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Abstract. We develop and analyze adaptive-in-time IMEX Euler and adaptive-in-time Crank—Nicolson-
type schemes on nonuniform spatial meshes for a singular nonlocal parabolic problem. Midpoint cell
quadrature yields a discrete operator whose sign structure gives comparison and invariant-region properties.
Under an explicit adaptive step restriction, both schemes preserve 0 < U" < 1, and entry into a sufficiently
high discrete level implies finite numerical quenching. We prove convergence before quenching and
convergence of discrete level times. Numerical tests compare uniform and graded meshes, locate the
quenching region, and yield mutually consistent Richardson extrapolations with observed order close to
two.

Keywords: Singular source, midpoint quadrature, M-matrix, level-time approximation, homogeneous exterior data.
AMS Subject Classification 2020: 35K57, 35B44, 65M12.

1 Introduction

Nonlocal diffusion operators describe interactions in which the value at one point is influenced by an
integral average over a surrounding region. They arise in phase-transition models, population dispersal
and image processing [2, 4]. The monograph of Andreu-Vaillo et al. gives a systematic account of
existence, comparison and boundary conditions for such equations [2]. Integral diffusion models related
to heat equations with nonlocal boundary interactions were developed by Cortdzar et al. [8, 9]. Numerical
convergence for nonlocal evolution equations has been studied, among others, by Pérez-Llanos and
Rossi [17].
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2 T.K. Kouakou, N. Diabaté

Nonuniform meshes are useful when a solution develops steep gradients in a localized region. Their
use requires care because accuracy and stability may depend on the structure of the discrete matrix, not only
on the local truncation error. General analyses of finite-difference schemes on nonuniform grids are given
in [6,7,12,13,19,20]. For quenching problems, spatial grading must also be coordinated with adaptive
time stepping and positivity restrictions [5]. Kouakou and Diabaté recently developed nonuniform-grid
IMEX and Crank—Nicolson schemes for boundary quenching in a Christov—Deng type problem [16]. The
present paper extends that nonuniform-grid strategy to a nonlocal diffusion operator with homogeneous
exterior data and establishes the matrix properties required for positivity and comparison.

The present work is concerned with finite-time quenching. Let Q = (—1,1). We consider the singular
nonlocal problem

wixt) = [ Jr=y)(ulnr) —uen)) dy—u(x.t) | =y

+Aa(x)(1 —u(x,1))"?, x€eQ, >0, (1)
u(x,t) =0, xeR\Q, >0,
u(x,0) = uop(x), xeQ.

Here p > 0, A > 0,J > 0 is an even interaction kernel and a is a positive weight. A solution quenches at a
finite time 7 if

O0<u(x,r) <1 (0<t<T"), tii;r}f”u(-,t)Hw:l. (2)

This singular behavior is closely related to touchdown in electrostatic MEMS models and to classi-
cal Kawarada-type reaction-diffusion problems; see, for instance, [11, 14, 15, 18]. Nonuniform-grid
computations for quenching-type reaction-diffusion equations were also considered in [5].

The purpose of this paper is to analyze adaptive time discretizations combined with nonuniform spatial
approximations for the nonlocal quenching problem. The individual numerical ingredients—midpoint cell
quadrature, IMEX Euler discretization, trapezoidal diffusion, and adaptive time stepping—are standard.
The contribution lies in their structure-preserving combination and analysis for the singular nonlocal
Dirichlet problem (1). The spatial mesh may concentrate cells near an expected quenching point, while
the time step decreases as |U"||., approaches one. The analysis is organized around preservation of the
invariant interval [0, 1), because crossing the singular level would make the discrete source undefined.

More precisely, the cell quadrature produces a nonlocal matrix with the sign and M-matrix properties
needed for comparison. These properties are then coupled with an explicit singular-source restriction to
prove positivity and upper invariance for both adaptive IMEX Euler and Crank—Nicolson-type schemes.
We further establish finite numerical quenching after entry into a sufficiently high level, convergence
before quenching, and convergence of discrete level times. The numerical experiments compare uniform
and graded meshes and show that the two time discretizations yield mutually consistent quenching-time
approximations under the coupled space—time refinement.

The paper is organized as follows. Section 2 states the continuous assumptions. Section 3 constructs
the nonuniform nonlocal operator. Section 4 introduces the adaptive schemes and proves invariant-region
properties. Section 5 proves finite numerical quenching and convergence of discrete level times. Section 6
presents the numerical experiments.
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2 Continuous setting

We impose the following assumptions throughout the paper.

(H1) Je WI=(R),J >0,J(z) =J(—z) and [z J(z)dz= 1.

(H2) a € C(Q) and there exist ap,a; > 0 such that ayp < a(x) < aj on Q.
(H3) up € C(Q) and 0 < up(x) < 1 — pg on Q for some py € (0, 1).

For v extended by zero outside Q, define

(L)) = [ Jx=n00) v dy b b= [ SO

With L, defined by (3), problem (1) is u#; = Lyju+ Aa(x)(1 —u)~? in Q.

Proposition 1 (Local well-posedness). Assume (H1)—(H3). Then problem (1) admits a unique maximal

solution B
u € CH([0, Tnax): C(Q))

with 0 < u(x,t) < 1 on Q x [0, Tax). Moreover, if Thax < oo, then

=1,

||o<>

limsup ||u(-,7)
t—Tmax —

that is, loss of continuation can occur only when the singular level is approached.

