.57670.0031
SCGA with TV-LS 122 0.1752 310 152 158 9.03¢-03 TOL 28.535£0.016 0.8594£0.0008
SCGA with TV-GS 146 02751 368 176 192  1.03e-02 TOL 28.815+0.020 0.8660-+0.0002
SCGA with NP-LS 13.6 02608 352 166 18.6 1.01e-02 TOL 28.544+0.018 0.8563+0.0004
SCGA with NP-GS 146 03086 392 17.6 216 1.15e-02 TOL 28.669-:0.055 0.8608-0.0013
Salt & Pepper (d = 0.05) SCGA with NLP-S  17.703 120 04801 280 150 13.0 270e-03 TOL 28.763+0.022 0.8713-0.0002
PRP-Cont (TV-LS) 160 03252 68.6 190 49.6 896e-03 TOL 28.518+0.014 0.8599-+0.0004
FISTA-Cont (TV-LS) 180 01225 210 210 00  6.80e-03 TOL 28.223+0.015 0.85870.0004
PRP (Fixed) 200 0.1708 39.0 200 190 3.00e-04 TOL 28.653::0.020 0.8890-0.0001
FISTA (Fixed) 240 01222 240 240 0.0  3.60e-04 TOL 28.715::0.022 0.8899-0.0001
SCGA with TV-LS 150 0.1984 370 180 190 6.67c-03 TOL 27.407£0.031 0.8361L0.0014
SCGA with TV-GS 160 02313 400 190 21.0 1.11e-02 TOL 27.486-+0.046 0.8333-0.0046
SCGA with NP-LS 208 0.3407 532 238 294 9.44e-03 TOL 27.520+0.032 0.8393+0.0017
SCGA with NP-GS 19.0 03430 480 220 260 1.07e-02 TOL 27.543+0.039 0.8380+0.0012
Gaussian (¢ = 0.05) SCGA with NLP-S  24.030 120 04546 280 150 13.0 ~ 4.59%-03 TOL 27.515-0.033 0.8392-:0.0012
PRP-Cont (TV-LS) 17.0 04077 804 200 604  1.06e-02 TOL 27.357-+0.031 0.8324-0.0015
FISTA-Cont (TV-LS) 208 0.1345 228 228 0.0  129e-02 CAP 26.612+0.035 0.7566+0.0032
PRP (Fixed) 20.0 0.1627 39.0 20.0 190 1.60e-04 TOL 26.899+0.024 0.7786+0.0018
FISTA (Fixed) 240 0.1075 240 240 0.0  6.10e-04 TOL _26.9040.024 0.7784-:0.0018
SCGA with TV-LS 238 0.2778 560 268 292 1.25c-02 CAP 24.868+0.093 0.6933+0.0033
SCGA with TV-GS 23.6 03132 572 266 30.6 9.14e-03 TOL 24.696+0.073 0.6711+0.0026
SCGA with NP-LS 238 03854 624 268 356 1.59%-02 CAP 24.917+0.080 0.7050+0.0022
2 SCGA with NP-GS 240 03699 59.8 27.0 328 2.13e-02 CAP 24.8260.083 0.6937-0.0022
2 Gaussian (0 =0.10) SCGA with NLP-S  19.486 150 0.5600 36.0 18.0 180 4.70e-03 TOL  25.028-:0.083 0.7177-:0.0022
2 PRP-Cont (TV-LS) 240 04832 1104 270 834 2.11e-02 CAP 24.825+0.091 0.6822-+0.0051
FISTA-Cont (TV-LS) 240 0.1408 240 240 0.0  251e-02 CAP 22.621+0.025 0.4796+0.0011
PRP (Fixed) 20.0 0.1825 39.0 20.0 190 1.60e-04 TOL 24.545+0.049 0.6288+0.0019
FISTA (Fixed) 240 0.1178 240 240 0.0  257e-03 TOL 24.655:0.053 0.6401-0.0019
SCGA with TV-LS 124 0.1479 302 154 148 7.57¢-03 TOL 28.894%0.053 0.8936+0.0005
SCGA with TV-GS 120 0.1620 29.0 150 140  9.06e-03 TOL  29.062+0.049 0.8989+0.0003
SCGA with NP-LS 120 0.1950 310 150 160 7.84e-03 TOL 28.841+0.044 0.8917+0.0003
SCGA with NP-GS 13.0 02202 350 160 190 1.06e-02 TOL 29.000=0.042 0.89510.0003