Proof. Step 1. Let X = C(Q) with the supremum norm. The operator Ly : X — X is bounded and linear
because J € L' (R) and b € L*(Q).
Step 2. For each 6 € (0,1), the map

G(v)(x) = Aa(x)(1—v(x))~"
is locally Lipschitz on the closed set {v € X : ||v||., < 1 — 8 }. Hence the abstract equation
u'(t) = Lyu(t) + G(u(r)), u(0) = uo,

has a unique local solution by the Banach-space fixed-point theorem for semilinear evolution equations;
see Amann [ 1] and the nonlocal diffusion framework in [2].

Step 3. Since the right-hand side is locally Lipschitz as long as |ju(-,?)]., < 1, the local solution
extends uniquely up to a maximal time Tyax. To verify positivity, suppose that a first negative minimum
occurs at (xo,%p). At that point, u(y,fo) — u(xo,t0) > 0, —b(xo)u(xo,t9) > 0, and the singular source is
positive, which contradicts u, (xo,7) < 0. Hence u > 0. The only obstruction to continuation at a finite
maximal time is therefore approach to the singular level u = 1. O

Proposition 1 shows that finite-time loss of continuation is equivalent to approach to the singular level.
We therefore use the following terminology.

Definition 1. Let u be the maximal solution of (1) on [0, Tyax ). The time T* = Tyax is called the quenching
time if T* < oo and (2) holds.

We approximate the quenching time below using continuous and discrete level times. The following
elementary estimates are used later to compare them.
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Lemma 1. Assume (H1)—(H3). Let u be a solution of (1) on [0,T] and suppose that ||u(+,1)||.. <1—0 on
[0,T] for some 6 > 0. Then
[l () lloo <2 M|y (D) loe + A2 677 (0<2 <T). 4)
Moreover, if u quenches at T*, then for every n € (0, 1) the level time
Ty = inf{t > 0: (1)l > 1-n} s)
satisfies Ty T T* asn | 0.

Proof. Step 1. Since J >0 and [pJ =1,

(L0l < [ He=y)lutvn)ldy+luten) [ J=y)dy <2 u(-0)].

The singular source is bounded by Aa;6 2. This proves (4).

Step 2. The function 7 — ||u(-,1)||.. is continuous on compact subintervals of [0,7*). The definition
of quenching gives T, < T* for every sufficiently small 1 > 0, and T}, is nondecreasing as 1 | 0. Let
L=1limyoT, <T* If L <T*, continuity on [0, (L+T*)/2] would give ||u(-,t)|,, < 1 — & there for some
€ > 0, contradicting T, < L for0 <n < &. Hence L=T". O

3 Nonuniform discretization of the nonlocal operator

Let I > 2. We divide Q into nonuniform cells

—l=xo<xi<--<x=1, Ci = (xi-1,%), hi = xi — xi—1,
and define the cell center
e R P
2
The unknown U;(¢) approximates u(&;,¢) and h; is the quadrature weight of C;. We write
hAmax = max h;, Amin = min A;.
1<i<I 1<i<I

Thus A, is the global refinement parameter; the local quantities remain the cell lengths 4;. We use mesh
families satisfying /max — 0 and, when a mesh-uniform regularity condition is needed, C,, V< hipy Jhi <
C,, with C,, independent of i and hp,x. This assumption excludes abrupt isolated jumps but still allows
graded meshes near the expected quenching point.

The discretization is cell-based rather than a pointwise extension of uniform-grid formulas. On
nonuniform grids, two formulas with the same order on a uniform mesh may have different matrix stability
properties. The present operator is built so that the off-diagonal coefficients remain nonnegative and the
row sums have the correct sign.

For1 <i,j <1, set
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The discrete nonlocal operator is

M~

(LypU)i B;j(U;j—U;) — b;U;.
]:
Equivalently, L; ,U = AU, where
(Ap)ij=Bij ([i#]), (Ap)ii = *ZBij—bi. (6)
J#i

Let
ri= )Y Bii+b; 7, = max r;.
i jz#l ij iy h 1<i<] i

Lemma 2. The matrix Ay, has the following properties.
(1) (Ap)ij >0 fori# jand (Ap)i <O.
2) A1 <0 componentwise.
(3) For every T >0, I — TAy, is a nonsingular M-matrix and (I — tA,)~' > 0.
@) IfO<V <cl, then (I —tA;)"'V < cl.

Proof. Step 1. The signs of the off-diagonal and diagonal entries follow from J > 0, h; > 0 and b; > 0.
Step 2. By (6),
(Apl)i =Y Bij— Y Bij—b; = —b; <0.
J# J#
Step 3. More explicitly, by (6),

(I—TA],),'Z'ZI—}—TFZ'>0, (I—TAh)ij:—TBijSO (175])

Moreover,
14+1r,= 1+Tbi+TZB,'j > TZB,'{,‘,
J#i J#
so I — TAy, is strictly row diagonally dominant and therefore a nonsingular M-matrix. The strict dominance
is the sufficient criterion used here to obtain nonsingularity and hence a nonnegative inverse. If only weak
row diagonal dominance were known, this argument alone would not exclude singularity and would not
justify the positive inverse required in the invariant-region proof; additional M-matrix hypotheses would
then be needed.
Step 4. Since (I — tA;)~! >0,V > 0 implies (I — tA;) "'V > 0. Moreover

(I —7Ap)cl = cl —1cApl > cl.
Applying the positive inverse gives (I — tA,) el < cl. O

The next estimates isolate the spatial discretization error of the nonlocal operator. They are the
nonlocal analogue of truncation-error estimates for local finite differences on nonuniform meshes.

Lemma 3 (Cell quadrature error). Let P,¢ = (¢(&1),...,0(&))T.
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(1) IfJ € Wh=(R) and ¢ € C1(Q), then

max |(LypPhg)i = (Ls)(&)] < Chmax. (7)
(2) IfJ € W2=(R) and ¢ € C*(Q), then the midpoint cell quadrature satisfies

max |(LyaPh9)i — (Ls9)(&)] < China- ®)

The constant C depends on J, ¢ and €, but not on the mesh.

Proof. Step 1. Fix i and set

Then

~

(L19)(&) = Z / Vdy—bid(E), ~ (LyaPud): Z —big(&).

The exterior loss term is therefore represented exactly.
Step 2. Under the assumptions of the first part, F; is uniformly Lipschitz in y, independently of i.
Hence

‘ [ EOydy =)

< Ch jhmax .

Summing over all cells gives (7).
Step 3. Under the assumptions of the second part, F/” is uniformly bounded in L*(C;), independently
of i and j. Since &; is the midpoint of C;, the midpoint quadrature formula gives

< O3 [|F' || ~(c,)

| ROy

Therefore

I
y)dy—h;F(E)| <C Z mdeh < Chipay.-

This estimate is cellwise: the midpoint rule is second order on each interval C; independently of the other
cell widths. Equality of the /; is never used; the global estimate follows from ¥.; i3 < A, ¥ hj. This

max

proves (8). [l

4 Adaptive IMEX and Crank-Nicolson schemes

Let U? = uy(&;). For a vector V < 1, define the singular source
Fh(V)i:Aai(l—Vi)_p, ai:a(é‘i).

Let

o, =1—|U" a, = maxa;.
1

Hoo7
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We fix parameters 3 > 0, 0 < 6 < 1 and Aty > 0. The time rule is written in terms of the global
refinement parameter s, We assume A, < 1, set y, = Bhfnax, and require 0 < < 1 on the meshes

under consideration. The adaptive time step is

5 5é2+1 h2
: max
At, = min ¢ Atyax, Bl 2 ,0 (- )

If r;, = 0, we interpret the third component of (9) as +oo. In this case A, = 0, so no diffusion restriction
is needed. The second component prevents the explicit singular source from crossing the singular level
u = 1. The third component is obtained from the row bound of the integral-diffusion matrix: since r; < ry,

Atr; < Oh?

max

<0<l.

This is the bound used to preserve the nonnegativity of the Crank—Nicolson right-hand matrix and to
couple the temporal refinement to the global spatial scale. The positivity of the left resolvent (I — TA;) ™!
itself does not require a CFL-type restriction, since Lemma 2 shows that I — TAj, is a nonsingular M-matrix
for every T > 0. Thus h2,, /s, rather than a local quotient involving /2. . is a sufficient restriction adapted
to the present cell-based integral operator. For an explicit local Laplacian on a nonuniform mesh, by
contrast, the largest coefficient is usually generated by the smallest cell and leads to a restriction involving
hfnin. Here /2, supplies the global consistency scale, whereas the complete mesh dependence of the
nonlocal diffusion is retained in . Related 42-scaled adaptive restrictions on nonuniform grids have been
used in local quenching computations [5].

The source restriction has a separate role: it controls the explicit singular reaction. The matrix
restriction alone cannot provide this control. If /2, 67 1y (Aaj) were removed, the increment Az, F,(U")
could exceed the remaining distance §, to the singular level. The upper estimate in Proposition 2 would
then fail, and the invariant-region conclusions of Theorems 1 and 2 would no longer follow.

The adaptive IMEX Euler scheme is
(I=At, AU = U™ + At F,(UM). (10)

It follows the usual implicit-explicit splitting principle: the nonlocal diffusion is treated implicitly, while
the singular source is evaluated explicitly; see, for example, the IMEX framework in [3]. The adaptive
Crank—Nicolson-type scheme is

At At
(I—;Ah) Un+1 = <I+ ;Ah) Un+Al‘th(Un). (11)
It uses the classical trapezoidal treatment of the diffusion term introduced by Crank and Nicolson [10],
combined with the same explicit singular-source restriction. The source is kept explicit. This avoids
solving a nonlinear singular system at each time level and makes the invariant-region proof transparent.
The corresponding invariant-region statements are Theorems 1 and 2 below.

4.1 Algorithmic implementation

Let W = diag(hy, ..., k). The quadrature identity h;(A;);; = hj(Ap) ji shows that A is self-adjoint in the
W-weighted inner product. Hence
S, =w'2A,w 12
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is symmetric. In floating-point arithmetic we replace Sj, by (S, + S,T) /2 and compute once
Sh=0AQ", Q'Q=I

This is an eigenvalue decomposition, not an LU or Cholesky factorization. For a fixed mesh and a fixed
run, it is computed once and reused at every time level; no decomposition is recomputed when At,, changes.
The spectral representation above is used for both schemes. In the accompanying code, the IMEX and
Crank—Nicolson computations are performed separately, and each run constructs this decomposition once.
Thus,

(I—cAp) "o =W120(I—cA) Q"W ?p,

with ¢ = At, for IMEX Euler and ¢ = Az, /2 for the Crank—Nicolson-type scheme.
The computational procedure used in Section 6 is as follows.

Al. Generate the cell edges, centers &; and weights h;; assemble Ay, r, a; and the spectral data (Q,A)
above.

A2. SetU° = Puug, to = 0 and n = 0.