Salt & Pepper (d = 0.05) SCGA with NLP-S  17.896 120 04216 27.0 150 120 2.36e-03 TOL 29.245-:0.060 0.9029-0.0009
PRP-Cont (TV-LS) 150 02918 640 180 460 9.58e-03 TOL 28.877-0.042 0.8936-0.0003
FISTA-Cont (TV-LS) 180 0.1131 210 210 00  6.17e-03 TOL 28.469+0.039 0.8924+0.0003
PRP (Fixed) 20.0 0.1597 39.0 20.0 190 2.10e-04 TOL 28.857+0.033 0.9111+0.0002
FISTA (Fixed) 240 0.1057 240 240 0.0  3.10e-04 TOL 28.950:0.034 0.9119-0.0002
SCGA with TV-LS 140 0.1775 350 170 180 1.13¢-02 TOL 31.182+0.054 0.8799 =0.0022
SCGA with TV-GS 17.0 03039 440 20.0 240 1.31e-02 CAP 31.113+0.059 0.8736+0.0023
SCGA with NP-LS 180 02872 49.6 21.0 286 1.69e-02 CAP 31.114+0.064 0.8893+0.0015
SCGA with NP-GS 184 03200 498 214 284 1.09%-02 TOL 31.107+0.061 0.8896+0.0034
Gaussian (¢ = 0.05) SCGA with NLP-S 25.356 120 04283 280 150 13.0 3.91e-03 TOL 30.9830.056 0.8670-0.0019
PRP-Cont (TV-LS) 17.0 0.3508 78.0 200 580 8.92e-03 TOL 31.117:0.055 0.8758-0.0022
FISTA-Cont (TV-LS) 21.0 01910 23.0 230 0.0  1.35¢-02 CAP 29.626-0.034 0.7477+0.0022
PRP (Fixed) 200 0.1567 390 200 190 1.50e-04 TOL 30.173+0.028 0.7627+0.0017
FISTA (Fixed) 240 0.1025 240 240 00  590e-04 TOL 30.184+0.027 0.7621+0.0017
SCGA with TV-LS 240 03049 572 270 302 2.66e-02 CAP 27.386+0.053 0.6965=+0.0024
SCGA with TV-GS 23.6 0.3345 560 266 294 1.00e-02 TOL 26.939+0.061 0.6586-0.0028
SCGA with NP-LS 228 04056 604 258 346 2.05e-02 CAP 27.384+0.063 0.7141+0.0050
2 SCGA with NP-GS 240 04389 61.0 27.0 340 2.19e-02 CAP 27.162+0.061 0.6941+0.0026
3 Gaussian (¢ = 0.10) SCGA with NLP-S 19.883 160 0.6095 372 190 182  4.66e-03 TOL 27.537-0.063 0.7265-0.0025
© PRP-Cont (TV-LS) 23.8 0.5283 1124 268 856 2.03e-02 CAP 27.092+0.124 0.6648-0.0116
FISTA-Cont (TV-LS) 240 01397 240 240 00  2.59%-02 CAP 23.668-+0.039 0.4018-+0.0018
PRP (Fixed) 200 0.1670 390 200 190 1.30e-04 TOL 26.592+0.038 0.5747+0.0016
FISTA (Fixed) 240 0.1162 240 240 00  258e-03 TOL 26.792+0.039 0.5892+0.0017
SCGA with TV-LS 120 0.1549 310 150 160 6.04e-03 TOL 33.758£0.039 0.9408=0.0004
SCGA with TV-GS 13.0 0.1842 33.6 160 17.6  1.09e-02 TOL 34.135-:0.038 0.9456-0.0004
SCGA with NP-LS 120 02150 33.0 150 180 5.48e-03 TOL 33.6410.030 0.9383+0.0003
SCGA with NP-GS 160 02619 41.6 190 226 1.12e-02 TOL 33.830+0.046 0.9417+0.0003
Salt & Pepper (d = 0.05) SCGA with NLP-S  17.994 120 04140 270 150 120 2.04e-03 TOL 33.731::0.024 0.9425-0.0002
PRP-Cont (TV-LS) 150 0.2878 63.4 180 454 7.87e-03 TOL 33.740-£0.040 0.9408-0.0004
FISTA-Cont (TV-LS) 180 0.1131 210 210 0.0  7.47e-03 TOL 33.449-0.040 0.9401-+0.0003
PRP (Fixed) 200 0.1528 39.0 200 190 1.90e-04 TOL 34.360+0.045 0.9578+0.0003
FISTA (Fixed) 240 0.1048 240 240 0.0  3.00e-04 TOL 34.422+0.044 0.9580+0.0003