A3. Compute §, = 1 —||U"||., and At, from (9). If Az, < Atgoor, stop. In the reported runs, Atgoo, = 1071
and no additional threshold on §, is imposed.

A4. Form Fj,(U"). For IMEX Euler, solve (10) using the spectral representation above. For the Crank—
Nicolson-type scheme, first evaluate A,U" with these spectral data and then solve (11). Set#,4; =
t, + At,,, increase n, and return to A3.

AS. At termination, choose g € argmax; U/" and report the corrected time

1
s

Thcore =t + 37—,
h,corr n (p + l)la(x%h)

Xon =&, (12)

The correction in (12) is not part of the stopping test. It follows from the leading scalar balance near
quenching. If the maximizing cell remains fixed over the final steps and the bounded diffusion contribution
is lower order, then

8/(t) ~ —Aa(xgn)8(t) 7.

Integrating from the terminal value &, to zero gives the remaining time &7 /((p + 1)Aa(x,p)). The
accompanying code implements A1-A5 exactly.

Proposition 2. Assume 0 <U" < (1 —§,)1 with 6, > 0. If (9) holds, then
0 < U+ A, F(U") < (1= (1= 1) 8,)1. (13)

Proof. Step 1. The lower bound is immediate because U" > 0, a; > 0 and U]" < 1.
Step 2. For each i,

n n\— 5rf+] * o—
U+ Atydai(1—UM) P <1— 5n+ﬁhﬁlaxl721ah5n P=1—(1—p)8,.

Since 0 < u;, < 1, this proves (13). O
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Theorem 1 (Invariant region for IMEX Euler). Assume (H1)—(H3). Let U" be generated by (10) and (9).
If0< U° < 1, then
0<U"<«1 for all computed levels n. (14)

Proof. Step 1. Suppose 0 < U" < 1. By Proposition 2, the right-hand side of (10) is nonnegative and
bounded above by (1 — (1 — u;)0,)1.
Step 2. Lemma 2 gives (I — At,A;,)~' > 0 and the inverse is order preserving below constants. Hence

0<U™ < (1—(1—u)8)1<1.
Step 3. Induction gives (14). O

Theorem 2 (Invariant region for the Crank—Nicolson-type scheme). Assume (HI)-(H3). Let U" be
generated by (11) and (9). If0 < U° < 1, then

0<U"<1 for all computed levels n.

Proof. Step 1. Since At,r; < At,r, < Oh2,. < 1, the entries of M,, = I + (At, /2)A}, satisfy

max

At 1 At . .
(Mn)iizl_aniZ 2 >0, (Mp)ij = THBijZO (i #J).

Hence M,, is entrywise nonnegative. In addition,
At
M,1=1+ T"Ahl <1.

Therefore 0 < U" < (1 — §,)1 gives, by entrywise monotonicity,
0<MU"<(1-8,)M,1<(1-5,)1.

Thus the negative diagonal entries of A;, cause no difficulty: after multiplication by Az, /2 and addition of
the identity, the whole right-hand matrix is nonnegative and has row sums at most one.

Step 2. The source contribution satisfies Az, Fj,(U") < w,0,1. Consequently, the right-hand side of
(11) is bounded by (1 — (1 — uy)8,)1.

Step 3. The matrix I — (At,/2)A}, is a nonsingular M-matrix. Lemma 2 gives the required lower and
upper bounds after inversion. O

5 Finite numerical quenching and convergence of discrete level times

Define the numerical quenching time by

oo

n=0
whenever the infinite computation is defined and &, | 0. In the computations of Section 6, termination is
based exclusively on At, < Atgoor; no additional threshold on §, is used. The tail correction is applied
only after termination.
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Lemma 4. Assume that 0 < U" < 1 and put

M, = ||U"|

‘oo?

511 =1 —Mn, aon = mjna,-.
i

If
Aagp6, " > rpMy, (15)

then the solution generated by either (10) or (11) satisfies

Mn+1 —Mn la07h5n_p — I"th) . (16)

> S
1+ Atyry,
Consequently, M| > M, whenever (15) holds.

Proof. Step 1. Choose i, such that U;! = M,,. For every nonnegative vector V,

(AnV)i, = Y. B, Vi — i Vi, = —1aVi,.
j#in

Step 2. For the IMEX scheme, the component i, of (10) gives

Uit = Mo+ Ay (AU )i, + At 2a;, 8,7

il‘l
Therefore
(1 + Alnrh)Ui:l+1 > M, + Atnla()ﬁ@fp.

Since M, > UIZH, inequality (16) follows.
Step 3. For the Crank—Nicolson-type scheme,

A,

Ut —m, (A U™, + (AU™);) + AtyAa; 8777
i 2 n n=n

lll
At the maximum of U", (A,U"); > —r,M,, while (A,U"*!); > —rhUi':“. The index i, remains the
index selected from U"; it is not assumed to maximize U""!. We use only M, | > U,Z“. Hence

Aty

Myi =M, > — "
T = Y A /2

(kao’h&?‘v — rth) .

Under (15), this lower bound is not smaller than the right-hand side of (16). [l

Theorem 3 (Finite numerical quenching). Assume agj, > 0. Let U" be generated by (10) or (11) with (9).
There exists 8, > 0 such that, if
[UM]|, =18,

for some N, then
T, < oo, lim |U"]|, = 1.
n—soo
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Proof. Step 1. Choose &, > 0 so that
Aa()’h(s*_p >2ry,.

For n > N, Lemma 4 gives M, > M,, and therefore &, < §, < J,.. Moreover,

A
Mgy — M, > -0k

— 0 A, 87. 17
"2+ Ataxry) " an

Step 2. Since M, is increasing and bounded above by one, it has a limit M., < 1. If M < 1, then
On > 8. > 0, and every component in the minimum (9) is bounded below by a positive constant. Inequality
(17) would then give M,,+1 —M, > ¢ > 0, a contradiction. Hence M., = 1.

Step 3. Put
Bhina

Ky = —max
h A,a;;

Since 8, — 0, there exists N; > N such that
Atn:Khéfl’Jrl (nZNl)
Combining this identity with (17) gives

. [1  Kphdaop
1) <(1-— ) = — 0,1).
n+1 > ( Ch) 7B Ch 1’1’111’1{2, 2(1 +Atmaxrh) € ( ’ )

Thus 6, decreases geometrically for n > Ny, and

i At, = K, i S/ < oo,

l’l:Nl n:N|

Adding the finite partial sum proves 7, < oo. O

To approximate the continuous quenching time, we use discrete level times. The results below
establish convergence at each strictly crossed level and a diagonal approximation of 7*; they do not assert
convergence of the infinite-sum times 7" as fmax — 0. Let

Ty =inf{t, : |U"||, > 1—n}.

Proposition 3 (Local discretization error before quenching). Let T < T* and assume that, on [0,T)], the
continuous solution is sufficiently smooth, with u, and u, bounded in C(Q) and u(-,t) € C*(Q) uniformly
int. Assume also that J € W>(R). Define the residual obtained by inserting Pyu(t,) into the IMEX Euler
scheme or into the Crank—Nicolson-type scheme. Then there exists Cr > 0, independent of h and n, such
that

max |R}| < Cr(Aty+hpae),  tastnir < T. (18)
1

max

If only the first-order quadrature estimate (7) is available, the term hﬁ]ax in (18) is replaced by hpyyx.
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Proof. Step 1. For the IMEX Euler scheme, the residual can be written as

R:l _ u(éi,tn+lA)t_ u(éi,tn) . (LJ7hPhM(tn+l))i —la;(l _u(éi’tn))*]’.

Since u satisfies (1), the time difference gives an O(At,) error, and the replacement of Lju(-,,+1) by
Lju(-,t,) is also O(At,) on [0, T].
Step 2. By Lemma 3,

max [(LypPyte(tns1))i — (L) (& tar1)]| < Crhipy.

The singular source is evaluated at #, and is Lipschitz on {u < 1 — 67}, where 87 > 0 because T < T*.
This gives (18) for the IMEX Euler scheme.
Step 3. For the Crank—Nicolson-type scheme, the diffusion residual contains

1 1

ELJ,hPhu(thrl) + ELJ.,hPhu(tn)'

The trapezoidal diffusion part is at least first order in time, and the explicit singular source remains first
order. The temporal constants depend only on the pre-quenching regularity bounds, while Lemma 3
provides a mesh-independent spatial constant. The midpoint quadrature estimate therefore gives (18) with
Cr independent of 4 and n. O

Because (9) gives max, At, < Bh2,../(Aag) = O(h2,, ), the temporal contribution in (18) is asymp-
totically no larger than the spatial midpoint-quadrature contribution. Hence Cr(At, +h2,..) = O(h2,.,)
along the coupled refinement sequence. The two contributions need not be comparable at every time level:
when the singular-source restriction becomes active near quenching, Az, may be much smaller than /2, .,
in which case the spatial term dominates the displayed upper bound. This comparison concerns bounds,
not the actual error contributions. All estimates here hold for a fixed 7 < T*; the constants may increase
as T approaches T*. Consequently, the near-second-order Richardson behavior observed under mesh
refinement in Section 6 is consistent with the coupled refinement rule, but it should not be interpreted as

second-order temporal accuracy of either scheme or as a consequence of Proposition 3 alone.

Theorem 4 (Convergence before quenching). Let u be the solution of (1) on [0,T] and assume that
T < T*. Let U" be generated by (10) or (11). Consider a refinement sequence such that hy,x — 0, with
the parameters in (9) fixed. Under the local residual estimate of Proposition 3 and the adaptive restriction
),

—0 as hmax — 0. (19)

||oo

n_ .
max [[U" — Py, 1a)

Proof. Step 1. Since T < T*, there exists 87 > 0 such that u(x,#) < 1— &7 on Q x [0,T]. The source
s+ (1 —8)~P is Lipschitz on (—eo, 1 — 67 /2].

Step 2. Let ¢" = U" — Pyu(-,t,). On the set where Heka < 6r/2, the source is Lipschitz with the
mesh-independent constant

Ly = pAa,(87/2)"P*1),

For IMEX Euler, set B, = (I — At,A;)~!. Lemma 2 gives P, > 0 and P,1 < 1; hence ||P,||., < 1, uniformly
in 4 and n.
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For the Crank—Nicolson-type scheme, set

—1
At At
P, = <1— ;Ah) , M, =1+ T"Ah.

The adaptive restriction (9) implies Az,r; < thnax < 1. Therefore M,, > 0 entrywise and M,1 <1, as in

Theorem 2. Lemma 2 also gives P, > 0 and P,1 < 1. Consequently,
P.M, >0, PM1<P1<1,

so that
[BaMi]lo <1, ||Pall < 1.