First, comparing the matched-schedule solvers isolates the algorithmic differences. SCGA with TV-
LS obtains comparable or higher restoration metrics than PRP-Cont (TV-LS) with fewer line-search steps
and lower CPU times. FISTA-Cont (TV-LS) reaches the iteration cap (CAP) under Gaussian noise due
to step-size contraction. Compared to the fixed-smoothing baselines (PRP (Fixed) and FISTA (Fixed)),
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Figure 2: Visual comparison of degraded and restored Peppers images under Gaussian (¢ = 0.05), Gaussian
(o =0.10), and Salt & Pepper (d = 0.05) noise

the continuation scheme increases Gaussian restoration PSNR and SSIM. Second, the performance of
the regularizers varies with the noise level. Under moderate Gaussian noise (o = 0.05), the non-convex
Lipschitz models (NP-GS and NP-LS) yield higher PSNR on Cameraman and Peppers, and higher
SSIM on all three images. TV-LS produces the highest PSNR on Coins. Under severe Gaussian noise
(0 =0.10), the non-Lipschitz model (NLP-S) attains the highest PSNR across all images and the highest
SSIM on Peppers and Coins. Finally, the stopping status and metrics reveal practical trade-offs. At
o = 0.05 and d = 0.05, the SCGA variants generally satisfy the tolerance (TOL) within 12.0-20.8
iterations. At ¢ = 0.10, Lipschitz variants reach the stage cap (CAP), whereas NLP-S satisfies TOL in
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Coins Image
SCGA with TV-LS
PSNR: 31.14 dB | SSIM: 0.8777

ion — Deg (sigl -05)
SCGA with TV-GS SCGA with NP-LS SCGA with NP-GS
PSNR: 31.06 dB | SSIM: 0.8713 PSNR: 31.05 dB | SSIM: 0.8874 PSNR: 31.04 dB | SSIM: 0.8886

SCGA with

NLP-S ) PRP (Fixed)
PSNR: 30.94 dB | SSIM: 0.8652 PSNR: 29.58 dB | SSIM: 0.7450 PSNR: 30.16 dB | SSIM: 0.7615

Coins Image

SCGA with TV-LS
PSNR: 27.43 dB | SSIM: 0.6980

d)
PSNR: 26.62 dB | SSIM: 0.5755

Coins Image Restoration — Degradation: Salt & Pepper (d=0.05)
SCGA with TV-LS SCGA with TV SCGA with NP-LS
PSNR: 33.69 dB | SSIM: 0.9401 PSNR: 34.07 dB | SSIM: 0.9449 PSNR: 33.59 dB | SSIM: 0.9378

SCGA with NLP-S
PSNR: 33.70 dB | SSIM: 0.9421

FISTA-Cont (TV-LS) PRP (Fixed)
PSNR: 33.38 dB | SSIM: 0.9396 PSNR: 34.29 dB | SSIM: 0.9573

PRP-Cont (TV-LS)
PSNR: 33.67 dB | SSIM: 0.9402

Figure 3: Visual comparison of degraded and restored Coins images under Gaussian (¢ = 0.05), Gaussian (¢ =
0.10), and Salt & Pepper (d = 0.05) noise

14.0-16.0 iterations. In the impulse noise tests, SCGA with TV-GS and NLP-S yield higher PSNR on
Cameraman and Peppers. Conversely, FISTA (Fixed) and PRP (Fixed) produce higher SSIM across
all images, higher PSNR on the piecewise-smooth Coins image, and lower CPU times. For NLP-S,
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the fractional power evaluations result in fewer function evaluations but higher CPU times. Standard
deviations across the five realizations remain small.

6 Conclusion

In this paper, we integrated indicator-based smoothing functions (local polynomial and global arctangent)
with a three-term Polak—Ribiére—Polyak conjugate gradient algorithm (SCGA) using an inner-outer con-
tinuation scheme. This approach reformulated Total Variation, non-convex Lipschitz, and non-Lipschitz
regularizers into continuously differentiable optimization problems with explicit O(g) and O(&?) uni-
form approximation error bounds. The three-term search direction satisfies the sufficient descent con-
dition unconditionally. By holding the smoothing parameter constant during the Armijo line search,
applying a direction safeguard, and reducing €; across stages, we established finite inner-loop termina-
tion. Under the injectivity condition ker(A) = {0}, accumulation points are Clarke stationary for the
locally Lipschitz models and satisfy asymptotic €-stationarity for the non-Lipschitz model. Numerical
experiments over five independent noise realizations demonstrated practical trade-offs. Under matched-
continuation schedules, SCGA required fewer line-search evaluations and lower CPU time compared
to PRP-Cont (TV-LS). The non-convex Lipschitz variants yielded higher PSNR under moderate Gaus-
sian noise (¢ = 0.05), whereas the non-Lipschitz variant (NLP-S) produced higher PSNR under severe
noise (0 = 0.10). In impulse noise settings, fixed-smoothing baselines maintained higher SSIM and
lower computational times. Future work will extend the coercivity analysis to rank-deficient kernels via
ker(A) Nker(D) = {0}. Additionally, replacing the quadratic fidelity term with a smoothed ¢; norm to
handle impulse noise in a single stage, along with automated parameter selection for A, a, and p, remain
topics for future investigation.
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