These stability bounds are independent of the mesh size. Subtracting the exact-grid relation, including the
residual of Proposition 3, now gives for either scheme

Hen+1 Hm < (1+LrAty) ||€"]|.. + CrAt, (At, +hZ

max)7

where Cr is independent of & and n.
Step 3. Discrete Gronwall and }, <7 Af, <T give

n <! 0 2
i €] < G (] e+ maxa, )

where C. depends on 7', p, A, a; and the pre-quenching regularity bounds, but not on the mesh size. Here
¢¥ = 0. In addition, (9) gives

2o B
no T Aal T Aag ]

which tends to zero.

Step 4. For sufficiently small Ay, the right-hand side in Step 3 is smaller than 87 /2. A first-exit
argument therefore closes the estimate on the whole interval [0, 7]. On this interval, the adaptive time
steps have a positive lower bound for each fixed mesh, so the discrete time grid reaches 7'. This proves
(19). Under only first-order spatial consistency, this proof gives the corresponding bound with /,,x instead
of h2,,.. O

Theorem 5 (Convergence of discrete level times). Assume that u quenches at T* and that the hypotheses
of Theorem 4 hold on every compact interval [0,T] with T < T*. Fixn € (0,po). Assume that the level
1 —n is crossed strictly: for every sufficiently small € > 0 there exists t,. € (T, Ty + €) such that

JuC-st4)l > 1=,

Then
Th7r' — Tn as hmax — 0, (20)

where Ty is defined by (5).
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Proof. Step 1. Fix € > 0 such that 0 < € < T, and T;; + € < T*. By the definition of 7;; and continuity,

N <l-n—-o_
Ogltgf;:fsllu(,)\\m_ n

for some 6_ > 0. By the strict-crossing assumption, choose 7, € (T, Ty + &) and o4 > 0 such that
Ju(,t:) [l = 1 =1 +204.

~ax)- Hence, for all sufficiently small %, there
is a discrete time #,, such that |f,, —1; | < max,At,. Choose x4 € Q with u(xy,7,) = |[u(-,11)| .. By
continuity of u on the compact set Q x [0, Ty, + €], there exists ; > 0 such that

Step 2. The adaptive rule implies max, A, = O(h2

o4

u(x,1) —u(xy,14)] < 2

whenever |x — x|+ |t — 4| < hy. The cell centers are dense as hiyax — 0, so one can choose a center &i(h)
with |’g'l-(h) — x4 | < hmax. Since also |t,,, — 4| < max, A, — 0, for sufficiently small &,

[ Pue(-s 1, )], = iy )
>u(xy,ty) -0 >1-n+o0y.

This explicitly accounts for both the spatial sampling error and the time-grid error.
Step 3. Theorem 4 gives uniform convergence at all discrete times not exceeding T;, + €. Therefore,
for sufficiently small 4,

|U"|. <1—n whenevert, < T, —¢,
and
U™ ||l > 1—7.
Thus
Tn—€<Thyy<Th+e.
Since € > 0 is arbitrary, (20) follows. 0

Corollary 1. Assume that there exists a sequence of strictly crossed levels My | 0. Then one can choose a
piecewise constant function 1 (h) | 0 such that

Th,n(h) - T as hmax — 0. (21)

Proof. Step 1. By Theorem 5, for every k there exists /; > 0 such that
1
|Th.,71k - Tnk| < % whenever /i, < hk-

Choose i | 0 and define 1 (h) = 1y for gy < hmax < hg.
Step 2. Then

The first term is at most 1/k, while the second tends to zero by Lemma 1. This proves (21). OJ
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6 Numerical experiments

This section presents a sequence of separate numerical tests. All computations are reproducible and use
the cell-based nonlocal matrix Aj introduced in Section 3; no local Laplacian is used.

6.1 Common numerical setting

The model is solved on Q = (—1, 1) with

and

2
J(z) = \/lﬁp exp <—;2> , p=0.22, a(x) = 1 +0.5exp(—30x?).

The initial function is
up(x) =0.05(1+ 0.1Oexp(—20x2)) :

Since 0 < up(x) < 0.055, assumption (H3) is satisfied, for example, with py = 0.94 (indeed 0.055 <
1 —-0.94 = 0.06). The value py = 0.95 would not satisfy (H3) for this initial datum. The weight a is
maximal at x = 0; hence the expected quenching point is located near the origin. The nonuniform mesh is
generated from uniform computational edges 1; = —1+2i/I by

x; = sign(n;)[ni]”.

For y > 1, the cells are concentrated near x = 0. Unless otherwise stated, the default value is y = 1.55.

The two time discretizations considered in the numerical experiments are the adaptive IMEX Euler
scheme (10) and the adaptive Crank—Nicolson-type scheme (11). Both use the adaptive time rule (9). The
numerical parameters are

B = 20, 6 = 0.80, Afmay =2 % 1073, Atgoor = 10716,

These values were not optimized. The choice 8 = 20 gives y;, = Bh2,, < 1 even on the coarsest mesh

used below, as required in Proposition 2. The value 8 = 0.80 leaves a safety margin below the theoretical
threshold 6 < 1 in the matrix-positivity estimate. The computation is terminated when Az, < 107'%; no
separate &, threshold is used. The floor 10~!¢ is only a practical termination criterion; it is not the device
that prevents a crossing of U = 1. At every accepted step, the singular-source restriction in (9), together
with Theorems 1 and 2, preserves 0 < U" < 1. The tail correction is the quantity derived in (12):

(L= [[U"l) !

Theor =th+ —~7 -
h,corr n (p-|- l)la(xq,h)

In Tables 1-2, the largest terminal gap is Ssop = 1.54 X 1074, Since p =2, A = 18, and a(x) > 1, the
correction is bounded by
(1.54 x 1074)?
3x18

which is far below the 10~!° precision displayed for the quenching times (and is less than 7 x 10712 of a
time of order 10~2). Hence T}, and T}, core coincide at the displayed precision.

<6.8x 1071,
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Table 1: Adaptive IMEX Euler scheme on graded meshes with y = 1.55

I 1 Th corr N, step 6st0p CPU (s) Xq,h Sh
16 0.0126612625 0.0126612625 15 591x10°° 0.001  0.01992 -
32 0.0118080108 0.0118080108 55 2.37x1073 0.001 -0.00680 -
64 0.0109211907 0.0109211907 214 3.87x107° 0.004 -0.00232 —

128 0.0105466682 0.0105466682 825 6.09x 107 0.018  0.00079 1.244
256 0.0104548543 0.0104548543 3140 9.73x 1077 0.107 -0.00027 2.028
512 0.0104319601 0.0104319601 11915 1.54x 1074 0.951  0.00009 2.004

Nstep is the number of accepted time steps, Sstop =1—||JU"||., at termination, CPU is a representative single-run wall-clock time

Hoo

in seconds, x, ;, is a maximizing cell center, and sy, is the three-grid Richardson order. CPU values may vary with the hardware

and software environment.

To keep the time notation unambiguous in this section, 7" =}, > At, denotes the theoretical numerical
quenching time defined in Section 5, whereas T}, := 1, denotes the finite-run accumulated terminal time
when the stopping criterion is met. The quantity 7}, .o is the tail-corrected value in (12). The symbol Tier
is reserved for the Richardson reference value defined below in the subsection ‘“Richardson reference
value.” By contrast, 7j, , denotes the discrete level time defined before Theorem 5; it is a theoretical
level-crossing quantity and is not the terminal time reported in Tables 1-4.

The dense matrix is assembled once in O(I?) operations, and the symmetric eigenvalue decomposition
costs O(I*) once. Each subsequent matrix action or solve uses two dense orthogonal transforms and
therefore costs O(I?) per time step. For the reported sizes I < 512, this cost is manageable; the CPU
columns give wall-clock seconds from single runs of the accompanying Python implementation and are
reported only as indicative, environment-dependent timings; they are not used as benchmark data or to
support the convergence conclusions. No singular-level crossing occurred and no post-step projection was
applied. The observed order is the Richardson value

_ log((Tan — Ton) / (Ton — Ti))
Sh = )
log2
whenever the quotient is positive. For the coarsest mesh, 42, = 0.6990729 < 1, so the source restriction
is compatible with Proposition 2.

6.2 IMEX Euler quenching times

Table 1 reports the quenching times obtained with the adaptive IMEX Euler scheme. This is the main
numerical test, because the proof of invariance and comparison is most directly tied to the IMEX structure.

The computed terminal time decreases and stabilizes as the mesh is refined. The detected point x,
approaches zero, in agreement with the location of the maximum of the weight a. The first coarse levels
are pre-asymptotic, while the refined levels give Richardson values close to two. Along the coupled
refinement sequence, this behavior is consistent with the O(h2,,, ) midpoint-quadrature error together with

max
max, At, = O(h2,.). It should not be interpreted as second-order temporal accuracy of the IMEX Euler
method.
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Table 2: Adaptive Crank—Nicolson-type scheme on graded meshes with y = 1.55

I 1 Th corr N, step 6st0p CPU (s) Xq,h Sh
16 0.0126593998 0.0126593998 15 5.90x10°° 0.001  0.01992 -
32 0.0118064866 0.0118064866 55 2.37x1073 0.001 -0.00680 -
64 0.0109205559 0.0109205559 214 3.87x107° 0.005 -0.00232 —

128 0.0105465106 0.0105465106 825 6.09x 107 0.023  0.00079 1.244
256  0.0104548150 0.0104548150 3140 9.73x 1077 0.167 -0.00027 2.028
512 0.0104319503 0.0104319503 11915 1.54x 1074 1.808  0.00009 2.004

The notation follows Table 1; s;, is computed from three successive corrected quenching times, and CPU values are representative

wall-clock measurements.

Table 3: Richardson reference values from the three finest levels

Mesh Scheme v Sref Toxt
Uniform IMEX 1.00 2.0046 0.0104243353
Graded IMEX 1.55 2.0037 0.0104243550
Graded CN 1.55 2.0037 0.0104243550

sref 18 the three-grid order computed from the levels I = 128,256,512, and Ty, is the corresponding fine-grid Richardson

extrapolation.

6.3 Crank-Nicolson-type verification

Table 2 repeats the experiment with the Crank—Nicolson-type scheme. This second test is performed
separately from the IMEX computation and assesses the effect of replacing backward Euler diffusion by
trapezoidal diffusion. Both schemes retain the explicit singular source and are first order in time. Their
agreement does not exclude a temporal bias shared by the two schemes.

The Crank—Nicolson-type values remain close to the IMEX Euler values across the refinement
sequence. At I = 512, the displayed terminal times differ by 9.8 x 10~°, compared with 1.8627 x 1076 at
I=16.

6.4 Richardson reference value

No closed analytical quenching time is available for this test. We therefore use the last three levels
I =128,256,512 and compute

Ty — Ton

2Sh _ 1 :

Texy =Ty +

Table 3 gives separate extrapolations from a uniform IMEX sequence and from the two graded sequences.
Their spread is less than 2.0 x 1078, so the subsequent numerical comparisons use

Trer = 0.01042435.
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Profiles before quenching Adaptive indicator
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Figure 1: Adaptive IMEX computation with I = 256 and y = 1.55. Left: profiles recorded when &, = 1 — ||[U" ||,
passes approximately 10~!,1072,1073 and 10~*; the peak sharpens and remains centered near the maximum of
a(x). Right: &, and Az, on logarithmic scale; their simultaneous decay confirms that the singular-source component
of (9) controls the final stages without crossing the singular level u = 1.

Table 4: Uniform-mesh and graded-mesh comparison for the IMEX scheme with I = 256; the row y = 1 is the
uniform mesh.

Y Nimin Nimax Tj, corr 1Th¢corr - ref‘ Nslep CPU (s) ‘-xq}l‘

100 7.812x1073  7.812x1073  0.0104387075 1.436x107% 7279 0229 3.906x 1073
120 2960x 1073  9.368x 1073  0.0104428896 1.854x 1075 5131 0.147  1.480x 1073
155 5.418x107%  1.208 x 1072 0.0104548543  3.050x 10~ 3140 0.094 2709 x 1074
200 6.104x107°  1.556x 1072 0.0104750289 5.068x 107> 1926 0.064 3.052x 107

All CPU values in this table are single-run wall-clock measurements; they are not averages. They are reported only as indicative,
environment-dependent timings and are not used as benchmark data or to support the convergence conclusions.

6.5 Profiles and adaptive indicator

Figure 1 reports diagnostics for the IMEX computation with I = 256. The left panel shows solution
profiles before quenching, while the right panel shows the decay of 1 — ||U" ||, together with the adaptive
time step. This figure verifies that the time step decreases before the singular level is reached. The curves
combine color with different line styles so that the figure remains readable in black-and-white printing.

6.6 Influence of the grading parameter

The last test studies the effect of the grading parameter. Here the scheme is fixed to IMEX Euler, the
number of cells is fixed to / = 256, and only ¥ is changed. Each mesh is used with the adaptive rule (9).

Table 4 gives a direct uniform-versus-graded comparison at equal dimension. In this experiment, the
uniform mesh gives the smallest discrepancy from the Richardson reference value. When y > 1, cells
are concentrated near x = 0 and the outer cells become wider, so s« increases at fixed I. The spatial
consistency bound is controlled by /2, ., and the adaptive time restriction also depends on this quantity.

The observed time discrepancies therefore combine spatial and temporal effects; this comparison does
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Table 5: Practical advantages and limitations of the numerical choices used in this study

Numerical choice

Main advantages in the present problem

Main limitations / cautions

Adaptive IMEX Euler

Linear diffusion solve; explicit singular source; di-
rect invariant-region argument; one linear solve per

First-order temporal consistency because the source
is explicit; the time step decreases as the singular

accepted time step.

Trapezoidal treatment of the diffusion term; uses the
spectral solver described above; allows comparison
with IMEX under a different diffusion treatment.
Smallest discrepancy from the Richardson reference
value at fixed 7 in Table 4; no prior quenching loca-
tion is required.

Improves localization near a known quenching re-
gion and reduces the number of accepted time steps
in the numerical experiments.

level is approached.

The singular source remains explicit, so the source-
based adaptive restriction is still required; the
scheme is not second order in time as a whole.
Coarser local sampling of the peak and larger local-
ization error at an equal number of cells.

Crank—Nicolson-type
Uniform mesh

Graded mesh Changes both spatial resolution and the adaptive

time restriction at fixed I; fixed grading requires
prior information about the quenching region.

Effect of mesh grading

1.0 — y=1.00
y=120
| = y=1.55
0.9 ll\ seee y=2.00
0.8F I \‘
5 01} [
5 / \\
T o6t / \
[\
0.5} /
/o \
0.4} /- \
______ _’/ \“\______________
100 075 —050 —025 000 025 0.50 0.75 .00

X

Figure 2: Final IMEX profiles for / = 256 and y=1,1.20,1.55,2.00. Increasing y concentrates cell centers near
x =0, sharpens the sampled peak and decreases |x, ;|. This comparison also shows the trade-off identified in Table
4: stronger grading improves localization but enlarges the global mesh width /.

not determine their separate contributions. Grading improves local sampling of the quenching point by
more than one order of magnitude and reduces the number of accepted time steps under the modified
adaptive restriction. The reported CPU times also decrease, although they are only indicative single-run
measurements. These gains do not establish a general reduction of the global time error. If the quenching
point is not known a priori, a uniform mesh is the safer default because it does not prescribe a preferred
location. If additional localization is required, solution-driven spatial refinement would be preferable to

fixed grading. Dynamic spatial refinement is not considered here and is left for future work. Figure 2
shows the corresponding final profiles.

Conclusion

We developed adaptive IMEX Euler and Crank—Nicolson-type approximations on nonuniform meshes for
a singular nonlocal problem with homogeneous exterior data. The matrix structure and adaptive restriction
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preserve the invariant region 0 < U" < 1, and the analysis establishes finite numerical quenching after
entry into a sufficiently high level, convergence before quenching, and convergence of discrete level
times. The two time discretizations produce mutually consistent terminal-time approximations, and their
Richardson values are close to two along the coupled space—time refinement; this observation does not
imply second-order temporal accuracy. The mesh comparison indicates that grading mainly improves
local resolution of the quenching point and can reduce the number of accepted time steps, whereas a
uniform mesh may retain a smaller global quenching-time error at fixed dimension.
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